Math 220 - Lecture #5
Dclober 8 , 2024

To Aoﬂ : Connec'/'ed ness

Proposition 4 Comvicln, (X T) = (IR, Vit )
I io impeoible do wris R=AUB with ANB= ¢
and. A and B Leth. Mn-.amftt’ amd. gpen. .

Bg Loritradiclim. , cwxume Hhat, we cam

Jimdl such ABeR. Johe ach and beB.
Joumes ANB =9, a+b am(,,wo/maﬁwnm'lﬂat
a<b . fut X:={xe A x<bf=An (=b)
Thm o € X, X# @ amd thae ot
C=sup X . Mouewn, C5b.

Now, ﬂy Jhe dﬂip.xnuﬁen a{ Su,}:) ?nm >0,

.A,L’C.X.Zam.{x}no(, % € X ruch dhat C-g < X S C,



But pimee X< A thio x€ X ip am tlomenid
of A Jlnce, c€ cl(A) sine, nomying €0,
WWW%@WWW@
C unbocts A.
Obrere. movs that A= X\B so loed. an B
ioopm. Ufﬂm}ceA(:cl(A)) omd.
c#blmbﬂmﬁmﬂ‘wm c<b amd,
ceX.
M, wmce X= AN (=2,b) io gum
s Honows A, (| clfinition. of the i, Jopeloge)
d 8>0 ruch thal

(C*SIC-ES)CX
Omd. B> Copaddiclo Aha fact, Ahat, c=sup X .

(A
The pf of Prp3 o o e

See (Pror 2.2 inthe noles .



Definttion U depologeal npoce (X,2) in callid

disconvecled .«{{ we Lom fumd U V€ T

lirsjoirl, ool Soth, meon- omgly, rach dhat,
X=U(/V

S0, wt Bare povect, that (IR, Cumsat ) io

an smampl o tonmudict Japdlogcall ppace-
Defimtbion g.mm a. Tepolegicall ppace (XJZ‘),
w oy that, Y€ X iy pommactd. 3 (V,Y?)
& gervmectid, . pubbpace Topelir
Note: This means thd Y is not conmected iff

Y = (‘UﬂY}U(\/HY) forsome. W,VET
. with UNY g vay# o
= (qu> nY

e Ye wlUv ) WnY# o VAY£P and. unNVNY= @b

w
Lor some W Ve T . v
| oD \) )
/a4



Tn Pmr"l\'w-\o.r ) £ aou. can find ’lL'\/ eT
with AWAVES  UnYES VAV +
and. VY < 'UUV | +l'\cn2jou_ con Oonc(u.c{c

that VY is diswnnected . { What is the
(nn'\’ra.PoéT)(\'\!c ?
i)f Howevcr} for the other 'lmflt'coih'cn}
‘ ‘aou. reall (‘j deduce "H'\o.+ ﬂll\}iﬂ}fié
and not ""[I\o.’l' unV = QS -
Here is a Couh‘l'er—ermPlei
X=18,230 and T {x, &, 40,24 3530 et}

+ Y= 44,31
Y e X is discomnected because
Y=(Yn (A,ZQ) U (Yn<2,3?> *
Bub U=1427 and \/=‘{2,3(I are. not
A;.so'o'm+. Note that * is the unige
disconnection of V.



Fl.S'} FY'OFCrﬁCS (/Pro‘:os'l'tl'on Z)

® 4 X= UJV (an aboe) in clicenmactd,
A U M\d:\/mMWmd.Lém&d,.

&ngﬂat, X to womucticl, 4= dthe only soulito of
X which o beth cpon amd cloed one Bomd X.

@) (X,T) to ddiiwonmectid, + 3 F: (6T =5 (o1t Tue. )
sweritimuous
Cn sguinlamtly
(XT) 4o tonmulid, 42 ey contimusues Jumctiin
£: X =401t do ronstant .
® U (X% b commetid amd £:(XTx) > T)
Ao wortimaisus, thom F (X)€Y 4o sonmactic .

?
b(/ha ;



proot

© jxmg{mojb oo that, U= X\V amd,
Ve X\NU . Jaumee Voo gpan, U do ol ; amd.
ponce U so gpon,, Vi cheed, -

@ () U (X0 do dukonmsctid, , tum 1z
som uvile X = U.UV/ with, d# Uve T unv=¢,
We cam thuo dsflma
£ x —> Ho,1¢

x O'%) eu
1, ¥ zeV
New, Jxcaure Y amd \/ 2 /rwn-;zmy%)f&a
in supjaciie . Mouoven, rimee al,b), <) amd d)
Il e, ux comclude that + o torimusess
a) f"((Of)ﬂ,Lc’C c)I"(h,af):)(e'[

b) (1) = Vet ) (8):¢ e



() Gummodly, ginon 42 X 10,1t dortinase,
ddlting U= £ ({ot) amd V= F7(11t) wur Rawe

dhad WUnV=¢d %Wu&d«;m,mdﬁmmmmj

"P.jﬁnﬁ/mwuo%u’\/é"t
o F pugpclive > U,V FED omd

wlJv=1(faar) = X

@ By cotadiction., e Abat, FX) do divxaradtd.
Thn, 8y ©, F 9 £(x) —>> 10,31 totinusuo .
omd, Gervidine b X = (X)L Then b o
z > £(z) /
Jamen aoh:X——»{o,M &> Kenlinueuo ,
which (by @) portradicts the fact that X
in wemmedad,

A



COnn&c‘[’ed. OOMPO ne,r#s

gm va,.,tgaa&?wal Jpace (X, T) we com

Vx,:jex e~y = 4 Ve X onnected.
with xye Y

Definition /FroPosThén (T.ﬂ\!. .Q%.Lu'anﬁtma- darmen
Ogﬂl .a'@:mr(’- rdotion one colliol Ahe Conncc.t:d,
OOVhPone.n'}S % X.

gmm X E X Mﬂame dﬂwi;

Cor= LyeX; yoe

/ = Union of all connecled SuLSej'S of X
‘XOPoérr(bn + hat (‘»rd'm'n .
v+
™ \ = laracs'}' connecied. &;Lsc,")- of X vohich

onfains %



/Pa'”l, - (on nec‘feo( ness

Definition a/:»aie\, m oL JBPW npasce
(X,T) do 2 continueus map
¥: ([o,ﬂJ,’le) — (x,t) |

JP == ¥(o) omd. g - 5(4), we Juilhon ray hat
Y i . ph {/wm % iaj'

Dc'Piv{ﬂLlén 3 dbp&ozwal hpace (X,’C’)mm,w.o(,
path- conmected x{{ {mm\aiu» o> z,JeX
d]\r/uﬂndo'ba.a_./m(ﬂh ’}’.'l_’o,ﬂ]——é)(f/wm

x afag.

RAKE On X, ue can ale consden am
z~Y = o 225b A/aai& {)/wm%ie(j

Ahe ,e%ux}mﬁvmdam one called  the

Po:lk Oom’:ovse.n"_s of X.



Qucs’t(on'. T ln}v conmeid dhe Soame o0

?r'o}?os.\'hbn 3 7.,6 oL 1?8&?%0[ /D/Dau,
(X,T) o path-commdlid, dthom b o
Lo, an dwell .

( POCHn - Oonnec'fcd.hess =’> (owneéfed.neSS)

. TA

Claim  To deduce That (X, T) is conneled | it
suffices 1o show thad ary Two points %y X
are onifaired in o Comnected subspace.
<Thor} is, X hos exactly one conneted canomn+)

e, it 'n shows Ahat dhi> 4o the cane. Pidt xye X
’)’:[ol.’lj —> X Dﬂ/w-m x .ie(j.



But thn ¥ ([5,43) € X o conmuchd
)gujnlpaa ('?ro':os'lhbn Z, @) that  tentains

Joth x= Y(0) amd e ¥(1). =

proof 2 BJ rertraciction, , ampume dhat,

X o met Lormucted, . Thm , ux. cam Jumd.
F:X = 1o,1t feythiusus .

Pik %€ £7(308) and ge £7(115).
BJ Mxmyo'ﬁén}mmnﬂmgwbd ,q,faﬁ:.
K Lo — X uch Ahat Y(0)= % mdd
Y(1) =Y. But dhm Fo¥: (047 — {o4%
o ):wvzdwe wmel  Lenfimuews | which
doitradicts Aha Jact dhat (947 < IR io
Lenmuchid. (’ProPosuho'w 2.2 inthe no‘f'c.$> .

2]
Whed abowt Yhe converse ¢



Ex amP_lf_-_

Consider f: (0,+ OO) —> IR

x

xX > Cos (:L)

Then + is contimous and, W‘a’)% ()~ (o+a)

homeo
is tonnecied, -
Now, <l ((groph (#)) = graph (#) () Tetx 4]
= X

and -cor OmJ subset S5c¢ ] we can show 1 hed
araF\n (-P) U S is a_lso Connected. .

In Po.r'h'c,u.lar ) Y = 8raPh (-P> U {(01 0) ((
%\'VCS Qn examPk o-p o "l‘oF- SPar.e wkfck
is onnected bud _\\_J_?__T' Po:‘H\ - (')onhec'l'cd-

<mm on Mood[t>



