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Recall ( Lecture # 2> +hat a’\vcn o melrie

SFOLC (Mﬁi)) Fle metric +°F°‘°a‘j ('\nduocd.l;d

d—) 'Cd' is defined as follows :

« ULe M s open (ue 'C'°L> = 5)\\,,,“ Fe’lL
we can find 830  such that B(F, §) < W

RemK: T = 7P where B is the collection

/

0{'\ o.“ oPev» })OHS on (M,OL> .
D%i:iiog /1 )?roPo:S(T\‘on ( Egkd\valevﬁ Me,Tr(cs)

let M be o set ond let d and d' be Two

melrics on M. Then TFAE :



() v . ¢

(“) %l'v:,v\ Pe M and 529 we can find rr' >0
Such +hat By (P.v) € B, (p,5) and

B&(Fl r\) < Bd_(Fi%)

1f &'Y\(j of dhese L\olcls/ then  we Saa Yhot

d and dul are e%uuiva.lcn‘\ metrics

Froo? (i) = () PicK FG M and &>0 .
Since T = 'Cd“) 'BOL‘(P,%Q e T Thus, 3

rro s.t. Bd(rlr) < Bd\(F,u)%> . Ckwbihj

P
‘Hne. roles of 4 and d.‘ we oObtain the other

tortainement
(i) = () Tt suffices o show thad  given
be™M and 50 we have fnat
Byu(p et od B (psel”
J 0 |

™ ¢? b < ¢t



TaKe q€ Bdl (P, 8) Since Bd.‘ (Fi 83 c ,COUI
3 r% 20 5-"'- 3(’.‘ ( %; r9°) c 'Bd.' (F, &) - Now/
ba (’lﬂ ) -por this r:_L>O | Jr>o s .

By (g, eBylq,eq)

N
Bd.‘ ( F] &}

'Thusl de‘. (F, B) € "Cd'. Aaain) Clqavwal.hs

'H\e. ro\cs O‘C d. and. cL' we ob“‘m‘n 4he other

asser fion . )
RMK FOf' (’(i) =) ('3 5 ‘\'o.kc U e ’CCL ondh Pc’d.
Then 3 8%0 s4. By(p,2)<U. Byi), for this b0,
3¢'se s 4. Bulp,r) Byl F,%\- But then since p wos

arbifrary  AWs meons fad W€ (Sl Thus, Tde TH.
Aam'\n , the o.Vaoumcvx‘\' s sbmmc\'r\'c i d & dV.

EXOva\c On M-= \Rz) the -?o\\()w'm\cj Two
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Proposifion (A ciderion for T*= T
( Exercise 4.1)
I d ond d' are fwo mélrics on a set M
and: 3 ABE€ IR, such that
Ad(xg) ¢ d'(xy) < Bd(xy) VazegeM
then d and d' are eguivalend.

PV‘OO'p rBa stumf)"'lén) 31.\/&\ Pe, ™M and &>0
we have +hot

B, (P,@) < B, (ps) & B, ( ?,)CBOU(P,&).

This s CXG.C.-HS condition (”) on Po.sc,z 22|

”Rec;ovcr\'vxa the depiw'\'l’l'ons op Oovxve,raencc

ond OOY\TINJCdlj 'pY‘OW\ Avxo-\asis.“



“Proposition

() Lt (M, d) be o mene space. A
Sequence  (Pn) of points of M @nverges

fo a ‘Do'\n'l' peM (w.r.+. ’C*) it and
orly if giver 3%0, we can find Ne N
Such that

2N S pnoe B(p,d)

() Let (M, d) and (N, d") be two mehic
spaces. A funchion £1(M Td) — (N, T¢)
s Gorlinwous  # and. only if given pe M

and. €0 | we can find §50 such that

‘Y(B(P,%)> < B(RPB, 5>

proof

) F'\rs+) assume Haot Pn— P - ’BU defintion of
rvergence | Jiven 970, Since B="Blp,5) € T
2pcB , INeN st n2N D paeBlp S,



(onversely, if we picK e T with pe U,
then 3 S>0 si. ’B(P)é)C-'LL, Now,
by asswmphion , for this ©>0 , Ine N s4.
n2N 2 Pn € B(p,$)

= Pn€ W
which weans +hot R —> p since Ue T% was

afkf\rarj )

(1) First, assume fhat fis corfinuous  and.
picK pe M ad €70 Since B=B(f(p,€) e’c‘*‘,
f~‘(15> ¢ TY. But then, Since pe £7(8B),
320 st B(ps)c £ (B).

Now

B(P,z,) < 4‘"(5) = 43(‘5(\:,%3) < ?(f"(B))
N

B=B(fp,E).
Cov\ve,rSe\(j) if we P‘nc.K Pe["\ ond. Ve T
containing F(P)  4hen 3 E¥0 st



B, ) € V. Moreover, forthis €30,
bb aSSumPTliav\) 1 S0 s,

-f(B(P)83> = oy

'Bu}r this means Fhod F s contivmeus @ P
Since X3 'B(F, ) } B(F, &) e o and.
£(8(p,8)) c V.

(2(p,8) .
? Ana md'm'c, 5Pac,e. is 'Pl'rS‘}-(Dun.ta.,o\C. . In

‘)ar'h'wlo.r SCC&AA.&Y\-‘.TO-\ Con'\‘l'mi.\'\fnj = COn"'fvuiftﬂ .

)

<5CC, e3., Lecture # 3>

q)ro‘oos'(héw (2' ProF.4-3) . Led (M,J,) be o
melric space and (¥, 7)o topological gace .
Then £ (M %) = (¥, ) is wrtious @
pe MR 8{V6V\ Pn — P, We hove that



Proo(‘
( =>\ Lecture #3

(&) By witradiction | assume thd £ s ot
Gotinuous ot pe M, Thea I Ve T with

f(ﬁ eV for which we cannot find

Ue T with pe W solisfying +hat

£y e V. Sice wef'(V) = £ e v,
Yhe inexislency of such Us implies thod 520 st
B(p,6) € £7 (V) (openballs are in T*) . T particlay
Cor %h=}7‘ ywe an find p € B(?, Bn)

s £lp) ¢ V. But then Po —> P, Whercas
£(p) 7> #(p).



Scc:kum,vx(_e,s on mefr\'c. sPa.ce.s

Fix o metric Spoce (M)d.) .
@ 1f Pr—P m M ad M3g=+p then

Pn 779 -

@ TF d' is another mefric on M st tdztok‘/
then F“ — [D in (M, i§ = ‘P“.—; P o (M)d‘)_

@ It Fn—-)P n l"\) +hen (]%3 is bounded .

@ (Lemma 4.5) Tf A c M and pe cl(A),
then 3 Pn—> P, where (Pﬂ iS a Sequence
of povits of A .

Pmof Since pe cl(AY=AU 2A  and
YnenN, Bﬂ-‘B(pl“/n)et“L & peB, we

hae dhed  BNA#x @ . Thus for each ne N
We con choose P, € BNA and by wasfruddion,
Pr— P



Some e,xamn])\e,s of me,'\rt'c, sPaces.

®) M- R? with
di(f.tp = ) lx-gn if %2 Ay for some e
“ zll + “a“ ofherwise

(Frcr\ck Metro Meﬂ‘rlb/?o.ris Mdm‘o)

« Here, N-1 denctes the wsual Eudidean norm.
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aleg) = (x4l [22-Ye)
(Mo\v\\/\wHan/-l'ax'\ cab / L4 )

OR

d3(1'3):=i 0 i 2=y
\\’I.\\+|la\\ £ x#a

(FBr'\'h'sk cail mdm‘c}



@ M = B(X,IR31= {{‘: X = \R') Lis bmmdeu
<X¢¢> \;O'(ﬂh

d(£9)= sup { 18- g0 |

ze X
@ M= N  with
d,(mm) = lm’“l OR
mn,
d(nm)=109 HHmen
(nym {1 + i/(”m-lvx) if mEn

@ M= C(EO,A]I lR).':- {‘pﬂ_‘o,:ﬂ——?lR} Fis

Conh naous (( \)u't’H/\

d.(-P’fp = ji [£() - 8(1)' dx

o

EXC."C\.SC- : \/Cr'nfa the axioms of o meltric

5?006- are ndeed. satisfied. .



