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CHAPTER 6 : APPLICATIONS OF FOURIER ANALYSIS

TO ODEs AND PDEs

ODE : Ordinary Differential Equation

PDE : Partie Differential Equation .

Formally a system of differential equations , givenon
intered

Ja .
bl , and a function

F : Ja ,biXRRNX
-

consist in finding U : Ja .
b) -> He s .

t.

# It ,
M(t)

,
Mist) , - -

. ,
Mi (t)) = 0



If N = 1 -> ODE
, If N2, 2 - PDE

Example :

YHt)=
yazy"Italtdoyl

= f) Ato , azadeta

(t) ODE
fit) : At+He

xit) = a (xt) XX ,t a.

PDE

Note : mondly we here more that solution. for such problem :

we will add additional
date to the problem-

3 . 2 Ordinary differential equation--



Note :

alte

Carchy'spubla H->h of Het : rel positive

At :< XER , X707
the equation
acm(t) + a , mH) +aM(t)

= f()-5> #
*

= /Son

es0) =10 and 110) = M1 (boundary conditions)

whoe a, do,
Mo , M, Eth and 92t

*
are given

constants

and f : /
*
- D is also given

and has a "certain" continuity.

Examples :

· An ocillator 1-If
C

m x"(t) + cX'(t) +kX(t) = f(t) Xt ER

X (07 = Xo
, X'(0) = X 1 Cirifid position

and velocity)



· Population model
where p(t) is the population

p'(t) = (1-S)pH) Xtxo (number of individuals)

B .
6 Eth

p(o) =P and p'(o) = P,

B : is the birth rate

8 : is the death note

Thisjernde:0(nonewbirths
d
a

- xt ein = 0 #P(t) =e Es



·
Euler-Bernali beam

Equilibrium :

#d M"(x) = q(x)

where M is the banding moment.
-x

Note : this family of problems will
be studied in AnalysisI

using replace transform

-. 2.2
Sturm-Liouville problem

let be U : 50 ,23- He
the solution of

u"(t) + X MH) =0 f teJ0 , Lt

M(0) = M(L) = 0 (homogenes Dirichlet conditions



· Example :

steedy-state D Schrodinger equation.

4"(X) = 2 mxP(X)
+ Dirichlet bonday

conditions

solution :

-

u"(H) + Xu(t) = 0

u(a) = u(L) =0

The firid plation M(t)
= 0 is a possible solution ,

but we are

interested in other possible solution.

For which values Xette
can we find non-forid solutions?



· Core 1 : X =0
, the problem becomes :

l" (7)= 0 V + e Jo ,
LE

u(0) =M(L) =0

See -> lilt) = Mr ,
Meth,

U(7) = M+ t + Mo ,
Mo , M,
Et

BO-> M(0) = 1 .. 0 + lo =Mo = 0 -> Moto

- M() = Milto =o -> Mi=o

I only get thefrivd
solution.



· Cae 2 : XL0

M" () + X MH) = 0 XteJaLt with x< 0 (X-R)

u(0) =M(L) = 0

That possible solutions to M" (A) + X MH) = 0 (for X0)

are in the form
uH)= Sinh(t) , MERIsSo

u()=ch) =
M

M" (t) = ExM sinh(tFX)

u"() + XM(t) = FxMisinh(tx) +Xinh)t)



-
Let's imposse bounday

conditions :

es(0) = - sinh(o) =or -M1

Ex

My

u()=xi)
==

my solution
becomesfrid (again) MHt) =0 ·



· case 3 : XX0
.
For this cre possible solutions to

M" () +Xu(t) =o are in the form :

u(= sin(t)=UH)
=M,(t)

=> u" H) =
-Misin(t)

u" (H) + XMH) =
-Misin(t) +XinA) =or

Imposing boundary conditions :

M(0)=
M(L)= sin() =0 = SinI) =

=> LE = no ,
n=0

, 1 , - - -



Then X= (*) 2

The Sturm-Liaike problem only has non-trivia solutions

for X=) and the solution
are :

M(H = Musin ( + ) where Un E is on arbitrary
constant


