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Exercise 1 The Fourier transform of

1s the function

Find the Fourier transforms of
£ " g(e) = f(22), h(z) = flz—3).
Exercise 2 Find f: R — R such that

5 3 -1 sin(4a + 3)
M) = T 1722 T " aat3

Exercise 3 We consider the Poisson problem with Dirichlet boundary conditions over the interval
[0, L]:

—Au(z)=2% 0<z<lL,
u(@0)=1, wu(L)=2

e Solve this problem directly. The solution is a polynomial of order 4.

e Extend the right-hand side f(x) = x to an odd function with period 2L and compute its
Fourier coefficients.

e Using these coefficients, find the Fourier series of the solution uf, which solves
—Auf(z) =22, 0<z<L,
uw/(0)=0, u/(L)=0.
How do you use the superposition principle to solve the full problem?
Exercise 4 Directly compute the solution of the problem
—Au(z) =2% 0<z<IL,
u(0) =0, wu(L)=0,

using elementary analysis. Then find the Fourier coefficients of its odd extension to the interval
[—L,L]. Compare this with the function uf from the previous exercise.



Exercise 5 We solve the Poisson problem with homogeneous Dirichlet boundary conditions over
[0,1]:

[ if0<z<05
A“(x)_{o if05<z<1’

u(0) =0, wu(l)=0

O<x <1,

e Extend the right-hand side f(x) to an odd function with period 2 and compute its Fourier
coefficients.

e Using these coefficients, find the solution u. Verify that the boundary condition u(0) =
u(1) = 0 is satisfied.

Exercise 6 Consider the following Fourier sine series for two functions u, f : R — R with period
T:

u(z) = i by sin <2;nx> , flx) = i b! sin (Tx) .
n=1 n=1

Ezxpress the Fourier coefficients of f by the Fourier coefficients of u, and vice-versa, express the
Fourier coefficients of u by the Fourier coefficients of f, if u and f are related by the following
differential equations:

(a) —u"(x) = f().

(b) u"(z) = f(z).

(c) —u"(z) + 25u(z) = f(z).
(d) u"(x) —u"(z) = f(=).

(¢) —u"(x)+7-u"(x) = f(x).

In the last item, v € R is a constant. For which values of v can you always find a solution?

Exercise 7 Recall the definition of the Fourier transform:

1 oo —ita
1Al = = / e (1)

Let a,b,c € R be real parameters with a # 0. Compute the Fourier transforms of the following:

g(t) = f(at), (2)
h(t) = e " f (1), (3)
m(t) = f(t —c). (4)

Hint:  you have the first two in the lecture and in textbook. You can compute them using results
from the lecture or via some standard integral manipulations.



