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THEOREM  ( Thm 425+ Lemma 426 Prop 427 )

(1)) C(X,M) is closed in (F(X,M),Zw)

Gi) T4 (M,A:) is oomPléfc ; +hen
(F(X’M3,1w> IS Comp‘e"'c . In Pw’\'n'ux\o.r)
bn ('\))QC(X,M)) loo) (s Cnmp\e.'\"c.

(i) TP (X,7) is compact ond (M,d) is

(’omP\e'l"c I'I'lqcn (C(X,M}, doo) 15 CnmPleTC.

R(;marl(fs
o S the thuoum aleve, (i) com e Nf:ﬂmowiaofaéﬁawo
g (F)e c(X,M) omd d (f,f) =0

for pome F € F(x,M) Ahm FE CO6M)."
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o Ruwall dhat
Definfion A Sequence of funclions fn: X —M
wverges unformly to o fundion £1X = M iff
9iven €30, we can Pond Ne N such tha
neN = dfa) F@) <& VxeX
Thio, i (F) € CXM) aml (X,T) 4o compadt,
£, o do(h f)— o0

/\ Converges uv{\Porm\j
Im. &thu W}mehﬂubm
‘Proo-c O‘p ‘anorcm

(D) (7 the €3 trick™) TakKe En)e C(X M)
wivth 'P“ — £ i (F(X]M)) a_co> . We want to
Show dhat f € C(X) M)I {-c-} that £ is orhnuous.



Fix x. € X. Since ‘Pn_—-)'p in the

'Cq; VY\Ej-Y'l.C) %;Vcn O<E<A/ 3 N € \\\‘ SucL\'“l\a.‘('

2N D de (o f) < €/3
I

ynin { f:;;( cL@n(z)l(-‘(zﬁ A 7

Thus, 3 Ve N larae enough  such thed

N s d(f@Fm) <8 FzeX ©

Now, cach fn is confinuous @ %o . So, JUET
with Zo€U st o (1) e B( (=), 6/3)

U
&) xeU 2 do ('Pn ('z-)’ £a (70)) <EA

We claim 4had £(x) € B(£(), €), hence

‘p ‘IS C»Ohf:itmus @ %o .

T Pao‘h if xe U, then for n2N
LEI3 by ® el ©

d(£G), £(2)) ¢ d(Fz) fn (@)t o (Fu () Fu(x0) ) +
+ ol (£ (20), $(x0)) < 2 by ©
< E



That is, if x€ U, +hen
d(#(0),F(2) <€ <> £(=) ¢ B(f(x),¢e)

= £ < B (4‘(1‘,)) g) .
)

(i1) Pick (Fa) € F(X;M) o Cauchy soquonce.
We want f0 show thed 3 £e F(X,M) st

Faof wort. dhe deo metrre .

Now, gven x€ X (f (m) is o Coudhy WHY?
Sequence in (M, d) . Sivee (M,d) is complefe,
3 Ye € M st. fHL(x) = Yx . This defines

Q.'puﬂd.\dn X ;F-—P M

2 (@)=Y = [im fa(x)

Nn-zco

We caim that £n = . (Exercice)
X ngad:, ome cam Shew dhat (fa) is
M%M Thhat so, guuem €70, 3 NEW st
nom SN = GL(-F,\(z)Ifm(z>)<E V z € X

Pe,dﬂj@"f) J:Quﬁl.mui an m —> © Lx olitaun ‘Pn—-)-P
< '\V\'H\o a_ao W\c"y'r\'g)
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Lemmad  Assume that (X, T) is compact
Given £€ C(XM) and €20 , 3Us ... UneT
Suchthodt X= U Ui and

o ozyeU, = A, £(9)) < €
¥ This means thad £is unifoemly ontinmous .
prof  Given amy pe £(X)e M, e

Ui = ol (B(F) E/z)) . Since £ is wntinuous,

each U, is . Now X=UJu nd.
ac F OPCV\ ) Pe‘p(,o P a

since (X,T) is wmpact, I ps...,pn € F(X)
Sudh Ahat X2 (J Ups . Leting Usx Up;,
this wver will satisfy %, by wnsfruction.
Dedintion Fix Fe Clx,M)
() Fis C%ui(pvﬂfmou.s i£f 3ivc.n EY0 We can
Pird. Us.., Un €T st X (% and,
Tye U = d(f@,flp)ce VieeF



Gi) F is wniformly bounded iff we can

Pind an open ball B e M such that YxeX and
V8e F we hae that f(z) e B.

Proposition (Prop 4:33)

T (X,0) is ompact and (fu) is o sequence

in C(X M) such +had Fa = F For some £e C(xM)
Poen F =188 U A%, ne Nt is equicontinuans

oncl LLV\'\-Porml\\j bounded .
 of equicontinudly
'FrOO-P Dince fis confimous and. X is (.ovnPo.ch/

by Lemmad, given €30, 3 Us, .., Un € T
sd. X=UUi and xye U = d(Fe), #()) < €73
Fix €0 and JUi (dc,ocnda}\-j on €30) as above.
Since fn => f , for +his €70, I Ne N
(which dkpends on g>0) s.+.
NAN = de (fa,f) < €3
Th,u.sl V?t,j e Ui we have that



02N 9 d(f @ £ ly) < d(f(x)4)
d(£e) £())+ d(£(), Fa(p) < E

This means dhat for this 270 the cover
MU works for Fo = AFTUAFn, m2N T

Now, we want a cover of X that worKs for
/ F=F UL . foea 1. Roughly , the (dea is-

Since,,For J=j""’ N-i’ each “"d% is ec_luioonhw

(Le.vnma .'1> so is their Linite union (Lc_m,n& 4.32

in the m+es> hence so is F. One has to le

coreful since N is chPendl'hS on e !

Uni-ﬁwm ’Dom\c'cdncss is lePt 0S Gn Eexercise.
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(1) @
oo, o Wz = Ui AV NV vt
{m gsach T= (005 ina) whoe (€4 - nf

ancl. Cd- € '}1)---| Y\(J)(( . Thm

X = g W & x,ae\x/: = d,(J(x)/(j(J))d
¥ge F.
* j(m io @ idia Jor umfoum Soumdacmurs
(X,©) commet & £ somtinusuo = £ Doundsol
3 0 & peM nt. d(fG),p) <C
VxeX 4 F(X)<B(pc).
Nowr bﬂmmﬂ §%0 , INE N ruch thatl
n2 D d(Hh@) F@) S FeeX
Thus,
NN d(Pn(i))P) < d(fa (), £0)+ d (P, p)
< C+y VYV aeX

= W Hhoamﬂ.at\}'—ab W'Mgiamobd



T heorem ( Arzcl&—Aswl.‘)
(4hm 4.35)

Let (X)'CB be a (ano.cff ‘,‘oPOIOBI‘COJ Space ond,
\e.‘\' (M,&B l)e ('8 mc.Trl'c SPa.ce, such -Hna.+ o,l\
closed balls are (meO-Cj'. Then &< C(X,M)
is unipormla bounded. and Cctu\'con‘hm‘.us o
A (F) € c(X M) is ompast.

A more ” standard™ stafement is dhe following.
Under the same haFo’rmses, if (F) is a seq.
in (C(x,m),%) which 15 uniformly bounded
and. equitonfimaus , then t admits o convergent

SuEse%umcc :

RmK Tn the proof | we will wse that the
wnderlved. assumghion implies that (M, d) is

COW\P\C:‘C) hence C(X,MX s (DmPlcjc,,‘('oo )



$Kdo\a of ‘Hno Proo'P Op ($>

ToKe F € CHXM) uniformly bounded and

e%ugmntmus . We want 4o show thot

e (F) is mP“°+‘

From Lecture #34 it suffices to show that

cl(®) s complde and 4stolly boumded .

Now,

® m4) wmplfe = C(X,M) omplefe (pog 2)
and  since  cl(F) is dosed | cl(F)is

complefe . (tmK poge 2

@ & 1s totolly boumded &> cl(F) is tofally
boumded.

So, we will show thet Fis 4stally bounded.
PicK €0 . By equicontinuidy , 3 Us,... Un€T
sudh that X=UU; avd,

%y e U > d-(‘PCZ)l'P(‘j)) <€/ vV fe ¥



Ba wniform \DOU.Y\CJCAV\QSS/ Jci0 & Pel"\ s+,
\Vl {-\G F we ‘no.\lc. -Hhoc\' '?(X) c B(P,C)

Since. Bp,c) is ompact (by assumption) , hence

+03ro,\\3 bourded., 3 Py Pe € M s +.

Blp, &) < B(p, ) € B(ps, ) U -+ U B(px, €% )
Choose %€ Uy Lor j7L,-m ond e ¥,
and for each T (.. zadedt . ki
define

{ fr=0 if 3feT sk £(x)c B(R , 2)

n

4‘I = ‘Oo 21 herwiise

_rth\) IDU mhsTrudtén} 3: = LIJ ’B('PI ,£>

,Q lm.“ n
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