
Interlude

Examples for

Gauss
,

Green
,
and potentials



Example : F(x , y) = (1 , 0)
-

This vector field models

and direction

=
transport with constant speed

-> Obviously :

divF = 0

curlF = 0



We verify the theorems of Garss and Green at a rectangle

Gauss/divergence theorem

-> I
-> S) divF(x ,y) dady = O
-

I->> -> F(xy) . n = o=
&

Green's theorem
->

-> I SS core F(x i3) ody = O

->

I 2--> 2i
-

->-- &F = O



Over 1P2
,
the condition corlF =

· (x , 4)= 2xFy - GEx = 0

is enough to establish the existence of
a potential- C'IIM2

,
IR) . Let's find one

#F = F

↳ We pick z = 10 .0) and set +(0 ,0)=

&. Given ye IR
,

we integrate from 10 . 0) to 10 . 4)

We choose the straight line segment U : Co . 1) -> IR2 +He (0 · ty)

f(0, 7) - +10 , 0) = S : F(yHt)) · j(t) at
= S ! (1 , %) · (0 . y) dt =

=> f(0 , y) = f(a ,0) + 0 = C

& Given ( , 7) EIR2
,

we integrate from (0 , y) to (x , 7)·

We use the straight line segment 8 : [0 . 1-IR? +* ( +x, 7)
f(x , y) - f(0 ,y) = S ! F(S(H) ·@ (t) at

= %(1 , 0) · (x ,0)dt = x
f(x , y) = f(a , y) + x = x + C



=(X , 0)

We have integrated along the straight line from 10 .0) to (0
.7)

and then to (x , 4)

We could have integrated instead from 10 . %) to (x , 0) and then

(x , 3) .
Because F has a potential, the result

is the same.



=(X , 0)

If we integrate from(0 . 0) to ( .0)
,
then to ( , 7),

then to 10 . 7) , and back to (0 . 0),

we have an integral of F alony a closed piecewise
regular (counterclockwise) corve.

S Fd + SFde = ScoreEddy-
M



Example : F(x , y) = (X , y)
-

This vector field models

flow from the origin

=> Obvious

↑

I
↑

-> corlF = 0

divF = 2

↓ ↓



We verify the theorems of Garss and Green at a circular region

Consider the regular closed curve

↑ ↑
2 : [0 . 2) -> 1? +He (cost , sint)

Ex Tangential rector= Paint cost

-> Unit tangent vector

↓ ↓
J(H) = (- sint , cost)

Unit normal
vector

n(t) =I = (cost, itT



Verify Green's theorem

O = SScoreEddy = GFd = &Cost , sint) · (-sint , cost) at =

en 22

Verify divergence theorem

SS dir F dody = Sf 2 dady = area(s) . 2 = Zit

2

2π

& F. = SF(r) · En 1g/dt = J sinists + cos(t)dt = 2π

2



We construct a potential fe CI? 1) for this vector field.

If = F

↑

I
↑

#--
Y ↓
->

↓ ↓



We construct a potential fe DJI? 1) for this rector field.

② We choose a pivot point where we start. For example

f(0 , 0) = C

② Given any
(x . 7) M ,

we integrate along some curve

from (0 .0) to (X , y) . We choose the straight line

U : (0 . 1) -> 12
,
+ (tx , ty)

f(x , y) - f(0 , 0) = JFx = SF(y(t)) - j(t)dt

= Sj(+x .
+y . (x , y)dt = (x + yz))j + a = 2x + ty

Hence f(x , y) = <X + Ey + c



Example : F(x , y) = (- y , x)
-
-

This vector field models a

rotational flow.

↓ Obviously
divF = 0i

X -



We verify the theorems of Garss and Green at a circular region

Consider the regular closed curve

2 : [0 . 2) -> 1? +He (cost , sint)
-

↑ Tangential rector

F j(t) = (- sint , cost)vendresentJ(H) = C- sint , cost)
-

X - Unit normal
vector

n(t) =I = (cost it is



Verify divergence theorem

O = SJdirFddy = & For 18(H) de
~ Ga

= gh-sint , cost) · (cost , sint) It =
0

Verify Green's theorem

SSoreEddy = J2ddy = area() .2 2

2

2π 2i

& Fa = SF(r) · UC) dt = ) sin(t) + cos(t) d =

2



What if we try to construct a potential ?

Depending on the path , we may get different

apotentia
SFdl =], F(H) · 8() de = % 1 +y . +x) · (x , y)dt = 0

L-
-
-

(tx
,
0)02 + < T

2 : (0 . 27 -> 12 t If
F S (x , (t-(y)12ta2 I
SFdl = Y (0+x) · (x , 0) d + S 2 ( - (t - 1y , x) = (0 , y)dt = 0 + XY
SL
-
-

-




