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Poisson problem
over IR



We have studied the Poisson problem over a finite

interval . Instead
,
we now study the Poisson problem

over the real line IP.

We study the Poisson problem withaZero-order
term

- Su(x) + k2u(x) = f(x)

for -X < @
,

where K is the so-called

wave number
. Again ,

f is called the source term-

No boundary conditions on u ,

since there is no boundary.

But we have a decay condition/ "boundary condition towards infinity" :

if f decays towards I 0 sufficiently fast
,

then so does i.



Austration

-

How to find a solution ?



We find the solution using the Forrier transform

Conceptually : starting with the differential equation

- u"(x) + ku(x) = f(x)
,

-0x +a

we apply the Forrier transform

- lia) F(u)(a) + ↳
=

FluT(a) = F(F]ca)

using linewity of Forrier transform and its interaction with derivatives

We simplify

(22 + 42)F(u)() = E(f)(a)

We isolate E(2] and find

F(u](a) = (42 + (2) - E(f)(a)



Since

F(u]()= F(f)()

we obtainby applying the inverse Forrier transform

u(x) = =" (F(f))(x)
We have found a solution formula for :

- We need the FT of f

- We isolute the FT ofe

- We need to compute the inverse FT

To compute with this
,
we need additional facts on the ET



#Convolution
a

be functions. Their convolation

(fxg)(x) = (+(y)y(x - y)dy
is another function Fag : IR-> IR.

Properties :

1) The convolution is linear in both functions

(a , f + anfz) + y
= a

, (f , + y) + az(fz * y)

f + (b , g , + beyz) = b
,
(fxy) + bz(f gz)



2) The convolution is commutative : Fag = gof

(fxy)(x) =gf()g(x -y
z = x - y

= f(x -z)g(z)

= St g(z) f(x - z)dz = (y + f)(x)

3) The convolution is associative :

(f g) + h = f (gah)



((fzg) + hD(x) = (Ey)()n(x - y)dy

= (10)f(z)g(y-z)dz)hx-

=at gly-zhd111

(f x(yxh))(x) = Tof(u)(yxh)(x - u)d

=(a) g(v)h(x - u - 1) d d

= f(u) g(w-u)h)x-wde

=fulgh



Example : In many applications, the convolution is a weighted moving
average. Suppose

V if - 1 < x))

y(x) =20 otherwise

Let F : /R- ID be some function. Then #
(f + g)(x) = (g + f)(x)

=

gig(y) f(x -y) dy
=

[+ f(x -3)dy = 1 f(y)d
Here

, (fxg)(x) is the average of f over (x-1X + 17



Example Another weight is
-

g(x) = ye
- |

#
Note thatI has integral 1.

(fxg)(x) = ( + f)(x)=-
We interpret fay as another moving average :

(f(y)(x)= f(z)dz



4) Convolutions of Forrier transforms

If h(x) = (f + g)(x), then

(a) = EF() · %(a)

If h(x) = (f - g) (x) ,

then

(a) = F()g(a)

In other words
,

the Forrier transform switches multiplication and

convolution of functions. The inverse FT satisfies similar

properties.

The factorT depends on the particular convention of the FT.


