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Exercise 1 Consider the following functions with period T :

o A function f with period T =1 such that

{1 if0<2<05
f(x)_{o ifo5<z<1

e A function g with period T = 2w such that

() = T if0<z<mw
I =Y 2 — = ifm<ax<2m

o A function h with period T =1 such that

hz)=—zif0 <z <1,

Find the Fourier coefficients of the Fourier series of these functions. You can use the Fourier
series seen in the lecture to get the coefficients.

Solution 1 o As seen in the lecture we know the Fourier coefficients of a square wave,

1, if 0 <x<0.5
I(z) = ) ,
-1, f0bh<zr<1

are given by:

an:O fOT‘TLZOa bn: i /LfnZS Odd

nm’

{0, if n is even

We can express the function f(x) in terms of l(x) as follows:

1 1

f(z) = R §l($)

therefore the Fourier coefficients of f are given by:

1, ifn=0 b 0, if n is odd
ap — 9 n —
0, in >0

=, if nis even



o As seen in the lecture we know the Fourier coefficients of a triangle wave,

(2) 2z, if 0 <x<0.5
m(x) =
21 —=x), #f05<z<l1

are given by:

__4_ ; ;
ap =1, an:{ n?m? anZSOdd, b, =0 forn >0

0, if n is even
We can express the function g(x) in terms of m(x) as follows:
x
x) =7mm(=—
o(w) = wm(.D)

therefore the Fourier coefficients of g are given by:

4 . .

e if n is odd

ag=m, ap= nim? f ‘ , bp=0forn>0
0, if n is even

o As seen in the lecture we know the Fourier coefficients of a sawtooth wave,
n(z) =z for0 <z <1
are given by:
1
ao=1, ap,=0forn>0, a,=—— forn>0,
nm
We can express the function h(x) in terms of n(x) as follows:
h(z) = —n(z)
therefore the Fourier coefficients of h are given by:
1
a=-1, a,=0forn>0, a,=— forn>0,
nm

Exercise 2 Ezplicitly write down the coefficients a,, and b, and the periods of the following
Fourier series:

f(z) = Z (271_11_1)2 sin(27(2n + 1)x),

glx) =Y =Dt cos(2m(2n — 1)),

— (2n - 1)3
T X 1yn+l
h(z) = 3 + Z (132 cos(mnx).
n=1

Determine the Fourier coefficients of the derivatives of those functions.



Solution 2 o We substitute m = 2n + 1 to obtain

flz) = Z %sin(%rmx),

m=
m is odd

therefore the Fourier coefficients are given by

0 0 b #, if m is odd and m > 3
am =0 form >0, b, =
0, otherwise

and the period is T = 1. The derivative of f(x) is given by:

m s odd

therefore the Fourier coefficients of the derivative of f(x) are given by

2m ; ; >
by = 0 form >0, ap—dm zfmzsloddandm_?)
0, otherwise

o We substitute m = 2n — 1 to obtain

> (-1
g(x) = Z B cos(2mmuz),
m=1
m is odd
therefore the Fourier coefficients are given by
()" ‘ :
ot if m is odd and m > 1
bm =0 form >0, am =10, if m is even and m > 1
0 ifm=0

and the period is T = 1. The derivative of g(x) is given by:

<0 or(—1)"
/ _ o - .
g'(x) = Z — sin(2mmax),
m=1
m is odd

therefore the Fourier coefficients of the derivative of g(x) are given by

m+1
—%, if m is odd and m > 1
am =0 form >0, by, = 0, if m is even and m > 1
0 ifm=0



e the Fourier coefficients are given by

b, =0 forn>0, a,= { 3(’_1)71

and the period T = 2. The derivative of h(x) is given by:

0 m(— n+1
B (z) = Z —(i) sin(mnz),
n=1

therefore the Fourier coefficients of the derivative of h(x) are given by

_1n+1
an =0 forn >0, bn——ﬁ(n), forn >0

Exercise 3 Let f(x) be a periodic function with period T, represented by its Fourier series:

T 2mnx
+Z(a cos( )+ sm( T ))
As explained in the lecture,

f(z x—mo )+ an cos dx + by, sin 2mn dx.
[ o [ (5 o (557)

Complete this discussion and find the Fourier series of a function g(x) such that

for some ¢ € R.

Solution 3 We first compute

/ gt = :L’—xo)

We integrate the sign and cosine terms, using the fundamental theorem of calculus:

/”3 <27mt) T < . (27mx> . <27ma:0>)
cos | —— | dt = — [ sin — sin .
o T 2mn T T
/35 . (27rnt) T < <27mx> <27m:c0>)
sin| —— | dt = ——— | cos — CoS .
0 T 2mn T T




Combining all terms, the integral F(x) becomes:

o0
ag T . 2mne . 2mnxg T 2mn 2mnxg
F(z) = —(z - —_— - —b,—— — .
(x) 5 (x — o) + ngl ng (sm ( ) sin ( )) by, 5 (cos ( ) cos ( ))

We rewrite this once again and obtain

a apT > T 2Tnx T 2mnx
0 040 . 0 0
Flr)= —xz— — bp—
(x) 5 & 5 —1—;(( an)zwn&n( T )—i— n27mcos< T ))
o0
T 2mnx T . 2mnx
+;(_bn)2ﬂncos< T > —|—an2ﬂnsm< T >
We thus obtain ¢ = % and the Fourier coefficients of the function g:
Ag apxo > T . [27nxg T 2mnxg
— == —p) —— b
2 2 +; Cangmn s\ =7 ) Fhag s (7
T
A —bp)—
ni=( )27rn
T
B, :=a,—
" fin 2mn

This completes the discussion.

Exercise 4 Suppose that f : R — R and g : R — R are functions. Recall that a function is called
even if

and odd if

e Show that if f and g are both odd or both even, then fg is even
e Show that if one of f and g is odd and the other is even, then fg is odd.

e Show that the only function that is both odd and even has constant value zero.

Solution 4 e If f and g are both even, then

so fg must be an even function.



e Suppose that f is even and that g is odd. Then
f(=2)g(—z) = f(x)g(—z) = —f(z)g(x),

showing that fg is an odd function. The same is true if we switch the role of f and g.

e Suppose that f is both odd and even. Then

for each x € R. But the only number that equals its negative is zero. So f(x) =0 for each
x.

Exercise 5 Compute the Fourier transform of the function

f(ac):{ r if0<z<1

0 otherwise

You can either directly use the complex exponential, or you can express it in terms of the sine and
cosine function.

(Interpretation: the function f(x) describes a localized signal: it is zero at x = 0, then it rises
linearly up to 1, and then it jumps back to zero and remains zero from there on. The signal is not
periodic.)

Solution 5 We write down the solution in two different ways, either using the complex exponential
directly, or writing it as a sum of sine and cosine.

5@ == [ flpe s

1 L
= — re "dx
V2T /0

=1 1
xr 1 1
P _ ¢ LT

i . T,
—cosoz—i——sma—i——Qcosa——sma— 2)
o

1
o (a « « a?



Next we do it in terms of sine and cosine functions.
1 o ~
S(f)(a) = / x)e "“dx
(D)= = | (@)

1 o0 .
= \/ﬂ/oo f(z)(cos ax — isin ax)dx

= \/12?/_(:) f(x) cosaaqu:—i\/%/_(: f(x)sin azdz

We evaluate each integral seperately.
L T 1 o
x cos(ax)dr = [— sin am} - — sin axdx
0 (&% 0 0 «&

T . 1 1 !
= [— sin am} + | —= cosax
o 0
1

2
o 0
1

:—sinoz—k—zcosa——2
« « a

1 . 1 19
/0 xsin(ax)dx = [——cos(am)} +/0 — cos(a(z)dz

a 0 a

x 1 1 . !
= [—— cos(oz:z)} + | — sinazx

a 0 |a 0

1 .
= ——CosoH——Qsmoz
a «

All together we have:

1 o —iaxr
Fe) = o= / f@eoda
1 1

. 1 1 1 1
=—— | —sina+ —cosa— — +i—cosa —i— sin«
V2 (a * a? a? + a a? )
Exercise 6 Find the Fourier transform of

_ [ sin(z) f0<az <27
f(z) = { 0 otherwise

Solution 6 We try to perform integration by parts
1 2w )
F(f(x)(a) = / sin xe "“dx
(Fa) ) = 7 |

7



1 —tax 2T )
— [Sin T € - ] / cos® e
\/ 2 —1Q V2T

COST iz,

m /27r

—wza;dl,

1 [cosxe_mz 2 /2” sin
V2r L a? Vam
1

= T (e72™ —1) + 042%27T/0 sin re " dx

It seems we have obtained the term that we started with. However,

. 1
sinze "*dx =

1 27
Vo /0 V2ma?2

can be rearranged to

1 1 2 , 1 ,
1—- =) — sinze "*dx = e 2T 1),
( a2> vV 271'/0 V2ma? ( )

. 1 1 2m .
—2mix : —iax
e 1)+ 55— / sin ze dr
( ) o227 Jo

It follows that

1 /27r : 7iaxd <1 1 )1 1 ( —2mi 1)
e — sin xe T = - — e —
Var Jo a? V2ma?

a2 -1 -1 (e—2m‘a _ 1)
B ( a? ) V22

042 (6—27ria - 1)
a?—1  a22r
(6—27ria _ 1)

V2 (a? — 1)

which is the desired Fourier transform.

Exercise 7 (Extra) We have introduced the Fourier transform

3(f)(a) = jﬂ / ® H@)edn

Different authors define the Fourier transform alternatively by:

$2(f)(§) = /OO fl@)e ™z, Fa(f)(w) = /Oo f(z)e ™" dx.

Express §o(f) and §3(f) in terms of §(f).



Solution 7 Obviously,
F3(f)(w) = V2rF(f)(w).

For the other transformation, we write:

F2(f)(&) = /_ " f@)e = Var ¢127r /_ " fle)e T dr = Vo - F(f) ().



