ALGEBRE LINEAIRE (S. BASTERRECHEA) Sections GC, SC, SIE

Série 11

Keywords: Eigenvalues, eigenvectors, eigenspaces, diagonalization.

Reminder: Let A € M,,.,,.

e A scalar A € R is an eigenvalue of A, and a vector 7 € R™, ¥ # 0, is an
eigenvector associated with \ if

AU = M.
e The eigenvalues are the roots of the characteristic polynomial

PA(\) = det(A — AI,).

e The eigenspace associated with an eigenvalue A is the vector subspace

Ey=Ker(A—M\,) ={0€R": AV = \v}.

e A is diagonalizable if and only if it admits n linearly independent eigen-
vectors. In this case, we can write

A=PDP™" with P= (¢, ... ©¥,), D=

where )\; is an eigenvalue and v; is an eigenvector associated with it.

Question 1 Let A = < ; 1 ) Compute the eigenvalues and eigenspaces of
A.
Question 2
—15 1 =9
Consider the matrix A = 0 6 0
4 1 3

a) Is A =6 an eigenvalue of A?

[ ] VRAI [ ] FAUX

b) Are A =1 and A = —9 eigenvalues of A?

[ ] VRAI [ ] FAUX
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Question 3

1
Let A be the matrix | 1 . Show that 0 is an eigenvalue of A and calculate
1

NN DN
w w w

the associated eigenspace.

Question 4
Let A be an invertible 3 x 3 matrix, and let A be an eigenvalue of A.
[ ] Then X is an eigenvalue of A1,
[ ] Then X is an cigenvalue of —A.
I:l Then A~! is an eigenvalue of A~L.
I:l Then A~! is an eigenvalue of —A.

Question 5
Let A be a 2 x 2 matrix that is not invertible. Then:

I:l Every vector in R? is an eigenvector of A.
|:| A has no real eigenvalues.

|:| 0 is an eigenvalue of A.

|:| A is the zero matrix.

Question 6
Let A be an n X n matrix and k > 2 an integer. Verify that if A is an eigenvalue
of A with eigenvector ¥, then A\* is an eigenvalue of

AP =AA - A

k times

with eigenvector .
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Question 7
Let n > 2 and k > 2 be integers.

a) There exists a diagonal matrix that is not diagonalizable.

[ ] VRAI [ ] FAUX

b) The n x n zero matrix is diagonalizable.

[ ] VRAI [ ] FAUX

¢) Every upper triangular matrix is diagonalizable.

[ ] VRAI [ ] FAUX

d) If A is a diagonalizable n x n matrix, then A* is diagonalizable.

[ ] VRAI [ ] FAUX

e) If Ais an n x n matrix and A* is diagonalizable, then A is diagonalizable.

[ ] VRAI [ ] FAUX

Question 8

Let
1 -1 1 1 3 0
S ST R T B (]
a) Show that A = PDP~! and deduce the eigenvalues and eigenspaces of A.

b) Provide an expression for A™.

Question 9  Let A = (é ;1)

a) Compute the eigenvalues and eigenspaces of A.

b) Provide an expression for AF.
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Question 10
For the following matrices, calculate the eigenvalues and eigenspaces, and deter-
mine which ones are diagonalizable:

401 42
=(G) =6 )

4 00 -1 5 2
C=1-210),D=[5 -1 2
-2 01 2 2 2

Question 11 Let A be an n x n matrix. Indicate whether the following

statements are true or false (justify your answers):

a) A is diagonalizable if and only if it has n distinct eigenvalues.

[ ] VRAI [ ] FAUX

b) If A is diagonalizable, then A is invertible.

[ ] VRAI [ ] FAUX

c) If A is invertible, then A is diagonalizable.

[ ] VRAI [ ] FAUX

d) If 0 is an eigenvalue, then rank(A) < n.

[ ] VRAI [ ] FAUX

Question 12
1 11
Let A=(1 1 1
1 11

a) Find the eigenvalues and eigenspaces of A.

b) Show that A is diagonalizable and provide a formula for A* for any k € N.
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Question 13  Let A, P € M,, with P invertible and \ € R.
Prove that \ is an eigenvalue of A if and only if A is an eigenvalue of P~1AP.

Hint: Simplify P~Y(\I,,)P and work with det(P~'AP — \I,).
NB: A and B = P~'AP are called similar matrices.

Exercices du 28 novembre 2024 — Série 11



