ALGEBRE LINEAIRE (S. BASTERRECHEA) Sections GC, SC, SIE

Série 6

Keywords: injective, surjective and bijective linear applications (maps)

Question 1
Let T : R® — R™ be a linear map. Determine the necessary condition that m
and n must satisfy so that

a) T is surjective,

b) T is injective,

c¢) T is bijective.

Question 2  Indicate for each statement whether it is true or false and briefly
justify your answer.

a) If {v1,03} is a linearly independent set in R™ and 7" : R” — R™ is a linear
map, then {T'(v7), T(v3)} is a linearly independent set in R™.

b) If {v1,v5} is a linearly dependent set in R” and 7' : R™ — R™ is a linear map,
then {T'(v1),T(v3)} is a linearly dependent set in R™.

c) Let T : R" — R™ be a linear map. If the vectors v1, ..., v; span R" and are
such that T'(vj) =0 for all j € {1,...,k}, then T'(¥) = 0 for all ¥ € R™.

d) If T:R" — R™ and T'(0) = 0, then T is a linear map.

e) If T(Mi+ pt) = AT'(1@) + pT'(0) for all @, v € R" and A\, u € R, then T : R* —
R™ is a linear map.
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Question 3
Find the matrices associated with each of the following linear transformations,
defined by the images of the vectors of the canonical basis:

a) T:R? - R3,
4 -5
T(é) =1 -1 etT((l)): 3
2 6
b) T :R3 — R3,
1 1 0 0 0 0
T(o)=(1].,T|{1])=|1]etT|O] =10
0 0 0 0 1 1

c) R: R* — R3 is the rotation around the Oz axis by an angle of 60° (in the
counterclockwise direction).

Question 4  The linear map T : R® — R* given by
T(z,y,2) = (x+2y+32, 20 —5y+72, 3r —y — 2z, y+ 32)

I:l is neither surjective nor injective

I:l is surjective but not injective
[ ] is bijective

|:| is injective but not surjective
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Question 5 Determine if the applications below are linear. Compute the
canonically associated matrix for each linear application and determine whether
the linear applications are injective, surjective, or bijective.

a) T : R? — R* given by d) T :R® — R3 given by
T1 — X9 T Iy — T2
T 1 To | = | 21+ 22
H
4%) T — 21 T3 z3
o)

e) T : R? — R? given by

() = ()

f) T :R* — R3 given by

b) T : R?* — R? given by

()= (%)

c) T :R? — R? given by T
Ty — T3
J— 2 = | 1 — X9 — I3
(I1> — ( 5(71> 3 1+ T3+ 14
T 5{23'2 Ty

Question 6  Compute the canonically associated matrix for each linear appli-
cation and determine whether the linear applications are injective, surjective, or
bijective.

a) T:R?* —» R3, d) T:R? - R?
4x1 4 329 T T1+ X
1 —
( )r—> 1 T T1+ X
T2
4
.3
b)T‘;R - K, ¢) T:R?— R?,
1
(@ o (2)o ()
) 1 — X9
T3
c) T:R3— R3,
xTq T3 f)T:R2—>R2,
zo | = | z <$1)|_>($%+37§>
T3 T T2 T
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Question 7 Consider C C R3, the RGB color cubeEl as shown below, with
R = Red, G = Green, and B = Blue.

Blue
1(0,0,1)

e Cyan

Magenta
&

(0.1,0)

H.(l‘(l/

Yellow
a) Write the colors C' = Cyan, Y = Yellow, and M = Magenta as linear combi-
nations of R, G, and B.

b) Let T : R® — R? be the linear transformation that transforms red into cyan,
green into magenta, and blue into yellow. Write the matrix canonically asso-
ciated with 7.

¢) Let f: C — C be the function defined by f(r,¢,b) = (1 —r,1—g,1 —b).

i) IsT(R) = f(R)? And T(G) = f(G)? And T(B) = f(B)?
ii) Are the functions 7 and f equal?

Tt is the set [0,1] x [0,1] x [0, 1]; each point is a triplet (r, g,b) where 0 < r,g,b < 1.
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