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Exercise 1 The Fourier transform of
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is the function
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Find the Fourier transforms of
£l " gle) = f(22), h(z) = f(z—3).

Solution 1 To evaluate the Fourier transform of the derivative of a function we will use the
following identity from the lecture:

§ (1) (a) = (0)"§(/)(@)

We then find

o F(f)(a) =iaF(f)(a) = e~
T (a) = —2F(f)(e) = —%e—%

3 fe

§(f") (a) = —ia®§(f)(a) = Tese
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o F(f") (a) = a'F(f) (@) = Gge™ =

For the Fourier transform of g(x) we use the following identity from the lecture: g(x) = e~ f(ax)
has the Fourier transform g(a) = ‘}T'f (O‘ab), consequently:
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S(g(x))(a) = F(f(22))(a)




For the Fourier transform of h(x) we use a change of variables:
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Exercise 2 Find f : R — R such that
5 3 -1 sin(4a + 3)

) =1r et it aass

Solution 2 Because of the linearity property we can treat the inverse of each term in seperately.
Therefore First,

. 4
sin a+13 / )

a+

51 (Swm) (z) = ig—l (z)

dar + 3
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B 1 %e”%x if —d<z<4
0 else

Second,




Lastly,

Altogether this gives

fa) = fe”+3fe ol 1 /Temite 4 < <4
e -13 ‘+3\/?6_‘$| else

Exercise 3 We consider the Poisson problem with Dirichlet boundary conditions over the interval
[0, L]:

e Solve this problem directly. The solution is a polynomial of order 4.

e Extend the right-hand side f(x) = x? to an odd function with period 2L and compute its
Fourier coefficients.

e Using these coefficients, find the Fourier series of the solution uf, which solves
—Auf(a:) =2%, 0<z<lL,
u/(0)=0, u/(L)=0.
How do you use the superposition principle to solve the full problem?

Solution 3 e According to the hint, u(z) must be of the form u(x) = ax* +ba® +ca? +dr+e
for some coefficients a,b,c,d,e € R. Inserting this ansatz into the Poisson equation and the
boundary conditions, we find the system of equations

u(0)=e=1, (1)
u(L) = 4+bL3+cL2+dL+e_2 (2)



—Au(z) = —12az? — 6bx — 2¢ = 2°. (3)

By matching the coefficients of the polynomials on the right- and left-hand side in , we
find

—12a =1,
—6b =0,
—2c=0.

Hence, we have a = —12,b =0,c=0. Therefore, (2)) simplifies to

1
I 4dL+1=2
L +dl+ ,

from which we deduce that d = 1—12L3 + % Thus, the solution to the Poisson problem is

1 1
u($)—fﬁx +< L3+L>x+1.

e We define the odd extension of f(x) = x? as the function f with period 2L that satisfies

x? if0<zx<L,
(@) =9 o
—z® if —L<z<0.

By construction, f is an odd function with period 2L. Denote by a, and by the Fourier
coefficients of f. We immediately have a, = 0 for all n € N because the function is odd.
Moreover, by some simple integration by parts

= / f ) sin —:r:) dr = / 22 sin (%x) dx

C2L%(2+ (=1)"((nm)? — 2))
(n7)? '

We conclude that

Fa) = Y bsin () = 30 - 2ECECI T 2 2)) g (7ny

n>1 n>1 (Tlﬂ') L

o To apply the superposition principle, we split the problem into two Poisson problems: on the
one hand,

~Aul(z)=2% 0<z<lIL,
W/ (0) =0, «/(L)=0,



and on the other hand,

—Au(z) =0, 0<z<L,
wW(0) =1, wI(L)=2.

The full solution will be the sum of uf and u9.

We define
1ﬁ(x):__E:__W;;VLQSHMwnm/L) (4)
= Z 7r27f2n/L? sin (mnx /L) . (5)
n=1

Differentation, distributed over the Fourier modes, now shows that
—Oyeu () = f(2). (6)

Additionally, u/ satisfies the homogeneous Dirichlet boundary conditions.

We can find u9 in a manner similar to the previous step. Since its second-derivative is zero,
u9 must be a linear function over [0, L], having the form:

w(z) =dzx +e. (7)

The boundary conditions now lead to u9(z) = tx + 1

By the superposition principle, the solution to the original problem is
u(z) = ul (z) + v (z). (8)
Exercise 4 Directly compute the solution of the problem

—Au(z) =2% 0<z<lL,
u(0) =0, wu(L)=0,

using elementary analysis. Then find the Fourier coefficients of its odd extension to the interval
[—L,L]. Compare this with the function ul from the previous exercise.

Solution 4 As in the previous exercise, the solution must be of the form u(z) = ax*+ bx> + cx® +
dx + e for some coefficients a,b,c,d,e € R. Inserting this ansatz into the Poisson equation and
the boundary conditions, we find the system of equations

u(0) =e =0, (9)
u(L) = aLl* + bL? + cL* + dL + e = 0, (10)



—Au(z) = —12az* — 6bx — 2¢ = 22 (11)
By matching the coefficients of the polynomials on the right- and left-hand side in , we find
—12a=1, —-6b=0, —2c=0.

Hence, we have a = —%, b =0, and ¢ = 0. Therefore, simplifies to
L an=o
12 -

from which we deduce that d = %L?’. Thus, the solution to the Poisson problem is

To check that this solution is equal to the one found in the previous exercise, we compute the
Fourier coefficients of the odd extension @ of u to the interval [—L, L] defined by

() u(z) if 0<x <L,
xTr) =
—u(—z) if —L<z<0.
By definition, 4 is an odd function, and therefore the Fourier series takes the form
u(x) = Z Uy, Sin (%x) ,
n>1

where Uy s the Fourier coefficient of the n-th cosine mode. We compute

~ 27 = . . .
Note that we have 4, = (L) bn, where by, is as in the previous exercise.

™

Exercise 5 We solve the Poisson problem with homogeneous Dirichlet boundary conditions over
[0,1]:

o if0<2<05
_A“(x)_{o f05<z<1 0 0<T<L

u(0) =0, wu(l)=0



e Extend the right-hand side f(x) to an odd function with period 2 and compute its Fourier
coefficients.

e Using these coefficients, find the solution u. Verify that the boundary condition u(0) =
u(1) = 0 is satisfied.

Solution 5 o We define the odd extension of f(z) as

f(x)—{—f(—x) if —1<x<0.

As in the previous exercises, we find that

f(z) = Z fu sin(mnz),

n>1

using that f is odd. The Fourier coefficients of the sine modes are

1 1 i . .
fn= 2/0 f(«T) Siﬁ(ﬂﬂ(lf)dw = 2/ xsin(ﬂ.nx)dx _ 7TTLCOS( 5 ) —;25111( 5 )

0 (mn)

One can check that

fn: 1

—ﬁ(—l)%, if n is even.

- {(ﬂi)Q(—l)”, if n is odd,

o We define the solution in terms of its Fourier series:

u(x) = — Z In sin (mnx) = Z Jn sin (mnx) . (12)
n=1

— 1202 202
n=1

Clearly, u satisfies the homogeneous Dirichlet boundary conditions, and differentiation pro-
vides the desired differential equation

—u"(z) = f(). (13)

This shows that w solves the Poisson problem. Note that u is not in the form of a Fourier
series over the interval [0, L] but in the form of the Fourier series of its odd extension over
[—L,L]. The boundary conditions are satisfied because u is a Fourier sine series.

Exercise 6 Consider the following Fourier sine series for two functions u, f : R — R with period

T.'
n=1 " , n=1 " ‘

Ezpress the Fourier coefficients of f by the Fourier coefficients of u, and vice-versa, express the

Fourier coefficients of u by the Fourier coefficients of f, if uw and f are related by the following
differential equations:



(a) —u"(x) = f(z).
(b) u"(z) = f(z).
(c) —u"(z) + 25u(z) = f(x).
(d) " (z) —u"(z) = f(z).
(¢) —u"(x) +v-u"(x) = f(z).
In the last item, v € R is a constant. For which values of v can you always find a solution?

Solution 6 o We have
2mn )\ 2 2mn
" o u :
—u"(z) = —nEZI by, <T ) sin (T :L') :

Matching coefficients leads to the relationships

2mn\ 2 2mn\ 2
U —_pf U f
bn< - > of, b ( - > bl

u’”’(a:)—ib“ 2mn 4sin %—na;
e\ T T")"

Matching coefficients leads to the relationships

2mn\ 4 2mn\ 2
bi (=) =0, vi=(=) b

,, B > u 2mn\ 2 . [ 2mn
—u (:n)+25U—;bn (— <T + 25 | sin T %)

Matching coefficients leads to the relationships

i (= () was) —ut e (= () s _1bf

n T = Op, n — T n:

’LL””(I) o UH(.’E) _ i bu 27(7” 1 B 27(7” 2 sin 27{7”;5
_nzl " T r T |

Matching coefficients leads to the relationships

2 ((F) (7)) - w- (7))

o We have

8



W) — (@) = nf:l by ((2;”>4 . <2;”)2> sin (2;7%) .

Matching coefficients leads to the relationships

4 2 4 2\ 1
b 2mn — - 2mn :bf” bl = 2mn — - 2mn b,{.
T T T T
Remark: the second-order equation —u” = f, the Poisson problem, appears in many applications.

The fourth-order equation v = f appears in the mathematical theory of elasticity, for example,
when modeling the bending of a one-dimensional stick under external force.

Exercise 7 Recall the definition of the Fourier transform:

1 [t ‘
$ile) = —= [ s a (14)
Let a,b,c € R be real parameters with a # 0. Compute the Fourier transforms of the following:
g(t) = f(at), (15)
h(t) = e ™ f(t), (16)
m(t) = f(t - c). (17)

Hint:  you have the first two in the lecture and in textbook. You can compute them using results
from the lecture or via some standard integral manipulations.

Solution 7 We write f(a) = F[f](a) for the Fourier transform of a. To compute the Fourier
transforms of the given functions g(t), h(t), and m(t), we proceed as follows:

o Let (o) = Flg](cw). By definition,

+oo . 400 )
g(a) = \/12?/_ g(t)e e dt = \/12?/_ flat)e™ dt.

We perform a substitution w = at, so du = |a|dt and t = %. This gives

1 +o0 cud 1 1 +o0 .
9(o) = \/ﬂ/_ f(u)e_zza;u = s ) a/_ Fu)e™a¥ du.

Recognizing the integral as the Fourier transform of f(t), we find:



e Let h(a) = F[h](a). Using definitions.

+o0 )
h(a) = ¢12* / h(t)e=ite gt
T J—00
1 e ibt it 1 e it(o+b)
= “btp(t)em e dt = t)ye e+ gt
V2T /—oo et V2T /_oo f(t)e

We recognizing the integral as the Fourier transform of f(t). Thus,

h(a) = fla+b).
o Let m(a) = §[m|(«). By definition,

+oo . 400 )
m(a) = \/12?/ m(t)e " dt = \/12?/ F(t — c)e e dt.

We substitute u =t — ¢, so du = dt and t = u + c. This gives
L : 1 [t .
() = = / e du = / e du,
We pull out the factor out e*ica,

e = e [ pgein
V21 J o ’
and recognize the last integral as the Fourier transform of f(t). In summary,

m(a) = e f(a).

10



