
Then X= (*) 2

The Sturm-Liaike problem only has non-trivia solutions

for X=) and the solution
are :

M(H = Musin ( + ) where Un E is on arbitrary
constant
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Example : some problem ,
not with different boundary conditions

y"(t) + Xy(t) = 00 + - Jo,5

y'(0) = y(l) = 0

· Ge 1 X = 0 b"It) = 0 V + 70, LE

+ BC

Possible solution Y(t) = Y ,
t + Yo

, Y1 , % Eth



y'(t) = y ,
to fulfill Bes then

31% = 31) = D ,
=0 + y=0.

Y(t) = 0 . + + %0 - y(t) = Yo -

· Core 2 : X < 0

The solution is like YHt) = Mocosh (t#x)

y'(t) = Yo sinh Itx )
,
y"(t) = -boxah(tEx)

y"H) + X y(t) =(x + xY0)h(t(x) =0

= 0

What about BCs ?

y 10) = %0 Ex Sinho=

Y'(l) = Y 0 Ex LEO
E YoEX = 0 =No

(X +0)



the fri solution !

Core 3 : X 7

y(t) = 40c(tr) ,
Y'(t) = -York sin(trx)

y"(t) =
- YoXc(t- )

Y"(t) + X y(t) = - Yoxcs(t) + X Yoc(tE) = or

what about BCs ?

y'() = -Yo SinCOR) =or

-

= O

y'(l) = - Mox sin(LE) = 0 => Sin(Lx) = 0

=> (E = uπ ne N -> X= (2

and theassociatedsolution is yH) = Brcos(t)
where BuER is an abitory constant.



3Application of
Fourier series

Diff - equations withadditional data of the form

M(0) = M(T) , M(x) =M(X +T)
,

li. e
.,

M is T-perodic .

Hear diffission : (x,y) =R /200
,
sint)

%.
erfcrcso , Rio de

Fo

M(0) = el (2)

el'(0) =M'lIT)

es: Temperature.



ExampleI-I , feC'() and 25-perodic

not m ,
Ket sit . MEO ·

Find ecolution y = yet)

of the problem :

my"(t) + ky(t) =f(t)vt - So
,
2π)

Y (0) = y(2it) and y'lo) = y'(Int)

Particular ose: f(t) = cos(t) ·

look for peridic solutions :

eH= tancs(nt) +busint]

Because f is Iit-pesodic :

Ff(t)= In cont + pusint



Xu and on are known (f is given ,
so I can

computefrem).

uH)=2)-anusinut + buncento

el" (t) = -2) anwent + businut)

my
"

(t) + ky(t) = f(t) = Ff(t)

100(x-mu) ancont + (K-mulbusinnt]

= Loan cont + usint

No

K90= (K-murjan = an
,
CK-mun) bu = Br

co = > ,
an= ,

bu=n



For the cre fit) = cost -> 20 =? In=? Br=?

f(t) = cost = Ff(t)= cont + Businut)

do = 0
, pu = 0

, di = 1
,
In =0 n> 1.

a =0
,
an = Em , an = 0 use bu = 0 VueN

↑=m not
Example I :

let f : R- > # be a function defined by

f(x) = X2 - Gif XC2-12 ,
%27 extended by 1-perodicity

FindU= MH) solution of

u'( + ) = f(t)Vx + ] - 12 , %2)

u(- (2) = M(1/2)



Exemple 3 :

let bea 11 and f : R-IR is It-pesodic

and piecewise defined in To , IT2 .

Find M: To. [T] - IR .:

M(t) + < M(t -) = f(t)V +]0, 2π)

M(0) = u (2t) · Set. M is 25-pesodic.

shpiationofFrietois

M'(x)-mx=
F(u"(x) -M(x))(x) = F(e

*

)()
lineer . I

F (M" (x))() - F(u(x))() = F(e )(x)
I



deinet. J

Lias
>
F(uc(() - Fluci)()=a

- -= 1



((-a - 1)=
=- (acmpireFriena
using Wolfrom Alphe

F"(- ) =
-Ye (1 + (x)

u(x) = - fe(1 + (x1) .

ef x to
,d = signi, =0



M'(x) = E Sign (x)e
**

(1 + 1x) - & sign(x)e
= Esigcx / ets(x1

e"(x)=since
= e (1 -m) .

u"(x) -M(x) = &(1 - (x1)e + &(1 + (x1)e
)
=
ev

Example 2 : Find M(X) . S .
t .

9 M(x) +%
0

gucHe
-+
dt =e

-
convolution.



Encompatibilityof Forie seses and Forier transform methods

If we can apply both methods :

- to is piecewise- defined
- M is T-periodic &

- Jux) (d

Then /Tul=W x1dxPuyala
y = X -UT

ul

+TMed dy = dx

t



Thenxdx= 0 - 1=

I = J.incysdy = 0 - ( (y)) = 0 f y + 20 ,
7)

-> M(y) = 0 -y c20, 7]- Myl =0yet ·

I is perodic

Then
, if both methods are applicable ,

the MCX) is a find

solution.



-PartialDifferential Equations (PDEs)

-Heatequation for a finite length bar

bea
, Let , f : to t

, fle is

(xt)= a (x ,+) X - ]0, Lt , t > o

- L u(0, +) = M((
, +) =0

& M(X .0) = f(x) a initia condition
BCs : Dirichlet BC

For cre f(x) = 2sin() - sin(3)

separation of verables : M(X ,H = VIX) Wit



The BCs become :

eco ,
+ ) = M (L , +) = v(0) Wit) = V(L)wH] =o

I don't want wit = 0 -> VI0 = VIL)=o

v(x) Wilt) = a
< v"(x)wit) X -10 ,

11
,
to o

= X - Jo ,
11

,
to o

For this to be true for XX and Ut .

= -x= , XER .,
XX ,
Xt

Sturm-liouville
v"(x) + Xv(X) = 0 X-0 , 2

->

problem (ODE)&
+ BCs : v(0) =V(L) = 0



X = (2 and U = sin(X)


