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Teacher : Teachers of Analysis III
Analysis III - Mock exam - Student
December 2021
Duration : 120 minutes

1
Student One

SCIPER : 111111

Do not turn the page before the start of the exam. This document is double-sided, has 30
pages, the last ones possibly blank. Do not unstaple.

• Place your student card on your table.
• No other paper materials are allowed to be used during the exam.
• Using a calculator or any electronic device is not permitted during the exam.
• For the multiple choice questions, we give :

+2 points if your answer is correct,
0 points if your answer is incorrect, you give no answer, or more than one answer is marked.

• Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.
• If a question is wrong, the teacher may decide to nullify it.

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 All the non-zero real Fourier coefficients (sine-cosine form) of the function f defined by:

f(x) = 5 +
1

2
(5� i⇡)e3ix +

1

2
(5 + i⇡)e�3ix � 3

2
e7ix � 3

2
e�7ix

are

a0, a3, a7

a3, a7, b3

a0, a3, b3, b7

a0, a3, a7, b7

Question 2 Let f be the scalar field defined by:

f : R2 ! R; (x, y) 7! xy + x+ 1,

and let R 2 R, R > 0, and � the curved defined by:

� =
�
(x, y) 2 R2 | x2 + y2 = R2

 
.

The integral
Z

�
f dl is equal to:

0

2⇡R

2⇡R2 + ⇡R+ 1

2⇡R3 + ⇡R2 +R

Question 3 Let F be the vector field defined by:

F : R2 ! R2; (x, y) 7! (x, y),

and let R 2 R, R > 0 and A be the domain defined by:

A =
�
(x, y) 2 R2 | x2 + y2 < R2

 
.

We also denote the boundary of A by @A, and the outer unit normal of @A by ⌫ : @A ! R2.

The integral
Z

@A
F · ⌫ dl is equal to:

0

⇡R2

3

4
⇡R

3

5
⇡2R

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

lbix)
✗
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Question 4 Let F be the vector field defined by:

F : ⌦ ⇢ R2 ! R2; (x, y) 7!
✓

�y

x2 + y2
,

x

x2 + y2

◆
.

F is conservative (i.e. it derives from a potential)

over ⌦ = {(x, y) : 1  x  3, 2  y  10}.
over ⌦ = {(x, y) : 2  x2 + y2  4}.
over ⌦ = {(x, y) : x2 + y2  10}.
for any domain ⌦.

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y



IT Is I. It

☒ Ao , 93, htibs

Ffcx) = É en ei "¥x F-21T

h= - N

Ffex, =
É Cui"

,
6=5 , cz-1215 - it )

h=-00

cg = 1215 1- it )
, G- =

- 3- , C-z = -3-2

G-- AE ,
an =an-ibn-sc-n-an-z-ibn-an-cntc.in

bn=i( Cn - Cn)
A. =26=10 .

Ao
, Az , bz /At

hz= Cztc-3=5 =/0

bz=i ( ¥ (5-it ) - I (5+5111)=11--1-0
At = G- t C- z =-3 -1-0 .

bt = i( G- - C-+1=0 .



✗

fcx, g) = ✗y txt I
r: [0,2-11] → 1122
t → Roost

,
Sint )

jet 1=121- sint, cost ) , 1184+111=12
21T

I fell=/ fcrlt)) 118 ' (f)Holt
0

217

=/ [ R' asts.int + Rost + i ] Rdt
I F Fit )H

= Rs/Est sintdt +R% + Rf"dt
0

= 123 1zµ
"

t 1221T =
211-12





¥ '

✗

fgataudl -_fadivfds ( Divergence theorem )

divF=?¥+?Éy=o fgat.vdl=o



✗

areF=o ? ,
wet = - °y

= ×¥yz /¥+1T#titty-2×1=0 .

F is not defined of 10,0 )

\ is

(= -☒¥¥

÷,¥→some

9 A

i. f.it#-a✗
✗
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Second, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 4: This question is worth 9 points.

0 1 2 3 4 5 6 7 8 9

(i) Let � be the curve defined by

� =

( 
1

3
t3, 3t,

p
6t2

2

! ����� t 2 [�1, 1]

)
.

Compute the length of �.

(ii) Let F : R2 ! R2 be the vector field defined by

F (x, y) =
�
x2, y cos(x2)

�

and ⌦ the triangle whose vertices are (0, 0), (
p
⇡/2, 0), and (

p
⇡/2,

p
⇡/2). Compute

Z

@⌦
F · ⌫dl

where ⌫ : @⌦ ! R2 is outer unit normal field of the boundary of ⌦.

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

i ) length ) = £1 dl =/
"

a -1181+111 dt

- I

V1f) = It , 3 ,Ft ) , 118
'

it)H=|t"t9tÑ
= €-372 = 1-2+3

length (5) =L
,

"

It't3)dt = [ It > +St ] #
= ¥+3 1-§ +3 = 6 + 3- =

-

ii )
9 A

E. µ •

-

'

"
""

/ F-Vdl = frzdivfds
an

j
Divey . -¥%s × theorem
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

f- = (x2
, y

or ( ✗4) → dir F =2_xt oxy
= 22¥ + 2¥y

1=414914122 / 0 EYE ✗ and 01 ✗ e TÉY
- FTK ✗

ffdivtds =/ § (2×+04×2) ) dydx£
Fie

=/ ( zxytywscxi) ) /? dx

Fitz

=/
F'"

( 2×2 txasl ✗4) dx = 25×31*5
to +128in 1×4/0

= § (E)
3

+ I sink)=t÷tE#
=fgrF . vde
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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Question 5: This question is worth 6 points.

0 1 2 3 4 5 6

Let ⌦ = R2 \ {(0, 0)} and F : R2 ! R2 defined by

F (x, y) =

✓
x� y

x2 + y2
,

x+ y

x2 + y2

◆
.

(i) Compute curl F .

(ii) Determine if F derives from a potential in ⌦. If it does, find a potential of F , otherwise, justify why
it does not derive from a potential in ⌦.

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

it==3 - j
= µ÷yyz ( ✗4- y2 - Zxcxty ) titty ? + Zyl ✗- y ) )

= x¥p (×##tty2 tzxyzy)
=I
ii ) f- 112440,074 → nor convex nor simply connected

Applying the theorem → we don't know if F desires

from a potential on r .

If f-t.de to → F does not derive from a potential
1-

1-CR is a closed are .

In
1- F- 4 (✗is) c- 1122 / city 2=14

?⃝ ✗

8 : 10,21T ] → 1122

t ↳ Cast , s.int )

- 8111-1=1- Sint, cost )
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

f- F. de = [
"

1=(811-1) . 8
'
it ) dt =

21T

=/
,

fast - siwt , cost + sint ) • ( - sint, cost ) dt
21T

=L
"

C-sintfti-sinzti-oits.si#)dt--fo1dt--2Tl=frF.dl--O→ F does not desire from a potential
inn



DR
AF
T

y +1/10/51+ y

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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Question 6: This question is worth 3 points.

0 1 2 3

Let F : R2 ! R2;F (x, y) = (F1(x, y), F2(x, y)), be a vector field such that F 2 C1(R2,R2) and div F = 0.
Let G : R2 ! R2 be a vector field defined by:

G(x, y) = (F2(�x, y), F1(�x, y)) .

Show that G derives from a potential in R2.

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

The domain is e- 1122 is convex and simply connected .

If weG=o → then
, G desires from a potential in r .

area-0?

2Gylxir )@g=_a× - 2G×÷gn
= 2Fj¥± - 2¥91

) where b- =-× .

tcx) =-✗

= 21¥14 ) 2¥ - 2Fzl
)

2g
I

= - ( °Fj¥ + 2E§yt = -dvF=I
G derives froma potential in r .
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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Question 7: This question is worth 14 points.

0 1 2 3 4 5 6 7

8 9 10 11 12 13 14

Let F : R3 ! R3 be the vector field defined as F (x, y, z) = (0, x, 0) and let ⌃ be the surface defined by

⌃ =

(
(x, y, z) 2 R3

����� z =
⇣p

x2 + y2 + 1
⌘⇣

3�
p

x2 + y2
⌘
, y � 0, z � 0

)
.

Verify the Stokes theorem for F and ⌃.
Note: if necessary, use the following formulas:

cos2(x) =
1

2
+

1

2
cos(2x)

sin2(x) =
1

2
� 1

2
cos(2x)

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

T2 T2

r= Ftp ,
2- (r ) = ( rtl) (3-r)

7 A

¥÷:
,

.

no

"

"

y>0 → 0 C- [0,1-1]

2-70 → re -10,3]

5:[0,33×10 , IT ]→ 1123

Cr, o ) ↳ ( rudo ,
rsino

, ( rtl ) (3-r ) )

⇒ = Or = (coso , Sino, 2- Zr )

%- = Oo = C- rsino , raso,
o)

(Zr-2) ooo

Ornoo = r ( (Zr-2) since )
1
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

8 loves theorem :

re Foods = fgz-T.de
e, ez ez

are F=/ ÷ ¥ ÷ / = (? )
Fx Fy Fz → ( O ✗ 0

left - hand side :

-
3 IT

fF .ds =/
.

Jo@reF) (Olmos) • ornoo dodr

=/?#( o , o , 1) • ( ar- 2)coo , Gr-2) sino , 1) dodr

=/?/
"

rdodr = itf)rdr = Iz r' /f-9¥
a.

2-
-

thighkhen-d-s.de :

E-• ×iµ¥÷÷÷÷ .
i
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

µ÷¥÷
T, = } Mcr) = Ocr, 0 ) = ( no, Crts) (3-r ) ) with r:O→34

52=482101--013,07--1300,3Sino, 0) with o :O→ IT 4

1-3=4 B. (r ) = 01nF) = C-no, ( rt 1) (3-
r )) with r :3→04

Tu = 48h10 ) = 010,0 ) = ( o, o, 3) with 0 : too }

Fit .

2-2=5,01-201-3

f F.de = fn-T.dltfz-T.dltf-T.de
2-2

1-3

V.
'

( r ) -41,0
,
2- r ) , rico )= 31 - sino , ooo, 0)

Nzlr 1=1-1,0, 2- r)

f-EdeÉ¥÷÷;÷÷;"dr⇒

fg-T.dk/jT-rTo.c-To,z-Trdr--ofF.dl--fT3(o,oso.o)o3(-s'no
,
woo

, o )do

Tz 0T¥)Tj

= 95%208=1171 + aszo ,do=E"+fÉÉdo-=E]
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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Question 8: This question is worth 9 points.

0 1 2 3 4 5 6 7 8 9

Let f : [0,⇡] ! R be the function f(x) = �x2 + 2⇡x.

(i) Compute Fsf , the Fourier series in sines of f .

(ii) Using the course’s results, compare Fsf and f in the interval [0,⇡].

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

it Fsfcx ) ¥4bn sin / IF ×) = ¥, bn sin In ×)
bn = ⇐[fan sinlnxdx

= ¥721T X- x2 ) sin (nx)dx
IT

=¥ / - (21T✗ - ✗2) as lnx) / ,
µ= ZTIX- XZ

T1

du= sinlnxdx /-T + f. (21-1-2×7 hslwx)dx
✓= - In ascnx)

=-2¥ fight ¥ f.% -x ) oscnx)dx
= fight

'
+¥1 oscnx)dx - ¥_n [✗ wscnx)dx
÷

a-

= 2¥ 1- 1)
""
- ÷nf ✗oscnxldx
-÷

µ= ✗

dv = oscnx)dx /I C- 1)
""
- ¥ / In sinlnx) /

☐

✓= In sincwx )
- In f.

"

sincnxdx]

= ¥ 1-1)
""

-¥, asim>[ = C- 1)
""

+¥, C- 1)
""

+ ¥,
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

= ( +÷ ) ft )
" 't ÷,

Fsfcx )=É /÷ + "¥¥ fit" ] sincnx> .

ii) when fco)=fcTi)=o → fan = Fsfcx ) .

f- is continuous

f-Cx ) = -✗ ' 1- ZTIX, f- G) =o , fit 1=11-2--10 .

µ
" '

six )

Fsfcx) = Fgcx) , gcxl is a piecewise
- defined function .

I apply Dirichlet theorem to gag on t.at]

• Fgcx)=Fsfcx)=gcx)=fcx) on COME

• However on ✗=-11
, gcx ) is discontinuous -and

we can only say that

Fs fit ) = Fg (a) = 12 ( g (Tito) -1g it-0))

= § (-1-121-11-2)=0 =/ft )⇒(1-1)=11-2
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y



DR
AF
T

y +1/24/37+ y
Question 9: This question is worth 4 points.

0 1 2 3 4

Let g : R ! R defined by

g(x) =

⇢
�x if �⇡  x  0
⇡ if 0 < x < ⇡

extended by 2⇡-periodicity.

The real Fourier coefficients of g are

a0 =
3⇡

2
;

an =

8
<

:

� 2
n2⇡ if n is odd

0 if n is even
for n � 1;

bn =
1

n
for n � 1.

Using those coefficients and one result of the course, compute the sum

+1X

k=1

1
�
k � 1

2

�2 .

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

Ffcx ) = ¥+ É? fanoslnx) + bnsinlnx )]
-1=21-1

= 3¥ - Edd ÷,

oscnx ) t I 1

n= ,
I 8inch× ,

so

= 3¥ - Éo(zn¥ as ( ( anti )×)
+¥ ,
f- sincnx,

Ffco) = 3¥ -Éoz÷, 7¥ + É
,
d- si?¥

= 3¥ - É⇒c?n+Ñ = 3¥ -¥Éo÷
= IF - ¥ É

,
÷ñ÷

K=ntl
I

= 3¥ - ¥É¥r
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

Dirichlet theorem :

Ff co) = Iz f lot ) + 12¢ lot = If Coto) + t f co-o)

= & lot -11) = Iz

3¥ - ¥ É ,
É = ¥
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Question 10: This question is worth 8 points.

0 1 2 3 4 5 6 7 8

(i) Write the definition of the Fourier transform of a function detailing its hypotheses

(ii) Using the properties of the Fourier transform, find u : R ! R, the solution of

�10u(x) +

Z +1

�1

⇣
9u(t)� 4u00(t)

⌘
e�

3
2 |x�t|dt =

4x2

(2⇡ + x2)2
.

If needed, use the Fourier transforms of the table below.

f(y) F(f)(↵) = f̂(↵)

1 f(y) =

⇢
1, si |y| < |b|
0, sinon

f̂(↵) =

r
2

⇡

sin (|b|↵)
↵

2 f(y) =

⇢
1, si b < y < c
0, sinon

f̂(↵) =
1p
2⇡

e�ib↵ � e�ic↵

i↵

3 f(y) =

⇢
e�wy, si y > 0
0, sinon

(w > 0) f̂(↵) =
1p
2⇡

1

w + i↵

4 f(y) =

⇢
e�wy, si b < y < c
0, sinon

f̂(↵) =
1p
2⇡

e�(w+i↵)b � e�(w+i↵)c

w + i↵

5 f(y) =

⇢
e�iwy, si b < y < c
0, sinon

f̂(↵) =
1

i
p
2⇡

e�i(w+↵)b � e�i(w+↵)c

w + ↵

6 f(y) =
1

y2 + w2
(w 6= 0) f̂(↵) =

r
⇡

2

e�|w↵|

|w|

7 f(y) =
e�|wy|

|w| (w 6= 0) f̂(↵) =

r
2

⇡

1

↵2 + w2

8 f(y) = e�w2y2

(w 6= 0) f̂(↵) =
1p
2|w|

e�
↵2

4w2

9 f(y) = ye�w2y2

(w 6= 0) f̂(↵) =
�i↵

2
p
2|w|3

e�
↵2

4w2

10 f(y) =
4y2

(y2 + w2)2
(w 6= 0) f̂(↵) =

p
2⇡
⇣

1
|w| � |↵|

⌘
e�|w↵|

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

i ) let f- : IR→ 112 be a piecewise - defined function
to

s.li . f.
a.

lfcx)ldx< • then :

•

§ : R→ a

✗ to Fen =⇐ ffaixié
"

"d×
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

"
'

l
-eoucxitf.EE#-u-)e-

""""
at

= :¥÷
- touch t fcx) * gcxl = hex)

gcx) = e-
3/21×1

Apply Fourier transform :

- to lie) t Fit finger / = Ñcx)

for ) = 9 Ñcx ) -4 Ii ✗Y Ñ a)

5cm =p E TEÉ
Table now 7

w= 3/2

- lotion ) + Ft ( GÑK ) + Uxziicx )) § (✗ 1=5 Ca )

Ñ (a) [ Fit (9+4×2) § (a ) - lo] = Ñcx )

Ñcxlfr (9+4×2) EFFIE - to]=ñk)

F)
Ñ (✗ 1 1 12 -w] =ÑK ) → eicx) = tzhcx >
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y

Apply the inverse Fourier transform .

Fletch)lx)=¥F
"

film )cx )

Nox ) = tzhcx )⇒ |lkx)=¥_
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y For your examination, preferably print documents compiled from auto-
multiple-choice.
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y For your examination, preferably print documents compiled from auto-
multiple-choice.

y


