Analysis IIT - 203(d)

Winter Semester 2024

Session 2: September 19, 2024

Exercise 1 Sketch the level sets of the functions
fla1,m0) =21+ 22, g(w1,22) = Timo
for the values 0, 1, and —1. Compute the gradients Vf and Vg.
Solution 1
1 2x1x
Vf(ﬁUl,SUQ) - (1> ) vg(ﬂf]_,ﬂfg) = < 12 2)
1
For the level sets of f(x1,x2) consider:

1 +290=C = 29=—-21+C

therefore the level sets are lines that intersect the axis xo at C with slope —1. One can use a
similar approach for g(x1,x2). Note that for C = 0:

.%%1'2:0 — 1 =0o0raxy3=0
which gives that the level sets for C = 0 are the two axis x1 and x3.
Exercise 2 Compute the curl and the divergence of the following vector field:
fl@1, z0, 3) = (@122, airy, eM1 T )

Solution 2
V x f($1,x2,m3) = ( -T2 _ 9piw3, —€"1 T2, x% — 71 )
V- fla1,2,23) = 29
Exercise 3 Show that for every three-dimensional vector field f: R3 — R3 we have
V. (v X f) —0
Show that for every scalar field g: R — R we have
Vx(Vg)=0
Consider the following vector field:

A(x1, z2,23) := ( sin(xe), sin(x3), sin(ry) )

Is this vector field a gradient of some scalar field?



Solution 3 Let f: R3 — R3 then:

—

V- (V X f($17x27x3)) = (axlaa:vgaamg) : (8x2f3 - a:v3f278$3f1 - aﬂc‘1f378331f2 - 8x2f1)
- 8$1$2f3 - 8$1a73f2 + 8172:E3f1 - 8$21E1f3 + 8333331f2 - a:vgl‘gfl

We can interchange the order of the partial derivatives, since fE C? to arrive at:

—

V- (v X f(x1,$2,$3)) = ax1x2f3 - a:cg:m 3+ ax3$1f2 - aazlazg 2+ aazzazgfl - a$3a,’2f1
= az2$1f3 - aﬂ:gx1f3 + a;tlacng - a.r1:£3f2 + aacgl?gfl - 8x3m2f1 =0

—

— V. (V X f(.%'l,xg,afg)) =0
Let g: R? - R then:
8:1:19 arg:rgg - 8133529 812139 - axzxgg .
V x (Vg(z1,22,73)) =V X | 0,9 | = | Ovgz19 — Or1259 | = | Ory259 — Ozyazg | =0
aﬂcsg axlng - a’tzmg a:mzzg - amng
— V x (Vg(x1,x2,23)) =0

V x g(xl,xg,xg) := ( — cos(z3), cos(x), — cos(z2) )

The curl of this vector field is not zero. If it were a gradient, then it would be zero. So it cannot
be a gradient of any function.

Exercise 4 Given scalar fields f,g: R? — R and vector fields A, B:R3 > R3, show that
V(f-9)=Ff-Vg+g-V/,
V(- A) = (v A+ f(9 - A),
V-(ﬁxé):(foT)-Efff-(VxB’),
A(fg) = fAg+2V(f) - V(g) +9Af.
Suppose that we also have two real numbers o, 5 € R. Show that

V(af +Bg) =aVf+BVg,
V-(aA+BB)=aV- A+ V. B,
Vx(aﬁ—i—ﬁé):anj—i—BVxé.

Solution 4 For the first identity, we use the product rule:

V(f-9)=01(f 9).0u(f 9)
=(Oif-g+f-019,,0uf g+ f-0Ong)



:g(alfa >8nf)+f(alg7 aang)
=f-Vg+g-VFf.

The second identity, again, can be proved using the product rule:

V(- A) =] A) o+ 0u(f - An)
=0ui(f- A1)+ + Ou(f - An)
=(Of) A1)+ -+ (0Onf) A+ [ 01(A1) + -+ [ On(An)
=V(f)-A+[f-V-A,
As for the third identity:
V- (fY X E) = V- (A3Bs — A3By, — A By + A3By, A1 By — Ay B)

= 01 (A2Bs — A3Bs) + 02 (—A1Bs + A3By) + 03 (A1 B2 — A2 By)
= +01 (A2B3) — 01 (A3B3)
— 03 (A1B3) + 02 (A3Bq)
+ 03 (A1Bs) — 03 (A1 By)
= +01 (A2) B3 + A201 (B3) — 01 (A3) By — A301 (Ba)
— 02 (A1) B3 — A102 (B3) + 02 (A3) By + A302 (By)
+ 03 (A1) By + A103 (B2) — 03 (Ag) By — A203 (B1)
= 40, (A3) By — 03 (A2) B1 — 01 (A3) Bo + 03 (A1) By + 01 (A2) B3 — 02 (A1) B3
+ A105 (Bg) — A102 (Bs) — A203 (B1) + A201 (Bs) + A30s (B1) — A30; (B2)
= (VxA)-B—(VxB)-A.
We can prove the fourth identity again via direct computation, which is perfectly valid. We can
also use some of the identities already shown above to reduce the effort:

A(fg) =V -(V(f9))
=V - (gV(f)+ fV(9))
= 01(gV ()1 + fV(gh) + -+ On(gV(fn + fV(9)n)
=01(gV(fh )+31(fV( 1)+ + gV (f)n) + 0n(FV(9)n)
—91(9 (1) + -+ 0n(gV(fn) + O (fV(9) + -+ On(fV(9)n)

V- V() +V-(fVig)
V(g)- V() +9-V-(V)+V()- V(g + -V (Vg) =2V(f) - V(g) + fAg + gA[.

The last three identities describe that gradient, divergence and curl are linear, which is a concept
that you have already seen in linear algebra. We verify by direct computation:

V(Otf + /69) = (aalfl + /Balgla cee 7aanfn + /Bangn)

3



= (Oéalfl,‘ o >aanfn) + (68191;"' ,53ngn)
= a(alfla"' ;8nfn) +/8(81917"' 7angn)‘

Similarly,
V(@A +BB) =V - (adi+BB1,-- ,ad, + BB,)
= 0131141 + 68131 + -+ OéanAn + B@an
=ad1 A1+ -+ a0, Ay + BO1B1+ -+ B0, By,
=a (A1 + -+ 0nA) + B (1B + -+ 0nByp)
—aV-A+ BVEB.
Lastly,

V x (aA + BB)

=V x (aA; + B1,aAs + B2, A3 + B3)

= (@dy Az + B2 B3 — ad3 Ay — f03Bs, —ad1 Az — 301 B3 + ad3 Ay + 03By, ad1 As + 301 By — adr Ay — 02B1)
= (a0 Az — ad3As + 02 B3 — BO3 By, —ad1 Az + ad3 Ay — 801 B + 03B, ady As — ads Ay + 301 Bs — 02 B1)
= (02A3 — 0342, —01A3 + 93A1,01 A2 — 02 A1) + B (02B3 — 03Ba, —01Bs + 03B1,01By — 02B1)

=aV x A+ BV x B.

Exercise 5 Consider the scalar field
O:R" R, x|z

and compute its gradient and Laplacian. Show that ® is harmonic if n = 3. When n = 3, then
this is the graviational potential, and its gradient is the gravitational field.

Solution 5 We remember that

x
Viz| = 7—-
(B
Hence
o X T;
61(1)($) = (_1)HxH 2. H;H = Hxﬁ?)
That mans
T
VO = ———.
ek

We compute also the second derivative in direction i:

2

_4 T 1 x5
= - 4+ 3.

el el ]

1
0;0;® () = T (=3) ||



We easily see that the Laplacian equals

_n— 3
(Edlks

Ad(x)

In particular, the scalar field ® is “harmonic” if n = 3: We call a scalar field harmonic if its
Laplacian equals zero.



