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. 3 Vector field integrals

· Definition let Ice be an
opentable regular surface

parameterized by : 0 : A-> I and let
(eu) - Fair

F :- R3

mFin
a

using the
mit normal r(Min)=x op :



JF -d =fa (F(( , r)) · UcMis) KlinxF-11 dude

· Remenes :

- Andogy with the integral of a rector field G dong I

V : [a ,
b] -> F G : T-> ↑3
t +- V(t) X +- G(X)

/Gode = G(UH - UC d

- For e piecewise regular surface I =Z : we define :

1) Fids=z ; F - ds



-
The intege /zF -ds computes the of through

the surface I in the direction of Juxiv.

-

. 2
. 4 Examples :

· Example 1 : Let z = G (X , % , 7) etpS : z2 =x +y2 and 03711]

and F :Zett defined by F(x ,Y ,z) = (Y
,
-X

,
z2)

Z
A = J 0

,
I [ X Jo , It,

compute /Ed

510. 7) = (720 ,
7 sint

, 2) daytheding directionmer, Vox:E ((



/
-

F-ds = - () (F(510) · (Vox() do

= + f) (F(0(0 ,+) - (EX50) dodz

= _ /hijz sino ,
-Eco

, z) · (7, sino
, -z) don

- /(co-civo-)dzdod
=



DivergenceTheorem

~Notation
and preliminary notation

· Definition : we say that -C isaregular domain if
3

- bounded open domains
S.t

. Ro
, in ,

--

, Rmc

- e = ro)
- Ejc o , Xj= 1

, 2, ...,
-⑳- Zinij =0

if it j and i
, jil , ...,

m

- Glj = j , j = 0
, 1 , .... m where Ij are

< piecewises orientable surfaces and st 22 % = 0.



-2Divergence theorem

· Theorem : It2 c be a regular domain and r:2re
3

an outer unit normal rector field .

Let F: ->
-

be a rector field st . FeC'5, He] then :

(f)div F(x, y1) dxdydt =J(Fr

in other words :

)dy



-. 3
.
3 Examples

· Example 1 : verify the divergence theorem for
z = < (X , y ,

z)E# : x2 +y + 2< 14 and Fixyit) = (XY
, Y . 7) .

a juxto en =z= < (X , 4 .7)Et : x2 + y2 +z= 13

!
Ato := shell of the sphere

G

e~
(f)div Fcx ,Yiz de dye

divF = y +z

X

L

(J/ddysinsino) iSeedrdodi



Hodide +
= O #

= 2)-cosy]=

· cellation of JSSF-rd sphesied
coordinates

6 with v =

Parameterization of 21 = 5
,
0(4

,
0) = (sing as , singsino , cosy

JyX5o = +sing cost
,

+ siny sing,singcos) this

anternormal ofa



= /ordmoder field
=J. ) (514.olded

(F . 2) (5(y , 0)) = g(5(4 .%) = F(5( , 01) ·10 , 0)
-

S
-Isin2 so sino

, sinysino , lose) ·

(sing coso , sin y sino , since cosy)
-

#S11

1)Foods= in cosino , sinc mo ,
cya



(sing colo ,
sinc sino , since cose) dy do

= /Cindy 200 sino + sin sin + sing cosy (ddo
T

=Casinodon defining det singleeJo
----

-

=O
=ng4/ = 2/3

integr . by parts .

= (divFddydin



· Example 2 : Verify Div . theorem for
- = h(X , 4 ,

71EH : x ty< 1 and 037114

and F (x , y , z) = (x >
,

0
,0)

/JdirFox
= J)Ford as

divF = 2xe eX



IffdivF(x , n , z)dxdydz = (f) axdydt =

= vardddd
To

/Fords = JFrds /(FrdstJFS s
Parameterizations : To : 5°0 ,

v) = /rcoso ,
using , of

,

Ao =] 0
,
LEX 10 , 12

50 x F = (8) pointing do
na



= : o'(0 .21 = (200 ,
Sino

, 1) ,
Ao =As

, Obxtr = (o) Pointdona
=

2
: 52 (8 , 7) = 160 , 20 . 7)

, Az = Jo ,
It [x]0 , 1

Tow = (c) coster worms
16 +12 "He

be teeful with the sign here.


