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! +1/1/60+ !

Teacher : Pablo Antolin
Analysis III - Mock exam - Student
November 2024
Duration : 180 minutes

1
Student One

SCIPER : 111111

Do not turn the page before the start of the exam. This document is double-sided, has 30
pages, the last ones possibly blank. Do not unstaple.

• Place your student card on your table.
• No other paper materials are allowed to be used during the exam.
• Using a calculator or any electronic device is not permitted during the exam.
• For the multiple choice questions, we give :

+2 points if your answer is correct,
0 points if your answer is incorrect, you give no answer, or more than one answer is marked.

• Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.
• If a question is wrong, the teacher may decide to nullify it.

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!
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! +1/2/59+ !
First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 The non-zero complex Fourier coe!cients of the function g : R → R defined by:

g(x) = cos(x) + 3 sin(3x),

which enables to express g as:

g(x) =
→∑

k=↑→
= cke

ikx

are

c1, c↑1, c3, c↑3

c1, c↑3

c1, c3
c0, c1, c↑1, c3, c↑3

Question 2 Let F : R3 → R3 be the vector field defined by:

F (x, y, z) = (x2 + y2 + z2, xy, z).

Then:

div(curl(F )) = 0 over R3

div(F ) = 0 over R3

F = ↑f , for any f ↓ C1(R3)

curl(F ) = 0 over R3

Question 3 Let F be the vector field defined by:

F : R2 → R2; (x, y) ↔→ (x, y),

and let R ↓ R, R > 0 and A be the domain defined by:

A =
{
(x, y) ↓ R2 | x2 + y2 < R2

}
.

We also denote the boundary of A by ωA, and the outer unit normal of ωA by ε : ωA → R2.

The integral
∫

ωA
F · ε dl is equal to:

0

2ϑR2

3

4
ϑR

3

5
ϑ2R

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!
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estion + 36in13x)

= @ancosux + busine

do = 0
, a ,

= 1
, an = 0 Xn> 1

b. = 0
, be = 0

, by = 3
,
bu =0 n> 3 .

q= =12

en I C = a = 12 to

=
-↳ = -Eito , C3= 0

nection2 : F(x , Y ,z) = (x
2 + y2 + z2

, xy . z)

divF = 2x + X + 1 +0

worl F =((D)-( ,z),z( , Y ,z) ,

(X, ,z)-(x,



creF= (0 -0
,

27 -0
,y

- 2y) = 10 , 27 ,
-y) to oreH

As wrlF to does not drive from a potential.

Then F =Df for feCII) is not tre.

Findly div(curlF)=

Questions :

Applying divergence treorem

#
on JonForde = JdiuFd
F = (x , g) ,,

divF(x , y) = 2

/divFdA = 2 IdA = IR
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! +1/3/58+ !
Question 4 Let F be the vector field defined by:

F : ! → R2 ↑ R2; (x, y) ↓↑
(

↔y

x2 + y2
,

x

x2 + y2

)
.

F is conservative (i.e. it derives from a potential)

over ! = {(x, y) : 1 ↗ x ↗ 3, 2 ↗ y ↗ 10}.
over ! = {(x, y) : 2 ↗ x2 + y2 ↗ 4}.
over ! = {(x, y) : x2 + y2 ↗ 10}.
for any domain !.

Question 5 Let T > 0, and let f : R ↑ R be the function defined by:

f(x) =

{
1 if x ↘

[
0, T

2

[

↔1 if x ↘
[
T
2 , T

[

extended by T -periodicity to R. Its Fourier series is:

Ff(x) =
→∑

n=0

4

ω (2n+ 1)
sin

(
2ω

T
(2n+ 1)x

)

The sum
→∑

n=0

1

n2 + n+ 1/4
is equal to:

0

ω2/2

ω2/16

ω2/8

Question 6 Let u : R ↑ R be a C1-periodic solution of the following system:





u↑(x) + 3u(x) = cos(3x) + sin(5x), ≃x ↘ R
u(0) = u(2ω)
u↑(0) = u↑(2ω)

Then:

u(x) =
1

8
sin(3x) +

1

6
cos(3x)↔ 5

34
sin(5x) +

3

28
cos(5x)

u(x) =
1

6
sin(3x) +

1

6
cos(3x) +

3

34
sin(5x)↔ 5

34
cos(5x)

u(x) =
1

8
sin(3x) +

1

8
cos(3x) +

3

34
sin(5x)↔ 3

28
cos(5x)

u(x) =
1

8
sin(3x) +

3

28
cos(5x)

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!
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Question 9 :

F(x , y) =(y+ yz)
C F(x ,y)= (y)-
= Tyngs (x2+ y2 - 2x2 + x2 + yz - zyz)

= 0 (necessary condition) -

↑ is not defined of 10 . 0).

D for any domain
-> is not defined of

100 -> False

is for M =< (X, 7) : x+y2 <
10)

D for 1 = ((X ,7) : 2 x
"

tyh)
↳ non-simply connected and non-

->I don't know.
convex



D for 1 = ((x , y) : 11 x 13
, 25y[10)

F defined V (X ,)Joh ,

- is onrex(and simply connected

-> F deires from a potentia in se

estion5 :

S=
Ff(x)=sin
= sin(2n+x)

#3. 2 Perced identify . Theorem : let first be a T-periodic function suchthat

fand fare piecewise-defined .

Then:Tfx]dx= Cant



1fix]dx=dxdx = T

=Cf(x)]dx= T = 2= 2

=

Question6 : Mis lit-pesodic (see boundary cord.)

U(X) = do Tanceux businya

ex)= -nausinux + ubucony

M'(x) +3 M(x) = c)(3x) +Sin(5x)

=> do + lubu + sen) cosux + (3bn-naw) sinux

= C3X + SinSX



For u= 3 : 3 by + 39z = 1 and 3bz-saz = r

-> az = by = 1/6. You on find dreedy the
solution of this stage

For n= 5 : 5 bj +395 = 0 and 365 -595 = /

95 =
- zb5 - 3bj + 2bj = 1 - b5=

aj =-
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! +1/4/57+ !
Question 7 Let f be the scalar field defined by:

f : R2 → R; (x, y) ↑→ xy + x+ 1,

and let R ↓ R, R > 0, and ! the curved defined by:

! =
{
(x, y) ↓ R2 | x2 + y2 = R2

}
.

The integral
∫

!
f dl is equal to:

0

2ωR

2ωR2 + ωR+ 1

2ωR3 + ωR2 +R

Question 8 Consider the functions g : R → R and h : R → R defined such that:

g(x) = e→
x2

2 , and h(x) = g
(x
4

)
.

Then, the Fourier transform ĥ = F(h) verifies:

ĥ↑(ε) = i
ε

4
e→

ω2

32

∫ ↓

→↓
|ĥ↑(ε)|dε =

↔
2ω

ĥ(ε) = e→8ω2

(
1

2

d
dε

[
e4ω

2

ĥ(ε)
])2

= 64ε2ĥ(ε)

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!
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Question 7 : fax, y) = x y +X+ 1

↓fide , UH : 20 ,2)-
2

O B (RCOCO , RSinO)

U'(z) = R)-sinc , COSO) ,
110 10111 =R

Lifde =Gro 11 v0II do

= cosino +Ro + 1) in do

Riddle



Question 8 : g(x) = ehm =g()
-x2/32

h(x)= e

= (1)=-
-

· Y (x) =
- 64ae-892

-

· leaca))= (e)
=

- 32ae
422

Itjens)(=



=
1329284= 4282645 =64)

X

· For the seve of completion ,
let's cheek

-

J% 1-che/da =

6/leathe
=chaestn
=34/e-

= 128/esdn = -18. 8 70
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! +1/5/56+ !
Second, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 8: This question is worth 9 points.

0 1 2 3 4 5 6 7 8 9

(i) Let ! be the curve defined by

! =

{(
1

3
t3, 3t,

→
6t2

2

) ∣∣∣∣∣ t ↑ [↓1, 1]

}
.

Compute the length of !.

(ii) Let F : R2 ↔ R2 be the vector field defined by

F (x, y) =
(
x2, y cos(x2)

)

and ” the triangle whose vertices are (0, 0), (
√
ω/2, 0), and (

√
ω/2,

√
ω/2). Compute

∫

ω!
F · εdl

where ε : ϑ” ↔ R2 is outer unit normal field of the boundary of ”.

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

i) v : =. 1
, 1)-

3

t> (5733t,t

length (5) = /Ide = JMild t

r'(z) = (t
2

,
3

,t) , 1H)ll = (t
*
+9 +st2)'

= +2 +3

length It) = J ! It +3)dt = /* + +37 !
= + 6 = 2
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! +1/6/55+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

iSonForde= JdirF
div's theor

F(x, y) = (x2, yas(xy) .

divF(x,1) = 2X + cosX
?

↓divFIxnidA = /Ex +xd
...

b =X

2 = ( (X ,y)EIR ?; ozyXSp and 0X]
-

-

Then /x+ xdx=x+

-2x2 +xcx) de

= x3 +Esinx
+sin)=
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! +1/9/52+ !
Question 9: This question is worth 6 points.

0 1 2 3 4 5 6

Let ” = R2 \ {(0, 0)} and F : R2 ↔ R2 defined by

F (x, y) =

(
x↓ y

x2 + y2
,

x+ y

x2 + y2

)
.

(i) Compute curl F .

(ii) Determine if F derives from a potential in ”. If it does, find a potential of F , otherwise, justify why
it does not derive from a potential in ”.

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

"
a F(x

, y) = E ()-
= Dyez) x +y -zx(X+y) +x + yz + zy(x-y)
= O

ii) It is not simply connected or connex.

=> We don't know if F deires from e potembd.
let's try JF - def with

5 T= ((x, y) ->R ? xi+ y= = 14

V : 10 ,
25t] - R·gRelax
0 (000 , sino)

VO) = (- Since ,
cosos

/F ·de =1
*

E(UO) - r'l0)do =

-2100-cine , cost + sino) · -Sino ,
cros do
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! +1/10/51+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

=>colino + sino +so + sinocrodo =

=I do =20 => F does not
derive from a potential
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! +1/13/48+ !
Question 10: This question is worth 3 points.

0 1 2 3

Let F : R2 ↔ R2;F (x, y) = (F1(x, y), F2(x, y)), be a vector field such that F ↑ C1(R2,R2) and div F = 0.
Let G : R2 ↔ R2 be a vector field defined by:

G(x, y) = (F2(↓x, y), F1(↓x, y)) .

Show that G derives from a potential in R2.

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

The domain of G isR tret is convex and

simply connected. So , we just need to

show that cone G (X,y)=

curlG(x ,y)=xy)-
=)- H with =

=H
= (H)+)

=-divFItin) = 0 = G deives from
a potential
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! +1/15/46+ !
Question 11: This question is worth 14 points.

0 1 2 3 4 5 6 7

8 9 10 11 12 13 14

Let F : R3 ↔ R3 be the vector field defined as F (x, y, z) = (0, x, 0) and let # be the surface defined by

# =

{
(x, y, z) ↑ R3

∣∣∣∣∣ z =
(√

x2 + y2 + 1
)(

3↓
√

x2 + y2
)
, y ↗ 0, z ↗ 0

}
.

Verify the Stokes theorem for F and #.
Note: if necessary, use the following formulas:

cos2(x) =
1

2
+

1

2
cos(2x)

sin2(x) =
1

2
↓ 1

2
cos(2x)

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

let's first parameterize the surface I :

== ((x, y ,
z)# = z = (y + 1) (3-y) ,

-

y30 , 77,07
p2 n2

I select peremetic coordinates (0 , r) .
S .t .

*=raso , y = rsino
,
-> X+y = n?

Then z (r) = (r +1) (3-0)

34
- resto,

- r

For

thecondition yo - ona
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! +1/16/45+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

Then , the parameterization is :

5 : A - 13
(r0) -> Croco , Using ,

(r+ 1) (5-r))
with A = 10, 3) x50 , it]

let's compute the normal

Fr= = (00
, sino , z-2r)

Jo== -using, na,

Wo x Vo = r)Prasco (1

Importantnote : as I is not a closed

surface ,
it makes no sense talking about

inner or outer normel . For reifying stores
theorem you just pick one parameterization
card stick to it) and computethe

corresponding normed. No need to check the

direction.
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! +1/17/44+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

stores' theorem :

1)coreF - ds=a

areF(y , z)
=( = (g)

· Then
,
the left-hand-side of stores' theorem

is :

/wFds=e) (cro) · Extododa

=fro , 0 . 1). (r) co , car - sino, ) doda

=rdod==
· Now

,
the right-hand-side :

Side ,
but first we have to identify

the boundary of I.
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! +1/18/43+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

··
↳

↑ (V(r) = (r , 0) = ( r
,

0 ,( + 1) (5-r)) with r : 0 +3)

5 = < V(0) = 5 (3 ,
8) = (3000 , 3 sino , 0) with 0 :-T

53 =( Uz(r) = 0 (r,T) = ( -No, Cr+ 1) (3-n)) with r :3-o]

↑ = ( Uy(0) : 030 , 0 = (0 ,
0

, 3) with 0:O Y
-

single point
Then 25 = TJ UTzUTz .

JanFodl = (Fodl + Fodet I

#
F(Y(r))do
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! +1/19/42+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

=acrodo- + 120do

=do
= 0

/F - de= 2nd

F(r(r) Trains

Then : /Fod= that is equto

Jarrods=
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! +1/21/40+ !
Question 12: This question is worth 9 points.

0 1 2 3 4 5 6 7 8 9

Let f : [0,ω] ↔ R be the function f(x) = ↓x2 + 2ωx.

(i) Compute Fsf , the Fourier series in sines of f .

(ii) Using the course’s results, compare Fsf and f in the interval [0,ω].

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

i) L=T

MinSudL=T

M=
2xxz ( - (2πX -x2)cosx]

dv =sinuxdx

v= - Ecom + - 2x)couxd

=
-FH)C -x) cosuxdy

-
= cosuxdx
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! +1/22/39+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

=H
y + sinux

M=X

du = anxax

v =+ sinny

= Light+tasux)
= (n- s[(-1) - 1)

·
Then :

Fsf(x)= (t)Sin
ii) faxs is continuous in 30 , it]

fool = o but fitt)= o
·
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! +1/23/38+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

Then , we know that

f(x) = Fsf(x) YxR

Note : further conclusions can be drown

if f(x) is extended to -T ,
0] as -f(-x),

tren fax) becoming an odd function in
T-m,). Extending it by I-pesodicity
and computing its "standard" Forier seies

,

a similar expression of the one of Fooier-since
series would be obtained. Applying them the

Dirichlet theorem , some conclusionscn

be drawn about the comparison of fax)
and Fsf(x)
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! +1/25/36+ !
Question 13: This question is worth 4 points.

0 1 2 3 4

Let g : R ↔ R defined by

g(x) =

{
↓x if ↓ω ↘ x ↘ 0
ω if 0 < x < ω

extended by 2ω-periodicity.

The real Fourier coe!cients of g are

a0 =
3ω

2
;

an =






↓ 2
n2ε if n is odd

0 if n is even
for n ↗ 1;

bn =
1

n
for n ↗ 1.

Using those coe!cients and one result of the course, compute the sum

+→

k=1

1
(
k ↓ 1

2

)2 .

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

The Forrie seces of gox) is :

Fg(x)=coux+

=>cu
Fronting the series of x=o we get

Fglo =Sin
D-

k= k+

n = k- 1
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! +1/26/35+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

Now , applying Dirichlet theorem.

Fg() = - (g(ot) + g(ot) = f (π +o)=
Then :

!
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! +1/27/34+ !
Question 14: This question is worth 8 points.

0 1 2 3 4 5 6 7 8

(i) Write the definition of the Fourier transform of a function detailing its hypotheses

(ii) Using the properties of the Fourier transform, find u : R ↔ R, the solution of

↓10u(x) +

∫ +→

↑→

(
9u(t)↓ 4u↓↓(t)

)
e↑

3
2 |x↑t|dt =

4x2

(2ω + x2)2
.

If needed, use the Fourier transforms of the table below.

f(y) F(f)(ϖ) = f̂(ϖ)

1 f(y) =

{
1, si |y| < |b|
0, sinon

f̂(ϖ) =


2

ω

sin (|b|ϖ)
ϖ

2 f(y) =

{
1, si b < y < c
0, sinon

f̂(ϖ) =
1→
2ω

e↑ibϑ ↓ e↑icϑ

iϖ

3 f(y) =

{
e↑wy, si y > 0
0, sinon

(w > 0) f̂(ϖ) =
1→
2ω

1

w + iϖ

4 f(y) =

{
e↑wy, si b < y < c
0, sinon

f̂(ϖ) =
1→
2ω

e↑(w+iϑ)b ↓ e↑(w+iϑ)c

w + iϖ

5 f(y) =

{
e↑iwy, si b < y < c
0, sinon

f̂(ϖ) =
1

i
→
2ω

e↑i(w+ϑ)b ↓ e↑i(w+ϑ)c

w + ϖ

6 f(y) =
1

y2 + w2
(w ≃= 0) f̂(ϖ) =


ω

2

e↑|wϑ|

|w|

7 f(y) =
e↑|wy|

|w| (w ≃= 0) f̂(ϖ) =


2

ω

1

ϖ2 + w2

8 f(y) = e↑w2y2

(w ≃= 0) f̂(ϖ) =
1→
2|w|

e↑
ω2

4w2

9 f(y) = ye↑w2y2

(w ≃= 0) f̂(ϖ) =
↓iϖ

2
→
2|w|3

e↑
ω2

4w2

10 f(y) =
4y2

(y2 + w2)2
(w ≃= 0) f̂(ϖ) =

→
2ω

(
1
|w| ↓ |ϖ|

)
e↑|wϑ|

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

is let f:R- be a piecewise- defined
function st . (a If(x)/dx as tran :

↑: R-
are()=
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! +1/28/33+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

ii)
- 10 M(X)CUH)-41" (t) ex-tdt

=
We identify the convolution :

-E(X)
- 10M(x) (9M(x) - SM"(x))* = g(x)

where gax=
Weapply the Forier transform to both sides

cheeking in the given table is simple
to

realize that all the involved terms can be

Forier-transformed) .

-10 () + F)(9u(x) - 4 "(X))xeM)()
= g()

Using Forier transform properties :

- 10u(x)+ F(qu(x) - 4M"(X))(6)
· F(e3k(x))() = (a)
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! +1/29/32+ !

! For your examination, preferably print documents compiled from auto-
multiple-choice.

!

and :

-10(x)= (9() -Scix)<)

· F(e3(x))() = x)

then :

↑(e) cas=/
↑
Table :row 7

The :

- 10(x)+ (9 +442()a
= (t) that becomes :

Es (a) (n2 - 10] = g() => (x) = & g()
And applying the invest Forier transform

u(x) = Eg(x)=x42


