Matl 220 - Lecture # A4
Dec 3rcl.) 2024

'Todo.a‘. COmPo.c'\'ncss Vs. mmp\e’fé.hcss

Throua\«ow} +hese no’\'es) let (M,J.) be o

mdric SPac.c }

Definitian  We o) thof (M,‘LB is S_c;quevﬂl'o.l\:s
Q‘i!.”'?gf-i if every sequence of Fo;n{—s of M

adm'd's o Cmvev"acn‘} Subseg\ue,ncc.

One of our %oo.\s ‘}oc’uj is to prove the
‘Po“owina result.

Theorem (’ ProP. 4.1 + 4. \5)

(M,cﬂ s OOVY\F&C"' = (M,oO is sec,\ucﬁh'a\ls
CDmFaC'\'



For the ProoQ we  witll need dhree o.ux\\\'arj

\e_mmas .

Lemma A ¥ (M)'C‘ﬂ s cDmPoLc:") then ca'\vc,n
o,wa €0 e cCan fihd.. Pay) K e™M
such that M = U B(F;)E) .

L=A

4
wka .

Lemma 2 T8 (M,d) is sequentiolly compact,
then given an open cover M = .
we can Find €20 such that

for each pe M B(P,S.)C [y

'?OY' sSsome L .

Lewma 3 TP (Xn) is a Se%ue.nc& in M such
that for some €0 d~.(?<b/x‘)'>>5

W henever L*] | Then (Xn)

adwmits 1o oovwcracn'\‘ SMLSeg‘uemce.



?TOU'? 0’? ‘H\eor'em

() Assume thadt (M, 29 is compact

ond. f:'lc,K o Sequence (Xn) in M., We
want to show dhat (¥n) admils o cgmve.r:)en‘i
Subsequence .

Since (M T*) is compoct, by Lemma. 4, we
can wede M = U B(p., 42) for some
P, -, P € M. Morcovcr wp to relabelling,
We may assume thad 4here exidis infinttely
Many N € N such Het Xn e BA:=B(F4,4/2>.
let ny be the smallest n e N with this
‘aroPer+3 .

Now, applying Lemma: 4 aguin il &= 14

We can wrile B c U B(%d ,1/‘1> for
IJ A

Sowme %4""/%10 = BJ . Ahd.'aaa:\n’ we rray



0SSume ‘Hnoc} Bo:= Ba N B(‘?k».\,i/‘t) Ooﬁ"ains
‘lr\*\'m'\"'ela W\O.ha elements of (Xv\>' 5’0, let n,>ny
loe. 'ch Sma.\\CS‘l' ne N such ‘Hna.“ Xn €B—z,

'Procccc(ina ‘\‘\ﬁis Wa.a) we OL;"ain @ Se%uemce
of rested. closed sets C, := cl (By) =

= C(([\l B(ﬁ' 1/2J>> | buLcrc %IA: PJ. and.

d=
']B'z: 11\ . Furthermore , We obtoan o S“Lse‘f[,“‘“cc
(%r1) o8 (Xn) such that Xmy € Co .

But fhen ) b(tj Caslor's |emma (Lc.c.‘{'ure #8>,
m C‘“ + ¢ ond ) \oa wnstradhion | if

/

Xe (1Co, dhen Xni — X

(<=> Assume now Hhat (M,d—) 15 chbuevﬂlh.l{j
ComPo.d and. P'tc,k an open Cover M = U Wy,
(M-b c ‘COL> . \7(/6 wdm‘} ‘l’o Show '“rm'.'} +here



exist  finitely mong of these opens Ui

het  cover M.

’33 Leramer 2, A &v0 s4d. Lor each pe M,

B(p,g)c Wi for some = i(p)

Thus, 'tK'T\ we can show thad for this €v0

M = H B(Pj,E) | for some Py, R M,

Fren W witll follow  +hat +he sets
ud = ué('od-) ‘Porm o Pivitjrc, subcover.

ASSUJY\& , {;a COn'\'v-o.d.i.c'_\'(on, 4“,\0& 1S no" 'ch. case .
Then Fiok{n(cj O-ha Ps € M OLNL, ino‘.udfvcl\\s)
Pn € M\UB(Fbﬁ:} Lor oMl ne N/

("]

\We wnﬂrch( o se,c_sucnc_c (Ph) e M
a5 in Lemwma 3) which  covlradicls our

assumP‘Y|£>A thod ™ is SC%M.GY\-\\'O_”S CDmPac,"'-
/)



COmP\e:\'e.ne,SS

Recall Let (Xn) be a Sequence in (m d).
@ (Xn\ is Ca.w',‘nb 18l %\Vcn E)O, A NeN gt

nm>N D d(Xe Xm)< E .
(Def 4.17)

@ TF (Xn) is Cuuchy and Some Subscquence
(Xni ) ®“ver3cs+o some X € ™M Hdhen X — X,
(This is claim 421 i +he notes )

@ 10 (%) Converges, Hhen (Xa) is kaé.

(This Lemma. 4:-18 )

@ 10 (an is such thet 3 two 3@:36%&1.0»(.65
Gonverging t o difPerent ports of M,
Ahen dhe Sequence cannot e Ca.u.z_L\a i

Delfintion We Scua Hhat (M)d.) 13 (‘nmple"\'c
it Oma CCLALC)A& Se%uu’mc.& n M wnver&gs
(4o o point 02 M) .



EX own?\e.s

@ R™ w'f%» Fe Euclidean mefric is (omP\ej'c, )
@ C([o,ﬂ]) |R> with the metric induce.d.foa

‘\'\r\e SUL\D norm 15 OomP'ej'c,-

/Pt'OPOS'l‘l'\bn (?roP 4.204 Thm 424)
T\I\E, -Po”ow'm{j 'H\T’&C 5+a+cmen‘}5 aLo»C\'
(\‘/\, (L) are a.\wabs Yrue .

G) <Ml?.'d’) 15 CnmPac+

\\), 44— Thm (Pase i>

(M) d) 'S seq. Cow\Pa.cI{' =) (M'd,‘) 1S
Covn,:\e.’fc

(i) T 3 pe M sd. the closed boll Blped s
ch. (omPO.O“' \'4 E>O/ +L)ev~u (M'd.) 1S (x)vnP\eTe_.
(i) (M, T*) is wmpact <= M,d) is

wmplejc..
AW “"D'\' &\\d L)ouh decL



TO'\‘o»u&a bounded means thoct ‘POV\ any B\Vov\ e,
We can cover M b}j -P'ivil'te,lg Ynana bells all
ol -‘r\n& Same rodius = & .

RmKs Note that OovnPac'{‘ & seq.- OcsmParft

F"’oo‘p of Thm —F \U/
(<=) '\‘o‘\‘a.“(«j bounded.

g ('3 8iV65 CDmPac,“ = 53% ComFo.c;'l'

0
GOMP\ c‘l‘e,

Plus, ('\i>=> (1) inthe sense +had (M d)
Seq: tompact = every Aosedl ball is sex compact.

Froo-P of (i) Assume +thad 3 ge M sA.

B(g,&> is Sey. Compact Y E>o.
Led (Pr) be o Cauchy sequence 1n M.
Then for €=4 3 Ne N st

nm 2N = dlps pmd<t
le4 R=d(g,pv). Then



02N 2 d(pa, p) € dlpn, pv) +d (py, )

< R+

= Pn e B:= B(g,R42) .

Since B is s¢g- meac+/ H(f’nK) o Su.LSCglu.e.ncc
of (Pa) suchthat Prx — p for some pe B.
Bt (pn)is Couchy . So, pn — p.

7}
whet's Lot 2
proof of " Gomplete + +o+a\l‘j boundedl

\
Seq . Compoch

Assume +hat (M d) is wwplefe AND  fotadly
bounded, . Pick (Xn) any Sequence in M.
We will Construd o subseguence that is

Cowuc\r\a ) lne,nc.e, o Su.Lse%uencc, ‘HnoC‘ (‘DV\VCV‘aes.



We use e same idea as in poae 9 .
Smce (M d,) \5 "'o‘\'a“d boumdc,cl; we Coawn
Weite M = U B(F ‘,23 for  sowe

Fs,...) FK e M. .Tvx Pour'h'cu.\mrl wp 4o rc.\o.LeHMS)
We, mab asSume 'H'\a‘." 3 in-p\h\"el:s 'mo.nJ terms

of (Xa) 4het lie i Ba:= B(ps, 112),

Le,+ LAWY be, 'H\e, Swmo.“e,s‘l n "'\or wkuc‘n X QBA.

Now) We. C,cm alse wrle

M U B %o ,1/10 'por Some.
d A

Qi) Qe €M, And Since a Subset of

these bolls must Gover By e moy assume
ot 3 o= many elemerts of (¥n) in

Baoi= BaN B(Qy, H4) . Again,
be. the smollest n for which Xw € B2

we, \e."]‘ Ny

and Wi Fvoccce,d. thia wwa



fo confrud @ subsequence (XV\(P
dhot has the property et given €50
Ine N s €5 VN gnd

P 2N D d(%e Fee) < g

Thet s (Xn\ﬂ is ch.\'\s as we wonted. .

Tn -ro_c:*) 'por e,ac,\\, (., e N w/e COV\S_\"Y\A.C'\' [Da-“ﬁ

B ( ﬁ: ) 3¢ )

and. ﬂes'\’ecl: Non- (.W\Ft\bs closed. Sc',fs

C,:= C\<(\ B(ﬁ’d)ﬂ/z\i)) ; and  we picK
i

Where, ’§4= Ps MT’;z=%4)

)

ane CL.

T s

)

j K 2N D Xn 8 Xng e Cy

D o (o Yo £ O, 04 (R, o)

< AJon 4 Al
/2 "



The sonpledion of o mefne space
In cacnera\ , Q\'\\’\,&«) i5 a wmelric Space and
we can find P+ Mec [3\ such that C((MB = ’[‘\’\
ond, CVC.V(‘J Co.uc‘ﬂd Sequ.encf. m M mnverscs In
?\, fhen (F’\,:‘l\ s (»mP\e'\'e,.

EX&mP\e. (\\V\,&}= (\R(LA.SULG.‘) ond. M= QL.

Defimtion A Comp\c'\'l'ovx. of o mefric Spact
(I\/\'&\ 15 o Pa'ur ((ﬁ,&>,£> where

. (f\\/\'gL> 15 (Dmf)\e.'\'c.)

£ (M,CL\ —_ (F’M&) 1S an I'.Sovm'\'m'c_ ]

)mme.fsllon

©and el (#(M)) = P

/ProFo'si'll'on Given (M,d_)} o wmp]e‘l‘\'m

(#,3),£) as above always exidls (Workshed
-#)2)



