Analysis IIT - 203(d)

Winter Semester 2024

Session 6: October 17, 2024

Exercise 1 We have the vector field

—

F(z1,22) = (.’El.’lﬁg,.%'%) )
and the domains

Q1 = {(z1,72) € R? | a3 +a5 <1},
Qy 1= {(xl,xg) € R? ’ x%—{—x% <1, m >0},

Verify Green’s theorem for the wvector field F with the domains Q1 and Q. You need to find
parameterizations of the boundary first.

Solution 1 Green’s theorem over some domain §) is given by

. OF, OF
F.ds= =2 _2"lyq.
Lo a5= ] [ 5n =

Here, 0L) is a curve parameterized in counterclockwise direction.
We consider the domain Q1. A counterclockwise parameterisation for the boundary is given by

v: 0,27 = R?,  t > (cost,sint).

27 . .
/ 7. d§:/ cos.tglnt . sint gt
90 0 sin“t cost
27
:/ —sin?tcost +sintcost dt =0
0
On the other hand,

oF, OF

There are different ways to compute the last integral. For example, since 2 is symmetric along
the xo axis but —x1 is obviously an odd function, we can conclude that

//—l’ldQZO.
Q



Alternatively, we can use radial coordinates for the disk:

2 1 2 1
//—:):1 dQ:/ / —rcos@rd@dr:—/ cosﬁdﬁ/ r? dr =0,
Q o Jo 0 0

where we have used that integrating the cosine function over a period is 0. Yet another possibility

18
1 py/1-22 1

//—xldQ:—/ / xldxgdxlz/ 2x1\/1—x%d$1:0,
Q —1J—y/1—22 -1

where we have used that the last function is odd. In any case, the integral of the domain and the
integral along the boundary give the same value, thereby verifying Green’s theorem.

We consider domain Qa. A parameterisation for the boundary is given by two seperate curves.
For the circular arc we have v : [—=%5, 5] = R2, ¢+ (cost,sint) and for the vertical line we have
v, =1 = R2 t—(0,1).

— . 3 [sintcost —sint 170 0
/69F'd8 _ﬁ<—sin2t>.<cost> dt+/1 <t2>'<1>
2

27 -1
:/ —sin2tcost+sin2tcostdt+/ 2 dt
0 1
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Thus,

or, O0F //
—F - —=dO = —x1 dS2
//Q 8561 8:1:2 Q 1
T
= /2 / —rcos Or df dr
-z Jo

2 L z 1] 2
= —/2 cosfdf | v dr=[sinf]2. {—37"3} =——.
— 2

z 0
2
Both integrals give the same value thereby verifying Green’s theorem.
Exercise 2 Consider the triangle domain
T := {(xl,@) ERQ ‘ 1 >0, 20>0, 21+ 22 < 1}.

and the vector field

—

1 T2
Flxi,z9) =[xz + ——— 2120 + —————
(21, 22) < 12 1+ 22 + 23 12 1+IB%+$§>

Find the curve integral ofﬁ along the boundary of T using Green’s theorem.



Solution 2

1—x1
/ / Tro — T dxg da:l

—/0 2(1 —21)? =2 (1 —21) da

1 1 1 .1t 1 1 -1
G TORY: S i e T N
[ 6( 1) 5%+ 32 ) 5t3 %

Exercise 3 Consider the parabolic arc
D= {(z1,22) €R*| —1 <21 <1, 20 =3(1—2a?)}.
Find the curve integral fr F-i dl, where
F(z1,22) = (£1(2 — cos(x122)?), 22(2 + cos(z122)?))
and where 7 is the unit vector along I', perpendicular to I' and having non-negative xo component.

Solution 3 The Idea is to make use of divergence theorem. We do this by closing the curve v by
introducing the curve

§:[=1,1] = R%  ts (,0).

This allows us to reformulate the problem as follows:

/ﬁ~ﬁd€z/ ﬁ-ﬁdﬂ—/ﬁ-ﬁdﬁ
T TUA A

For the first integral on the right-hand side we use the divergence theorem

/ ﬁ-ﬁdé:/v-ﬁdﬁz/zldﬂ.
TUA Q Q

We need to compute the area of the domain ) and proceed as follows:

1 r3(1—-22)
4/1dQ—4// 1dx2dx1
Q -1J0



1
:4/_13(1—33%) dxy
=43z -2}, =4(B-1-[-3+1]) = 16.

The value of the second integral is given by the integral ofﬁ against the vector (0, —1):

. 0 1
/F( )dl—/ 0dxs =0.
A —1 —1

/ﬁ-ﬁdl: Friidl =120 — 423]" | = (12— 4) — (-12+4) = 16.
r ruA

We conclude that:

Exercise 4 Find the tangential vector 4(t), the unit tangential vector T and the unit normal 7i of
the simple closed curve

v:[0,27] = R?, ¢ (cos(t),sin(t)(1 + sin(2t)?)).

Find the values of v and 7 for a few values of t € [0,27], such ast = 7,27%,3%,...,7%

Solution 4 Some standard calculations show that
Y(t) = (sin(t), cos(t) + cos(t) sin(2t)* + sin(t)2 sin(2¢) cos(2t)2)
= (sin(¢), cos(t) + cos(t) sin(2t)? + 4 sin(t) sin(2t) cos(2t))
Hence,

(@l

sin(t)2 + cos(t)2 + cos(t)2 sin(2t)% + 16 sin(t)2 sin(2t)2 cos(2t)2 + 2 cos(t) sin(2t)2 + 2 cos(t)4 sin(t) sin(2t) cos(2t) + 2 sin(2t)24 sin(t) sin(2t) cos

= \/% (6 cos(t) + 3 cos(3t) — 5cos(5t))? + sin(¢)?



Exercise 5 Find the area of the graph of ¢ over Q =[0,1] x [0, 1], where

o(s,t) = /82 + 12

Find the integral of the function
f(@1, 22, 23) 1= T12023

over the graph of ¢ over Q.

Solution 5 We compute the partial derivatives of the function

Bsd(s,t) = s(s2 +12)72,  Od(s,t) = t(s2 + 12)7z.
The area of the graph over Q is given by the integral
1 r1 s2 12
/0 /0 \/1+ 2 e dsdt= V2.
The integral of f over the graph S reads as follows:
1 r1 52 +2
//Sfdo—:/o /0 s-t.\/m-\/1+s2+t2 + 5 dedt
:\/i/ol/OIS't'\/SQ—thdet.

We simplify it further:

1 pl 1
//s-t~(82+t2)2 ds dt
0 JO
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Lot 3
:/ t-/ Os(s* +1%)2 ds dt

o 3Jo

1 _

1 2§S—1

_/0 t.g[(s +t)2L:0 dt

1 1
_ 1 2% 3 _ 1 2% 4
_/Ot g((1+t)z t)dt_g/ot-(1+t)2 # dt

Neaxt,

1 3

/t (1+1t2)2 —thdt

0

In summary,

//fda— 2. - (\/55—1—1):f-(ﬁ5—2):i-<4—ﬁ).

Exercise 6 The parameterization
®:[0,27) x (0,1) = R3,  (0,2) — ((1+ 2)cos(d), (1 + 2)sin(), 2)
describes a surface S. Find the surface area of S.
Solution 6 We compute the derivatives of ®:
—(1+ 2)sin(8) cos(8)
0p®(0,z) := | (14 z)cos(d) 0,9(0,z) := | sin(0) | .
0 1
The cross product 0p®(0, z) x 0,P(0, z) equals
—(1+ z)sin(0) cos(6) (1+ 2)cos(0)
(I+2)cos(0) | x |sin(@) | = | (1+ 2)sin(0)
0 1 —(1+42)
The norm of cross product is

109 ®(0, 2z) x 0,P(0,2)]| = || (1 + 2) cos(f), (1 + 2)sin(f), — (1 + 2)) ||

I1((
\/ 1+ 2)2cos2(6) + (1 + 2)2sin?(0) + (1 + 2)2
2(1+2)?
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= V2 (1+2).

We can now compute the surface area:

//Slda:/ol/o%l-\/i(l—i—z)dedz

1 z=1
=2r-V2- |:Z+ZQ]
2 z=0
3
— 2. L2
V2 2
=3V2- 7.
Exercise 7 Let f(x1,22,23) = z1202 + w% and consider the surface
Si={(z1,22,23) ER* |0 <23 < 1, 2} + 23 =23 }
Find a parameterization of S and compute the surface integral ffs f do.

Solution 7 We define the following parameterisation for the surface S:

®:[0,27) x (0,1) — S : (0,2) — (zcosb, zsinb, z)

—zsind cos 6 zcos
|0p® x 0P| = zcosf | x smH zsinf ||| = V22
0

Now the surface integral is given by:

21 1
//de:/ / (zzcosesin9+z2)\/§zdzd9
s o Jo
27 1 2 1
:/ / V223 dz d9+/ cosHsinGdH/ V223 dz
o Jo 0 0

1 1
2 2mq 2
=27 £24 +/ —sin 260 df2w £:<:4
4 0 2 4
0 0
2 1 ™ 9V/2
= ﬂ—f + [— cos 29] wi
o 4
22 (1 1) 2 V3
Ty 4 1)y T Ty



