A %er\e.ro.\ comment | We have been us'lns the
‘Pollow{r\j focts ﬂu:l"'c. of ten .

® (Exercise in lec #3) let (X T) be
0—-CEV:‘>+ countalble Spoce ond. pix Ac X,
Then o € cl(A) = 3 (a,s in A st an— a

COYOHMS: AecXis closed, < %{Vcn,

(OLV\\ in A with On - avl w/e Inave. thot o € A.

In Scnem(’ On—>>a = ae€ C-\(A)
«: +V‘u.e, '|{-‘ ls‘\' Caouh’i'auc

@ Mefric Spaces are first counteble |
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Definition Let (X,'Zﬂ be o {-o[:oloal'ca( space. .
We 5&3 thet Ac X is nowhere dense |f
int (cl(A)) = .

EX oumF\cs

@ Tt\e, e,w\P'\'zj $C+ . 'L[‘ T= tdis ‘”\is is "H'\c
Oh\b cxme\e.

@ {n,neNfcIR or Z<IR
@ The Contor set 05 a subset of IR .

(see exercise 4,26)

@ Ahb wun+aLl¢ Union of \ines m |R2

@ On o wmelric Space with no isolated
Poin'\'s , our\a Linte  subset is nowhere dence.

Defintion Let (X"C\ ke o -I-oPologl'ca.( Spo<€ .
A subset AcX is called meagre if it coan be




w«ich 0 & OOU.YT[G.UC wnwon o{" how[qe.re
dense subsets of X, TF A< X is meogyre,
thern XNA is called residual or Be,ner\c.

Definttion A 'l'o|'>0|92ico.‘ Space (x;tB is

called o Baire Space iP o,na memarc subset
A< X las cmp+3 ‘lerior .
EXamp‘e,‘- Ana C()mPo.(.‘l’ Housdar £ “on spoce.

One of our goa‘s ‘l’oo(a.j is to prove the.

{-‘o\low(ns result.

Theorem ('Bo.'w'c cq.J[eaor3 "H'\E.O('cm) Evar.a
CﬂnP@ metric Spoce. (M,CL\) is a Baire
SPo»ce, ( \10/ the vnc:\'r\'c ‘,’oPoloa«a) )

Two imPor"' ant onse %uemc.cs
@ T (M, d) is omplete (M=% ¢) then M
Ccmno" be written as o tountable uwnion of

nowhere dense subsets .



@ T (M,d) is wmplete (M*d) and M
Can be written as o wurfable uwion of
closed subsets | then of least one of Hhese
closed subsets must confain an open ball.

va 'ere onof op ‘Hr\o ‘erovcm we Wi” us€
+he 'Po“ow'\vxs “'w-a |¢mma.s.

Le_vnma. A (Co.vd'or> A mdl'r(’c, sPou‘_e (M,dj 15
%mp\e’\'e, Lo any nested chain of closed.

subsets CiD CaDd - DCan D" suh

-Hmu:\ |u}v\ diom (Cn) =0 Hhere exists pe M

n->

with [ Cu= 1p4.



L&W\mo. Z A "'oFo\oaic&l SFG-CC’- (X,t) 1S a
Paire space i£f any wurtoble intersection
of dense open subsels is dense (in X) .

‘Proo-p o-c H'\c, ‘[’L\coram

Pick AUi{ coutable with each Uie T*
and dense. By Lemma2, it subfrices to
prove that W := [\'LL.‘. is dense .

Fix any open boll By = M. Since Us is open
tond. 6e,vxse) Ba N WUs is both open omd
non-emply . Thus | by the defintion of T,

T on open ball B M st By ¢ BunUs

& \ The orveesp.
C,losecl. ba.\\

w.l.o.a we may assume thot Bz has radws < /2.
Now, since Uz is open and. dense , Bz NUz
is both open and non-emply . Thus, 3 on
open ball B3 € M of radius <'/3 54 B, « BN,



/Pmcecdina ihduél'n'vcls) we o\:"‘a(v\ this \)(/ab o

chain B, D B, > Ba 2 -
of negfed closed sds widh —EZA < BunU,
and. Suchdhd diam B, =0 as n—s eo.

Bﬁ Le\mmai) Since U"l,olx LS ComP'c'l'e,)

But then Pé ('\u;,=u andl P€BA.

Thot is, Un Bs F ® and 1t follows thed

W is dense .
i/

A crilerion for me’\’riza_loi({‘lg

T heorem (UFJSol«m) Let (X,'C> be o "'oPo‘oaico-‘
Space - pul (XI’C') is Hausdor P, noemal and
it has o Counlable Easis) then (Xlt) IS

th"\'ﬂ.?.aklc ,



Non- CXa_m?\eS

o TP X is oma set w't'H\, more ihan 2 Fa'w'{(s)
then (X, Tind ) is not metrizable.

« Tf (X,‘C> 15 n0+ \CirS‘}—- Cbun"'alo\c ) then
tF s not metrizable . Tor cxom"Ple- ' X =1R
and Tz co-Fimte TBPo\oag-

Defindion (Hauwsdor P4

(X,7) 15 HousdorPP 10 given amy Two (distact)
Po'm—ks pg € X, we can findk Up,Ug €T

st. UpnUg=¢ , pe Up  and qe Uq .

UF t.- \ G \
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Defintion  (Normal)

(X,T) is normal iff 3\\/0\ FG< X
closed and d\'s(jo'm‘\ , We con Lindd UVeT
st Uav=c  F<cWU ad GeV.

ul s ST .-~~~
’ \, , \\
¢ ‘ \ Vi
o - — ! /
- [N - - ~
— -—

rProPos'\'hbn Ana melric space (M,J_) 15
LOH\ st&orpp ancl ermal,
PTOOD

(H) Given P9 = M, F*%/ let &= C}_(P_'_"'t_)_
3

and let Up= B(p,2) and Uq=B(g,E).
Then UpNUg=¢ , peUp and geUq.

P4
P
rd



(N> Fix F,Ge M closed € disjoint |
Foreoch xeF, let €= 4(2,G) >0,
and for cach Y€ G let By = d(y, F)so.
Consider 1= U B(x,6%3) and V= U B(y,85)

XEF yea

Then W ve t*, FeW ond G < V.
We want to show thet UnV= 6.

'Ba tnfradiction | assume that F pe UnV.
Then 3 xetF and 336 G such that
pe B(x,8/3) N B(y,%/3). But then
letting M= max h €x, By § | w0e hove e

M ¢ d('z,a) < o (z,p)+ OL(F'5>
< Ex +‘§3 < ;ﬁﬂ
> 3 3
which is an absurd.
22}
Ide_a, o-? 'H/\o 'Prooc or U«Jsol«hks ‘”nvn E

(non- examinable )



¢ Since (X,T) 15 normal Bivcn FGeX
Closed. omd dasdo'wd} 3 f '-(Xl"c\ —? (CO,B"CMM&)
ortimsans  such that  F(F)=10t and £(G) = 4]
Kﬂab s Known o5 (rysohn's lemmo. )
* Since (X,T) is Housderff and has o
ourfable basis | we can find
<('ZLLIVL) zLeN st. dhe U and the Vi
gpreecle T and cl(w) « Vi Ve
+ Bach poir (W, Vi) defines dwo disjoint
Closed sets  Fi=cl(U) ond Gis= KNV
lence o Continuons Funchon £i: X — [o,4]
ond ore com onbider F1 X —>[0a]"

x > (L@ &6 )
¢ Now, (041% is ndurally o wélvic space.
and it suffices Yo show dhad £ 15 & homeomorphism.

(\rm‘friza,loilf'tg is o JroPologicd nvar om'l')



