ALGEBRE LINEAIRE (S. BASTERRECHEA) Sections GC, SC, SIE

Série 12

Keywords: Scalar product, norm, orthogonality, orthogonal complement, orthogonal
projection.

Reminder: Let 7 = (v1,...,v,),W = (wy,...,w,) € R" and W C R" be a
subspace.

e The scalar product of ¥ and 0 is:

U =vwy + -+ + UpWy,.

The norm of ¥ is:

10]] = VT 0= /i 4+ op.

e U and w are orthogonal if v- @ = 0.

The orthogonal complement of W is the set:
WH={GeR":7-w=0, Vi € W}.

If A€ Mysn, then Im(A)+ = Ker(AT).

Question 1 Prove that if I is a subspace of R”, then W+ is also a subspace
of R™.

Question 2

3 2 )
a) Let = [4]|,7= (0], d=|6]. Compute:
1 1 0
T T A 11} 1 d-w,
w-v, U-, —, ——u, ——.
[} * - 17|

b) Compute the distance between # and v, and between @ and .

¢) Compute the unit vectors corresponding to @, ¥, and & (pointing in the same
direction as the original vector).
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Question 3  Let u,v € R" such that ||ul| =2, ||v|| =3, and u-v = 5.
a) Compute the scalar product of u — 2v and 3u + v.
b) Compute the scalar product of au + bv and bu + av, where a,b € R.

c¢) Find all values of @ and b such that the vectors au + bv and bu + av are
orthogonal.

Question 4 For the following subspaces, provide a basis for the orthogonal
complement:

3 1 1
W, = Span 2 , Wy = Span 21,1 -1 ,
1 1 0
N o fo e
W3 = Span 01,111,10 , W4 = Span ,
0/ \0 1 0 =
1 1
1 -1 1
Question 5 Let A= | -2 2 3| and U = ker(A). Then U* is equal to:
-1 1 4

[ ] Im(47) [ ] ker(A) [ ] Im(A) [ ]R3

Reminder:
e A set of vectors {7, ..., 0} is orthogonal if:
U;-U; =0, Vi #j.
It is orthonormal if, in addition:

|Ti]| = 1, Vi.

e The orthogonal projection of v € R" onto a subspace W C R" is the
vector projy, (U) € R” satisfying:

projy (¥) € W and @ — projy, (7) € W.
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o If {iy,..., U} is an orthogonal basis for W, the projection is given by:
. T U
projy, (0) = w5ty + -+ - + 755 Uk
v [l |2 |2
1 -1 3
Question 6  Consider uy = [ 1 |, us = 1 |,v=1 0 | €R3
1 0 3

a) uy and uy are orthogonal.

[ ] VRAI [ ] FAUX

b) Let W = Span{u;, us}. Compute projy, (v

0 7/4 7/2 7
L1{o L] 1/ [] (1/2 N
0 1 4
¢) Compute v — projy, (v).
1/2 1 ~1/2
L] 1/12 L] —21 L] ( L] —11/2

Question 7 Consider v = Wy = 1 | . Compute

projy (v), avec W = Span{wl,wg}

4 —4/3 2/3 4/3

L1 {1 L -3 L] (1/3 L1 {3
D

—5/3 5/3 5/3

Question 8  Consider the vectors of R*

2 2 5

v = 4 w1 = 0 Wy = —2
o] ! -1 4

—1 -3 2

et W = Span{wy, w,}.
a) Compute projy, (v)
b) Compute the distance between v and W.
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Question 9  Consider {uy,...,u,} and {vy,...,v,} two orthonormal bases of
R™. Consider the matrices

U= ... up), V=_(v1 ... vy) € Mpxn.

Show that UTU = I,,, VIV = I, and UV is invertible.

Note : A matrix U € M,,, is orthogonal if UTU = I,,.

V2 V3 1
Question 10  Consider A= | v2 3 1. Therefore
V2 0 =2

[ ] A is not invertible [ ATA=1,
|:| \/ié is orthogonal |:| A is orthogonal
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Question 11  State for each statement whether it is true or false, and briefly
justify your answer.

a) A basis of a vector subspace W C R™ that consists of orthogonal vectors is an
orthonormal basis.

[ ] VRAI [ ] FAUX

b) An orthogonal set S = {vy,v9,...,v,} of nonzero vectors in R™ is linearly
independent and therefore forms a basis of the subspace it spans.

[ ] VRAI [ ] FAUX

¢) An orthonormal basis is an orthogonal basis, but the converse is generally
false.

[ ] VRAI [ ] FAUX

d) If z does not belong to the vector subspace W, then x — projy, (z) is nonzero.

[ ] VRAI [ ] FAUX

e) Any orthonormal set in R” is linearly dependent.

[ ] VRAI [ ] FAUX

f) Let W be a vector subspace of R™. If v € W and v € W+, then v = 0.

[ ] VRAI [ ] FAUX

g) For a matrix A with dimensions m x n, the product AT A is computed using
the dot products of the columns of A. Therefore, if the columns of U are
orthonormal, then UTU = I,,.

[ ] VRAI [ ] FAUX
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Question 12  For any u,v € R”, show the following statements :
a) If {i, ¥} are orthonormal, then |7 — 7] = /2.

b) @-v= (i +d]* - [la - o)

o

)
) @+ T2+ @ — 7> = 2 (|al* + 7))
d)

Pythagoras’s theorem : if «, ¥ are orthogonal, then

i+ 91 = 1al|* + |91
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