ALGEBRE LINEAIRE (S. BASTERRECHEA) Sections GC, SC, SIE

Série 5

Keywords:invertible matrice, linear transform, canonical matrix of a linear trans-
formm

Question 1

a) Compute the inverse of the following matrix : A = ( ; i )

(i) by using the general formula of a 2 X 2 matrix;

(ii) by writing the RREF of (A | I5).

1 0 -2
b) Compute the inverse of A = -3 1 4 by writing the RREF of
2 =3 4

(A [ I3).

Question 2

a) Is A=

[ )
_ o =

1
1 | invertible 7 If so, compute the inverse.
0

b) Find every solution of the homogeneous system A% = 0.

1
c¢) Find every solution of the system AZ = | 1
1

Question 3 For which values of the parameters a,b,c € R is the following
matrix A invertible ?

A:

O O O
O O ot O
QO = OO
_— 0 O O

Whenever possible, give the inverse.
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Question 4  Indicate for each statement whether it is true or false and briefly
justify your answer.

a) Let A, B, and C be three matrices. Then (AB)C = (AC)B.

|:| False |:| True
b) If A is an invertible matrix, then A~! is also invertible.
I:l False I:l True
¢) The product of several invertible n x n matrices is not invertible.

|:| False |:| True

d) If Ais an invertible n x n matrix, then the equation AZ = b is consistent for
any b € R".

|:| False |:| True
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Question 5

a) The matrices are of size n X n.

[ ] Let A, B be two invertible matrices, then AB is invertible and (AB)~! =
AL
I:l Let A, B be two invertible matrices, then A + B is invertible.

|:| There exists an invertible matrix A and a non-invertible matrix B such
that AB is invertible.

|:| Let A, B be two matrices such that A or B is not invertible. Then AB
is not invertible.

b) Let A be an m X n matrix and B an n X p matrix.

[ JIfm=n=p, A= AT and B = BT, then (AB)T = AB.
|:| If m =n and A= AT, then A is diagonal.

[ ] Then (A™H)T = (AT)"!if A is invertible.

[ ] Then (AB)” = ATBT.

c) Let A, B,C be three n X n matrices.

[ ] If A is invertible and AC' = BC, then A = B.
[ ] 1IfC =CT and AC = BC, then A = B.

I:l If C' is invertible and AC' = BC, then A = B.
[ ] If AC = BC, then A = B.

Question 6

We consider the population of a region, divided into rural and urban populations.
Let R, and U, denote the rural and urban populations in year n. Let a be the
annual rate of rural exodus, and b the rate of urban exodus (both are assumed
to be constant and given as percentages, so 0 < a,b < 1).

a) Write the equations that give R,,; and U, as functions of R, U,,a, and b.

b) Write these equations as a matrix equation A <§"> = (5&”“) where A is a
n n+1

2 X 2 matrix.

c¢) Take the values a = 0.2 and b = 0.1, as well as Ry = 100,000 = U,. Calculate
the rural and urban populations in the third year.

d) Provide a formula for R, and U, in terms of Ry, Uy, and A™.
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Question 7 Find the associated canonical matrices of the following linear

transformations :

orwm((3)= (D (()-(3)

oreowr((3)- (1) ()

g s wr((o)) = (Do [(1)) - (9)
0 0

T
Question 8 Consider T} : R? — R3 defined by (il) — | zo |, and
2

T
T
Ty : R® — R defined by | x5 | = 21 + 29 + 3.
I3

a) Write the associated canonocal matrices of 77 and Ty and write the product
associated to the composition T, o T such that Ty o T (%) = T (11(Z)) for all
7 € R2.

b) What is the domain of definition of 75 o 777 What is the codomain?
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Question 9 Calculate the following matrix products, and indicate the cor-
responding compositions of linear transformations, with the dimensions of the
spaces.

Tap R =R — R™.

10
a) AB,with A= [ 0 1 ,B:(l ! 1).
11

2 3 4
1 2
b) ABC, with A= 2 3 ), B=( L1V 1) o1 2
31 0 1
1 2
2 1 01
¢) ABC,withA=| 3 ],B=(101),C=(010
1 1 01
Question 10
a) In the plane, let S be the axial symmetry with axis * = —y. Describe its

inverse if it exists. What are the matrices of these transformations?
b) Same question for H, the homothety with ratio 3.

¢) Same question for Ry, the rotation by angle 6 centered at the origin.
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