EPFL - Fall 2024 Dr. Pablo Antolin
Analysis III - 202 (¢) GM EL MX Exercises
Series 2 September 17, 2024

Note: several exercises are extracted from [B.Dacorogna and C.Tanteri, Analyse
avancée pour ingénieurs (2018)]. Their corrections can be found there.

Exercise 1 (Ex 1.1 page 7).
Let

F(z,y,z) = (y2 sin(zz), ¥ cos(a:2 +2),In(2+ cos(xy))) = (Fy, Fy, F3).
Compute:
1. grad F1, grad F», grad F3

2. divF
3. rot F.

Exercise 2 (Ex 1.2 page 7).
Which of the following expressions are correct in the case that f : R® — R is of
class C1(R3) and F : R? — R3 is of class C*(R?; R?)?

a) grad f b) fegradf «¢) F-gradf d) divf

e) div(fF) f) rot(fF) g) rotf h) frot F
1) rotdiv F.

Exercise 3 (Ex 1.3 page 5).
Let © = (21,...,%,), a = (a1,...,a,), and r such that r = /> ;" (z; — a;)2.
Let f be a scalar field defined by f(z) = 1/r. Compute Af.

Exercise 4 (Ex 1.6 and 1.7 page 8).
Let Q C R? be an open domain. Verify that:

1. If f € C1(Q) and g € C%(Q), then:
div(fgradg) = fAg+grad f - grad g
2. If f,g € C1(), then:

grad(fg) = fgradg + ggrad f
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3. If f e CH(Q) and F € C1(Q,R?) then:

div(fF) = fdivF + F - grad f

4. If F € C%*(Q,R?), then:
rotrot F' = —AF + grad div F,

where AF = (AFy, AF», AF3) for a given vector field F' = (Fy, Fy, F3).
5. If f € CH(Q) and F € CH(Q,R3), then:

rot(fF) =grad f Xx F + frot F

Exercise 5 (Ex 1.4 page 7).
Let f € C?(Q2), where:

Q= {(m,y) eR?: z,y> 0}.
1. In the case where we have:

g(r,0):= f(rcosf,rsinf) = f(x,y),

show that:
%g(r,0)  10g(r,0) 1 8%g(r,0) 0*f(x,y) B O*f(x,y)
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2. Compute Af when:

2
flr,y) = Va2 +y2 + (arctan Q) .
x



