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Exercise 1 Sketch the level sets of the functions

[z, 22) =21 + 22, g(x1,22) = x%xz

for the values 0, 1, and —1. Compute the gradients Vf and Vg.
Exercise 2 Compute the curl and the divergence of the following vector field:
f(:):l,:vg,xg) = (wlznz, x%xl, er1772 )
Exercise 3 Show that for every three-dimensional vector field f: R3 — R3 we have
V- <V X f) =0
Show that for every scalar field g: R* — R we have
V x(Vg)=0
Consider the following vector field:
E(ml,xg,xg) := (sin(z2), sin(xs), sin(zy) )
Is this vector field a gradient of some scalar field?

Exercise 4 Given scalar fields f, g : R® — R and vector fields ff, B:R3 - R3, show that
V(f-9)=f-Vg+g-Vf,

—,

Vo (fA)=(VH- A+ (V- A),
V-(Jxé):(Vxﬁ>~§—g-(Vx§),
A(fg) = fAg+2V(f)-V(g) + gAf.
Suppose that we also have two real numbers a, § € R. Show that
V(af + Bg) =aVf+ Vg,
V- (aA+pB)=aV-A+pV-B,
V x (aﬁ—i—ﬂé):anE—i—BVxé.
Exercise 5 Consider the scalar field
d:R" - R", x|z !

and compute its gradient and Laplacian. Show that ® is harmonic if n = 3. When n = 3, then
this is the graviational potential, and its gradient is the gravitational field.



