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Teacher : Teachers of Analysis II1
Analysis III - Mock exam - Student
December 2021

Duration : 120 minutes

Student One

SCIPER: 111111

Do not turn the page before the start of the exam. This document is double-sided, has 30
pages, the last ones possibly blank. Do not unstaple.

Place your student card on your table.

No other paper materials are allowed to be used during the exam.

Using a calculator or any electronic device is not permitted during the exam.

For the multiple choice questions, we give :
+2 points if your answer is correct,
0 points if your answer is incorrect, you give no answer, or more than one answer is marked.

Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.

If a question is wrong, the teacher may decide to nullify it.

Respectez les consignes suivantes | Observe this guidelines | Beachten Sie bitte die unten stehenden Richtlinien

choisir une réponse | select an answer | ne PAS choisir une réponse | NOT select an answer Corriger une réponse | Correct an answer
Antwort auswahlen NICHT Antwort auswahlen Antwort korrigieren

X ¥V & [] [ ]

ce qu'il ne faut PAS faire | what should NOT be done | was man NICHT tun sollte
7/ 77
00004

For your examination, preferably print documents compiled from auto-
multiple-choice.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 All the non-zero real Fourier coeflicients (sine-cosine form) of the function f defined by:

1 ; 1 ) ) .
f(:C) =54 5(5 o ’L'7T)63m 4 5(5 + Z"]T)eigm o gehw o %677%

are

D ap, asz, ar
[ ] as,az,bs
[ ] ag,as,bs, by
[ 1 ao, az, a7, by

Question 2 Let f be the scalar field defined by:
f:R? = R; (2,9) = oy +x+1,
and let R € R, R > 0, and I the curved defined by:

= {(z,y) e R? | 2* +4° = R?}.
The integral / fdl is equal to:
r

[]o

[ ]2rR

|:| 2R + TR+ 1
[ ]27R®+7R?+ R

Question 3  Let F be the vector field defined by:
19,%)

FiR* 5 R% (2,9) = (DY,
and let R € R, R > 0 and A be the domain defined by:
A={(z,y) eR* | 2* +y* < R*}.

We also denote the boundary of A by A, and the outer unit normal of 4 by v : 04 — R2.
The integral F - vdl is equal to:

A
[]o
|:| TR?
3
|:| Z?TR

|:| §7r2R

5

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 4  Let F' be the vector field defined by:
F:QCR®—R?% S ARp———
C — ) ($7y)'_><x2+y27l'2+y2

F' is conservative (i.e. it derives from a potential)

D over Q ={(z,y): 1 <2 <3,2<y<10}.

[ ]over Q= {(z,9): 2<a?+y%<4}.

[ ] over @ = {(z,y) : 22+ 42 < 10}.

D for any domain €.

® For your examination, preferably print documents compiled from auto-
multiple-choice.



Question 1 All the non-zero real Fourier coefficients (sine-cosine form) of the function f defined by
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[o} - (G -Cq)=0.



Question 2  Let f be the scalar field defined by:
f:R2SR; (z,y) = ay+x+1,
and let R € R, R > 0, and I" the curved defined by:
I'={(z,y) e R? | 2® +4° = R?}.
The integral / fdl is equal to:
r
[]o
& 2rR
[ ]2rR2+7R+1
[]2rR®*+7R2+ R
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Question 3  Let F' be the vector field defined by:
UOIX)
F:R* 5 R% (z,y) — (>4,

and let R € R, R > 0 and A be the domain defined by:
A={(z,y) e R? | 2* +y* < R*}.

We also denote the boundary of A by dA, and the outer unit normal of 9A by v : A — R2.

The integral / F -vdl is equal to:
A

f Foodl = | divF ds (Dl‘W‘sewe ‘Hsoxw)
2

D A

P4 , O dl, =o
. - —= 34—z Ty
AAVF ~ax 3\‘_’) ° A



Question 4  Let F' be the vector field defined by:

F:QCR? >R S (i A

F is conservative (i.e. it derives from a potential)
[ Jover Q={(z,y): 1<x<3,2<y<10}.
[] over Q = {(z,y): 2 <z?+y% <4}

[ ] over Q = {(z,y) : 22 +y* < 10}.
m for any domain €.

PF; 91'
pra¥=0l | pa¥= —2 - -

- 7((“07 _/v(i /‘) ,z_() =0.

(x1+91
T ounk defied o (00)

STy .
9 /»\‘3&'(!'\”‘?(56:’1\%&‘!&
= 2n .
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Second, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 4: This question is worth 9 points.

ENENEANO NN NN ¢

s oy, VO
()

te[-1, 1]} .
(i) Let F : R? — R? be the vector field defined by
F(x,y) = (m2 ycos(mz))
and  the triangle whose vertices are (0,0), (1/7/2,0), and (\/7/2,/7/2). Compute

/ F-vdl
o0

where v : 9Q — R? is outer unit normal field of the boundary of Q.

1
) L@“SH‘(‘_):]‘FHL: 4 Y’ ©IdE

-1

%)= ({%, 3,{3’6) , \H‘(ﬂ\[:ltl‘m y6i?
_ fu,us)z - s
ongth ) =] (¥9)dk = [ 42438

(i) Let T" be the curve defined by

Compute the length of T'.

1
= { | 2 _ 75|
9 A 9:

w0 pu F-rdl = e d
m 1l ] -rLd/\\fF S

0

DNeq

l°|°) FVTL

For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 5: This question is worth 6 points.

Lo Ll el Ll Js s

Let @ =R?\ {(0,0)} and F : R? — R? defined by

Fla,y) — (””_y Ty )

I2+y2’x2+y2

(i) Compute curl F.

(ii) Determine if F' derives from a potential in . If it does, find a potential of F', otherwise, justify why

it does not derive from a potential in 2.

ATy _ B
ax 52\9

J
T ostpy?

po! (\:z,r‘gz)z (/%/—?/— 259 12 wl/; ng%)

() q-=" \ L0,0)9 ~—=> nor mvex nwr h‘w«?b emnefeo] -

(xzwl —2%¥(w¢y) Lx“brz +ZD(7<-‘O)>

A%(VU e heocom —> we MW W\ﬁi)\} T deven
{AM\ a-?DWTV\IL.
1% Jr.dﬂh—??ds@wdq\‘%wa—rmi
r

el 5 o clored onee
\b/]\' -~ 2 Tinle
r =4 (x9)el l Kt5yt=14

/ X: [o,1T) —&*
Q > 3 b (e, S\'U\{)

Y€)= (-wab (Db&)

For your examination, preferably print documents compiled from auto- )
multiple-choice.
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fr A = fmF(sm)- Vi) dt =
I v
f(m# ok, ot vwd ) o (- seok, ot )l

a[ (- sk 7% +sintt 4—633‘6%)4& fwﬂr =ZTl

frou:/:o_s F doer n dorve foomn o polmbiol
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.




[ N N +1/11/50+

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 6: This question is worth 3 points.

ERESEY ©

Let F : R? — R?; F(z,y) = (Fi(z,y), Fa(z,y)), be a vector field such that F € C'(R?,R?) and div F' = 0.
Let G : R2 — R? be a vector field defined by:

G(I,y) = (FQ(fxvy)v Fl(ixay» :

Show that G derives from a potential in R2.
The Joman s Q=15 15 ower ord sumgly ereded, .
'PS O’PQ,G"—"O > ’“‘9"\, G‘l dM\N/A M @?okw*\sv{ (@2

mMFO?

PGy (x0)  A6x (%)
@C“: ax Yy
pFil6m) 2R E) e f=-x.

T Ax Ax Xy =~%
aF ta) b _ 9%l09)
PF  BX Y

==
-

( LTINS aﬁ(’m)> TS
2t CE/ T

G @'MMM&M/WM (1.

For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 7: This question is worth 14 points.

[ Jol Bl el Jo [ Ja [ Js [ 1o [Jr
LIl Dol il Jul il sl

Let F : R® — R3 be the vector field defined as F(x,vy,2) = (0,z,0) and let 3 be the surface defined by

z=(vVa2+y2+1)(3—Va2+92),y>0,2>0,.
(VEEF 1) b~ VETF) 020 20)
e

Y= {(x,y,z) cR3
D
r?—
Verify the Stokes theorem for F' and X..
Note: if necessary, use the following formulas:

1 1
cos?(z) = = + = cos(2z)

cos(2x)

(= XZ_HO‘L / Z’(’f‘) :(f‘+\> (?)“‘{\>

Yy»o — 9€fo, )
270 —> (6€[D3]

§:02,3)x [0, T) —;12'3
s

2% _ 6 = (18, wnl, 2-2¢0)
ar
2% _ gy = (- r3Ine, 0B, a)

ot
(Zr-z) Ay,

\WONL IS (1r-2) v
1

® For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 8: This question is worth 9 points.

Lo LR s el s [ls [ J- [ Js Il
Let f :[0,7] — R be the function f(z) = —22 + 27x.
(i) Compute Fyf, the Fourier series in sines of f.

(ii) Using the course’s results, compare Fsf and f in the interval [0, 7].

) B =Z bnsin %) = Z ba (0%

n= | =

r —T-E-f _g"bq gru(nwxydy

2 T
= —_ﬁ_-f (2T%- X/L) &‘“(”X)&?‘

2 Tt
_ .___(_ (zmrx =% ) (nx)

= -t ™ v

%A
Av= STl W ,-/——-‘T 4.[(?,17— Zx) ¢( Vw&)o(/x
\/::";%-CS)(MM) o

gy

2T nw 4
1 V" b — | —x ) e (mx)dix
= —— () 4

(=4

SR AN i ;ws(nx)dux —irrx co3(nx) dy
T ) LN TN )

—
e

N
_Z;_T\r (_l)uu_ ﬂi;/ X 63 (v )drye

]

=0
I
JAT X L E_(_()w“_ 4 Xsfn(mx)
C*\f:: LJD('VX)dVX N Th n ]
V= & i) i
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~ kK
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For your examination, preferably print documents compiled from auto-
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For your examination, preferably print documents compiled from auto-
multiple-choice.




[ N N +1/23/38+

For your examination, preferably print documents compiled from auto-
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Question 9: This question is worth 4 points.

ERESESEY F

Let g : R — R defined by

—x if —7<x<0 .
g(z) = {  if Ocu<n extended by 2m-periodicity.

The real Fourier coefficients of g are

3
ao—?,
—ngﬂ if nisodd
an:{ forn > 1;
0 if nis even
bn:l forn > 1.
n

Using those coefficients and one result of the course, compute the sum

—+oo

>

k=1 (k_ 2)2.

t‘QC‘K) -~ %—D-} f [Omm(‘ﬂ()*br\- S\‘V\(V\‘ﬁ)]
=t

T 2 I

AW _ 7 Lz ¢(wk) + 2  §in0n)

_L]/ l/\,bJJ' n=1\

M

4
o L 3 0B py((anan) 2, )

7 T (ZwH)le‘

BT T2 wmbys I 50
Ff(b) = Z_ _h='b (ZWs\)LTl ey w=i '—"L/-:o
LU et S Y M
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K=nd(
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For your examination, preferably print documents compiled from auto-
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For your examination, preferably print documents compiled from auto-
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Question 10: This question is worth 8 points.

ERESEANS YNNI *

(i) Write the definition of the Fourier transform of a function detailing its hypotheses

(ii) Using the properties of the Fourier transform, find v : R — R, the solution of

e 3 422
- A P T
10u(z) + /_ . <9u(t) A (t))e tap — prws
If needed, use the Fourier transforms of the table below.
L /() | F(f)(a) = fla)
_ L sty <ol s\ [2sin(lbla)
L = { 0, sinon fla) = T a
. 1, si b< y<c R B 1 e ha _ g—ica
2 fw) = { 0, sinon f(e) NoT ia
_Je™, siy>0 ! 1
’ f(y)_{ 0, smon WO = g s
_ e~"Y,  si b < y<c A B 1 6*(w+io¢)b — e*(erioz)c
[0 = { 0, sinon fle) = NG w1 i
ey sib<y<c N e~ iwta)b _ o—iwtaje
W= { 0, sinon Ha)= iV2m W+ «
1 R T €—|wa\
6 || f(y) T (w # 0) flo) =4[5 o
—lwyl A D) 1
W= @Ay )= g
—w’y f = 71 74(:“22
8 || fly)=e™¥ (w #0) fla) = NN
—w?y? P N —77,()( _%
9 || fly) =ye : (w #0) fla) = 2ﬁ|w|3e
4 .
10 f(y) = m (w 7& 0) f(a) = \/ﬁ (ﬁ _ |0é|> e—\wa|

oty
N—

LJ‘ gw_-—%’]’]&) l@e o ?/m,c&u/\'fq_—o‘%'weo( w:m
¢l m(?cx)(dn(éw Hem:

~od
/,Q\ . @/‘—‘ < J ~F %
(s Jerz = [1e  dx

TN o

® For your examination, preferably print documents compiled from auto-
multiple-choice.
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Aople, The fnverie Toorio~ oomsfom

R = 4§ (hw)e)

mx) < —21—_ hWxY=> | k) = i 47(1)7
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