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y y



y +1/2/59+ y
First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one

correct answer.

Question 1 : Consider a curve C ⊂ R2 connecting the point P = (1, 0) to the point Q = (0, 1), and

let G : R2 → R2 be the vector �eld de�ned by:

G(x, y) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2

)
.

Then:∫
C

G · dl = ln(2)∫
C

G · dl = − ln(2)∫
C

G · dl depends on the curve C∫
C

G · dl = 0

Question 2 : Let f : R2 → R be the scalar �eld de�ned by:

f(x, y) = x2 + y3 + xy.

Its Laplacian ∆f = div(∇f) at (x, y) is:

x+ 3y2 + x+ y

2 + 6y

8

4 + 6y

Question 3 : Let F : R2 → R2 be the vector �eld de�ned by:

F (x, y) = (x, y),

and let Γ be the curve de�ned by:

Γ =
{

(x, y) ∈ R2 : x2 + y2 = R2
}
,

with R ∈ R, R > 0. The line integral

∫
Γ

F · dl is equal to:

π

2
R

2πR

0

4πR2
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Question 4 : The non-zero complex Fourier coe�cients of the function g de�ned by:

g(x) = cos (x) + 3 sin (3x),

which enable to express g as:

g(x) =
∑
k∈Z

cke
ikx,

are:

c1, c−1, c3, c−3

c1, c−3

c1, c3

c0, c1, c−1, c3, c−3

Question 5 : Let F : Ω→ R2, with Ω ⊂ R2, be the vector �eld de�ned by:

F (x, y) =

(
x, 4

x

y

)
.

Does the �eld F derive from a potential?

Yes, for any domain Ω.

No.

Yes, on the domain Ω = {(x, y) ∈ R2 : y 6= 0}.

Yes, on the domain Ω = {(x, y) ∈ R2 : y > 0}.
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Second part, open questions

Answer in the empty space below. Your answers should be carefully justi�ed, and all the steps of your

argument should be discussed in detail. Leave the check-boxes empty, they are used for the grading.

Question 6: This question is worth 6 points.

0 1 2 3 4 5 6 Do not write here.

Let C be the closed curve parametrically described by:

C =
{
γ(t) =

(1

2
sin 2t, sin t

)
: t ∈ [0, π]

}
.

1. Let also F : R2 → R2 be the vector �eld de�ned by:

F (x, y) = (−y, x).

Compute the line integral:

I =

∫
C

F · dl.

2. Let R denote the domain enclosed by the curve C. How does the area of R relate to the line integral I

introduced in part 1?
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Question 7: This question is worth 8 points.

0 1 2 3 4 5 6 7 8 Do not write here.

Let be λ ∈ R, with λ > 0.

1. For which value(s) of λ, does the vector �eld F : R3 → R3 de�ned by:

F (x, y, z) =
(
x2 + 5λy + 3yz, 5x+ 3λxz − 2, (2 + λ)xy − 4z

)
derive from a potential?

2. Consider the speci�c case λ = 1. Find the potential of F , denoted here ϕ, such that ϕ(3, 1,−2) = 0.
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Question 8: This question is worth 8 points.

0 1 2 3 4 5 6 7 8 Do not write here.

Let F : R3 → R3 be the vector �eld de�ned by:

F (x, y, z) = (y,−x, 0) .

Verify Stokes' Theorem applied to F through the hemisphere:

S = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 9 and z ≥ 0},

using a parameterization:

σ(θ, ϕ) = (3 cos θ sinϕ, 3 sin θ sinϕ, 3 cosϕ) , with (θ, ϕ) ∈ Ā = [0, 2π]× [0, π/2].

The boundary of S is the circle C = {(x, y, z) ∈ R3 : x2 + y2 = 9 and z = 0}.
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Question 9: This question is worth 7 points.

0 1 2 3 4 5 6 7 Do not write here.

Determine the real Fourier coe�cients of the function f : R→ R de�ned by:

f(x) = 1 + cos 2x+ |x|, for x ∈ [−π, π[ ,

and extended by 2π-periodicity.
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Question 10: This question is worth 8 points.

0 1 2 3 4 5 6 7 8 Do not write here.

The real Fourier coe�cients of the function f de�ned by f(x) = x3 on [−π, π[ and extended by 2π-periodicity

are:

a0 = 0, an = 0, ∀n > 0, bn = −2 (−1)
n
π2

n
+

12 (−1)
n

n3
, ∀n > 0.

1. Knowing also that:
∞∑
n=1

1

n2
=
π2

6
, and

∞∑
n=1

1

n4
=
π4

90
,

compute

∞∑
n=1

1

n6
.

2. Using the relation
1

4
x4 =

∫
x3dx, determine the real Fourier coe�cients of the function g de�ned

by g(x) = x4 on [−π, π[ and extended by 2π-periodicity.
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Question 11: This question is worth 8 points.

0 1 2 3 4 5 6 7 8 Do not write here.

f(y) F(f)(α) = f̂(α)

1 f(y) =

{
1, if |y| < |b|
0, otherwise

f̂(α) =

√
2

π

sin (|b|α)

α

2 f(y) =

{
1, if b < y < c

0, otherwise
f̂(α) =

1√
2π

e−ibα − e−icα

iα

3 f(y) =

{
e−wy, if y > 0

0, otherwise
(w > 0) f̂(α) =

1√
2π

1

w + iα

4 f(y) =

{
e−wy, if b < y < c

0, otherwise
f̂(α) =

1√
2π

e−(w+iα)b − e−(w+iα)c

w + iα

5 f(y) =

{
e−iwy, if b < y < c

0, otherwise
f̂(α) =

1

i
√

2π

e−i(w+α)b − e−i(w+α)c

w + α

6 f(y) =
1

y2 + w2
(w 6= 0) f̂(α) =

√
π

2

e−|wα|

|w|

7 f(y) =
e−|wy|

|w|
(w 6= 0) f̂(α) =

√
2

π

1

α2 + w2

8 f(y) = e−w
2y2 (w 6= 0) f̂(α) =

1√
2|w|

e−
α2

4w2

9 f(y) = ye−w
2y2 (w 6= 0) f̂(α) =

−iα
2
√

2|w|3
e−

α2

4w2

10 f(y) =
4y2

(y2 + w2)2
(w 6= 0) f̂(α) =

√
2π
(

1
|w| − |α|

)
e−|wα|

By using the table of Fourier transforms given above, �nd the function u : R → R solution of the following

equation:

2u(x) +

∫ +∞

−∞
3u(t)e−|x−t| dt = e−|x|, ∀x ∈ R.
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