Analysis IIT - 203(d)

Winter Semester 2024

Session 7: October 31, 2024

Exercise 1 Verify the divergence theorem for the following vector field F and volume V :

F(z1,29,x3) := (x123, T2, T2), V= { (z1,x2,23) € R? ‘ i<l }

Note that V' 1is just the three-dimensional unit ball.

Solution 1 We have to show that the followig identity holds:
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We start with the volume integral:
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Next we consider the surface integral. We need a parameterisation for the surface. One can
consider:

¢ :[0,27) x (0,7) — S : (0, ¢) — (cosbsin ¢, sin O sin ¢, cos ¢)

with
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Note this is tnward pointing. Therefore we need an extra minus sign.

j{ﬁ%’ds



on  r {COsBsin ¢ cos ¢ cos 6 sin? 10)

= / / sin @ sin ¢ [ sin@sin?¢ | do do
0 Jo sin 6 sin ¢ sin ¢ cos ¢

21

g 2 s 2 s
= / cos? 6 d9/ sin® ¢ cos ¢ dop + / sin? 6 d9/ sin® ¢ dop + / sin 6 d@/ sin? ¢ cos ¢ dep.
0 0 0 0 0 0

The last term is zero due to the fact that the integral of sin @ over 1 period is equal to 0. The other
integrals are evaluated seperately, where we use the substitution uw = cos ¢ several times:
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If we put everything together we get:
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We conclude that both integrals give the same value thereby verifying the divergence theorem.

Exercise 2 Consider the volume

V::{56R3’x%+x§+x§<5}, (1)

What is the surface S of this volume?

Find the outward pointing unit normal @ along the surface S of this volume. Write i in
terms of (x1,x2,x3) at any point on the surface S.

Find a parameterization of the surface S.

Find a vector field F such that F - it = 22 + 29 + 73 along the surface S.

Use the divergence theorem to compute

// .%'% + xo + x3dridxodrs. (2)
S

Solution 2 o S := {CZ"ERS‘.’E%+$%+QL‘§:5}

e We can write G(x1,x9,73) = —5 + 23 + 23 + 2. Then since we know that the gradient is
normal to the level curves we have that:
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e A possible parameterization is:

®:[0,27) x [0,7) — S, (0, $) — (V5sin ¢ cos b, V5 sin ¢sind, V5 cos ¢)

Z1
e F=5]|1
1

o We use the divergence theorem:

// x% + 29 + z3dx1drodrs = 7{ F . fido
s s
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In the last step, we used the formula for the volume of the ball with radius r = /5.
Exercise 3 Consider the volume
V= { (z1,72,23) € R? ’ i +as<azy<l}
Find the the boundary S of this volume and compute its surface area.
Solution 3 The boundary of this domain consist of two surfaces:
Sa = {(w1,32,23) € R3 ‘ i+ ad < 1,13 = 1},

Sy = {(3:1,902,:1:3) e R3 ‘ x% +x% =23,0< 23 < 1}

We have that OV = 0Q, U0OVy. To calculate the area we need a parameterisation of both surfaces:

O, :[0,2m) x (0,1) — Sq : (0,7) — (rcosf,rsinb, 1),
®y, : [0,27) x (0,1) = Sp: (0, 2) — (Vzcosb,/zsinb, z).

Moreover we have that
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Now the area is given by:
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Exercise 4 Find a regular parameterization ®(s,t) of the surface
S = { (#1,22,23) cR3 | 0<w3<1, 2? +23=1+23 }
Compute cross product O;P(s,t) x 0,P(s,t) and its norm.

Solution 4 We define the following parameterisation for the surface S':

D :[0,27) x (0,1) — S, (s,1) (\/1+t200ss V1+2sins, t)
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Exercise 5 Consider the volume
V::{feR3‘x1+x2+x3<1, x1, 9,23 >0}, (3)
Suppose we have a vector field
F(xy, 29, 23) = (:c%xg,3x§:c3,9x§x1) (4)

Use the divergence theorem to compute the surface integral

/ /S Fdo. (5)

Solution 5 Given any scalar function g : V — R, we have

]éFdU = // V.- FdV
= /// 2x129 + 6r9x3 + 18x3201dV

1—x3 l1—zo—x3
= / / / 2x129 + 6913 + 18x321dr1dTodrs

We solve each integral seperately. Note that we apply integration by parts in between steps.
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We conclude that:
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Exercise 6 Given the curve
v :[0,7] = R%,  t i+ (3cos(2t),sin(2t))

and a function

3
2

fiR? SR, (z1,29) — (2f +8123)2,

/Ffdé, /FVfdé.
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Solution 6 The integral of the gradient along this simple closed reqular curve is zero. With regard
to the integral of the scalar field along the curve, we have

A(t) = (—65sin(2t), 2 cos(2t)),

5(0)] = /36 sin2(2t) + 4 cos? (2t) = 2/9sin?(2t) + cos?(2t).

We also see that
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F(v(®)) = (9cos*(2t) + 81sin®(2t))
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=92 (cos?(2t) + 9sin*(2t))
= 27 (cos®(2t) + 9sin®(2t))?,

In combination,
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Our life will be easter if we substitute uw = 2t. We also use a trigonometric identity. Then
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We use the half-angle formula:
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Thus
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Similarly, using the half-angle formula twice:
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The integrals of cos(2u) and cos(4u) from 0 to m vanish, by the the same argument as above. In
total,

3
/fd€=54<7r+16-72r—|—64-87r> = 54 (7 + 87 + 247) = 54 - 331 = 17827.
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