
October 16

[Surface integrals
& Divergence

theorem



TomeneralRemark on Integrate

The notations S
,
SS

.
SSS

,

9, are conventions

in mathematics/physics but do not carry particular meaning,
it just a way to remember what the geometric object looks like

The notation d
, dy , dsdf, d .

do is just notation.

Historically, they used to signify "infinitissimal"
quantifies, but that formalism is no larger used.

In that sense
,

therotation is "fossilized"

--J



Agenda
We havezeen the divergence theorem

over a
two-dimensional domaint whose

bounday is a corre 22.

We generalize this to 3D valomesV

whose boundary is a surface S.



Theory :

Let V & I3 be a
domain

.

Let S = IV be its boundary
.

For any differentiable vector field

E : -> 13

we
have

SG) dirEdduds = Fin do

v ↑ outward

pointing
unit normal



The physical idea is the same as in 2D

SS) divE da
,dands = & F. do

V S

what is produced/consumed what flows out/ in

inside V

Arcticalchallenge
· Find a parameterization of the surface S=V

· Find the ntward pointing on it normal

· Compute
the integral

How does this interact with the parmeterizations of



suppose we have a piecewise regular parameterization
: - S. Then

Fondo =) Flat .+)
: (1 .+) /12,(st) = 2+Els,#Ildst

S

Since JSE and G- Ot are tangential to S
,
we must have that

2, xGt] is normal to S. But we do not know whether

that is an inmad or outward normal.

If outward , then LEKH)=

If inward, thenEst) =-EET



Hence
,
if Gsx2 points outwards

,
then

Endo = FI,t). 112 + G +E11dsdt

= (JFE( ,t)) . (bxG) dact

Instead
, if 62x2+ points inwards

,
then

& F. do = - S) F(Elst)). · (G, = G+5) dsof
S z



Examples
1. Sphere
We recall the sphere parameterization

: (0 , 24) + (0 ,i) - IR3
,

04

10
.
%) H(cosOsinG, sinOsing, cosY)

We recall

I
- sinG sin C

(Go =

coosing , GoTI



Go5X2y5 = -Costs a(
sing cos Y

(
Is it outward or inward pointing along S.?

Let's check at (0 , 6) = (0, /2)

cos &

(
inward

(2012) (0.)= (sing pointing !
O

Y



If 60x239 points inwards ,
then

- Go-Get points outwards

SSS divFdx , dads = - (SF(it) . (box()dody
V


