ALGEBRE LINEAIRE (S. BASTERRECHEA) Sections GC, SC, SIE

Série 9

Keywords: Bases, coordinates with respect to a basis, basis changes

Reminder. Let V, W be two vector spaces and a linear map T : V' — W.
e The image of T is the set
Im(T) ={T @) withve V}cCcW

e The kernel of T is the set

Ker(T) = {¢' € V such that T'(¢) =0y} C V

Question 1  Prove the following propositions:
a) Im(T") is a subspace of W

b) Ker(7) is a subspace of V

Question 2  Find a basis for the kernel and the image of the following matrices

:;2 1231

A— . B=1[12 30
-4 12 1 2 31
3 -9

Question 3

a) Are the following polynomials in P3(R) linearly independent?

() p1(t) =1 -1 po(t) =12, ps(t) = ¢
(i) pi(t) =1+t + 12 po(t) =t + 1%, ps(t) = t°

b) Do the polynomials py, pe, p3 in (ii) form a basis of P37 If yes, show that they
form a generating set. If not, add one or more polynomials to obtain a basis.
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Question 4 Let a,b,c € R and a set F = {p,q,r, s} consisting of the four
polynomials

p(t) =2 +t+1, qt) =t*+2t+a, r(t) =t*+b, s(t) =t +c
Then
I:l F is dependent when a +c¢—1#0

I:l F forms a basis of P3 for certain values of the parameters a, b, ¢
|:| F is always dependent

|:| F forms a basis of P, for certain values of the parameters a, b, c

Question 5 Let Tr: Mayo(R) — R be the "trace” function defined by

Among the following sets of matrices, which one forms a basis for Ker(Tr)?
1 1 01
I:l (1 _1) and (0 0).
[] 1 1 01 and 10
1 -1 00 1 -1)°
(] 1 0 01 00 and 10
0 —1 0 0/°\1 0 0 0/
(] 1 1 0 1 and 1 1
1 -1 00 0 -1/
Question 6

a) Let W = Span{v7, 05, U3} where 1] = < ; ), Uy = ( (1) ), I3 = ( (1] )
Find dim(W).

Y
Y
9

b) Find a subset B of {v1,v3,v3} such that B is a basis of W.

c) Complete the set {v7 +v3} C W to obtain a basis for .

Reminder. Let V be a vector space, with bases B = {I;l, : gn} and C =
{51 .. gn} of V.

e The coordinates of v € V in the basis B are the coefficients of the unique
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linear combination of ¢ in B, that is

aq
[17]3: <~ U=a1b + - + a,by.
Ay,

e The change of basis matrix from B to C is defined by
FPep = ([51](: [bl]c> (= [Ble)
and satisfies the basis change formula

[Vle = Fes[v]s-

Question 7 Express the coordinates of the vectors ¥ with respect to the bases
B and C and write the change of basis matrix Peg.

b= &) 5 {0 () {0) ()

2 1 1 0 1 0 0
by o= (3].8=L(o].[1].]o]},c=|of,[-1],[o0
1 1 0 1 0 1 ~1

Question 8 LetC =¢,¢ and D = d:, cfg be bases of R?, where ¢; and &, are
linearly independent and d; = 6¢; — 2¢; and dy = 9¢; — 4¢és.

a) Calculate the change of basis matrix FPep from D to C.
b) Calculate the change of basis matrix Pp¢ from C to D.
¢) For ¥ = —3¢ + 26, find [Z]C and [Z]D.

Question 9  Let p(t) =22+t —3and B= {1 +t,t +¢*, -2+t +t*} bea
basis of Py. Calculate [p(t)]s-

2 4

1 0 1 1 1 1 1 1 )
{(0 0) , (0 0) , (1 O) , <1 1)} be a basis of Mayys. Calculate [A]p.

Question 10 Let A = <1 3> and B =
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Question 11

a) Calculate the following determinant:

6 0 5 0
0 0 01
3210
4 3 2 1
b) Calculate the following determinants :
a b a a b
b a b |, la a+b c|.

a+b a+b a+bd a b

4 3 0 1 01 18 0
2 1 4 0 20 1 0

c) Let A= 4 18 17 923 and B = 10! ol Compute det(AB).
49 1 72 10 3 4 1 18

Question 12  Answer the following questions:

a) How many pivots must a 7 x 5 matrix have for its columns to be linearly
independent?

b) How many pivots must a 5 x 7 matrix have for its columns to be linearly
independent?

c) How many pivots must a 5 x 7 matrix have for its columns to span R>?

d) How many pivots must a 5 x 7 matrix have for its columns to span R7?

Question 13 Let V and W be two vector spaces, T' : V. — W a linear
transformation, and {7, ..., 0} a subset of V. Prove the following statements:

a) If {vy,..., 0} is linearly dependent (linked), then {T'(¢}),...,T(0))} is also
linearly dependent (linked).

b) If T is injective and {¥,..., ¥} is linearly independent (free), then the set
{T(0}),...,T(7))} is also linearly independent (free).
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