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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly
one correct answer.

2
Question 1 : Set I —/ @) dz. Then,
0
[]2<1 <200 [J1=¢5—1. [Jo<r1<i [] 1> 200.
Question 2 : Let f: R — R be the function defined by

x sin(e% — 1) if x#0,
flz) =
0 if x=0.

Then,

|:| f is continuous over R, and it is differentiable from the right, but not from the left at x = 0.
|:| fis C! over R, that is, it is differentiable and its derivative is continuous over R.
|:| f is differentiable over R, but f’ is not continuous over the entire R.

|:| f is continuous over R, and it is differentiable from the left but not from the right at x = 0.
Question 3 : Define a, = (\/n +2—-+vn+ 1) sin (%), for every n € N*. Then,

oo
|:| the series Z an is convergent, but it is not absolutely convergent.

n=1

oo
|:| the series Z an is divergent.

n=1

oo oo
[ ] both the series Z ay, and the series Z(—l)"an are convergent.

oo
[ ] the series Z(fl)"an is divergent.
n=1

b
s 1 (n?)
Question 4 : Let R be the radius of convergence of the power series f(x) = (1 + 2) x".
n
[ JIfb=2, then R=1. [ JIfb=1, then R=¢1.
[ ]Ifb=3, then R =e. [ ] Ifb=4, then R = €2
Question 5 : Define the function f: R — R by f(z) = |z cos(z) |.

[ ] There exists u € 10, %[ such that f'(u) = g

|:| f is increasing on ]0, 5 [
|:| There is a single local minimum of f on the entire R.

[ ] There exists u € |—Z, Z[ such that f'(u) = 0.
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Question 6 : Among the functions f,g,h: R — R defined by

in(l) i g
O G PR A

\/EArctg(%) siz >0
h(z) =< xLog(|z|) siz <0 ,
0 siz=0

find those that are continuous at x =0 :

[ ]gand h. [ ] fandg. [ ] all three. [ ] f and h.

2
Question 7 : Consider the integral I = / x Log(1 + x) dz. Then,
1
— 1 _1 1
[ ] 1=2Log(3)— 3 Log(2). []71=1Log2)+ 1.
- 1 _3 1
[ ] 1=2Log(3)+ 5 Log(2). [ 1= 5 Log(3) — 7.

Question 8 : Let f: [1,+0o[ — R be the function defined by f(z) = sin (Arctg(y/z )). Then the
range of f is

_ 2 2
[]70,11. [ [-11]. [ 21]. (1 [o. 4]
Question 9 : For which numbers a,b € R is the function f: R — R, defined by

fa) = {(ax—i—l)(bm— 1) ifxz>0,

sin(a®z) — b it x <0,

differentiable at x = 07

1++5 —-1++5

Da: 2\/>andb——1 Da—fandb—l

[ Ja=+land b= -1 [ Ja=+landb=1
Question 10 : The imaginary part of (—1+ z\/§)5 is

[ ]16v3. [ ]-16v3. [ ]32v3. [ ]32v3 .
Question 11 : The limit lim vn

n—oo
\/5n+ V3n —+v2n
|:| exists, and it is —————. |:| exists, and it is \%
54+1/3-v2 >
|:| exists, and it is %. |:| does not exist.
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Question 12 : Define f : R — R by f(z) = =t The Taylor expansion of order 3 of f
around zg = 0 is
1 z 23 3 1 oz a° 3
Df(x)—i—z—@—l-xs(x). Df(x)—§+z+@+xe(x).
1z 23 3 1z a° 3
Df(x)_5 1 T Df(x)—§+z—ﬂ+x£(x).

Question 13 : Let (ay),>, be the sequence defined as follows: for all n > 1,

. s ™ ™ s
a, = Sin (— —|—n—) + cos (f —l—n—) .

4 2 4 2
Then,
|:| limsupa, =2 and liminfa, = —2. |:| limsupa, = V2 and liminfa, = —V2.
n—00 n—00 Nn—00 n—00
|:| limsupa, =0 and liminfa, = —V2. |:| limsupa, = V2 and liminfa, = 0.
n—00 n—r00 n—00 n—00
> 1
Question 14 : The series Z ——— converges if

n=1 {/ne (% +1)
[Ji<a<1 [Ja=1 [Jo<a<i [J1<a<2
. 1
Question 15 : Set xp € R, and let xp+1 = ), — 3n for every n € N. Then

|:| for all zy € R, the sequence (z,),>0 converges to .
|:| for all zy € R, the sequence (z,),>0 converges to 0.
|:| for all zg € R, the sequence (z,,),>0 converges to xp — %

[ ] for all 29 € R, the sequence (@n)n>0 is divergent.

o0 .3/2 +3
Question 16 : The improper integral / —dzx

1 z?
. . o T
|:| diverges. |:| converges, and its value is —35.

8
3

7

|:| converges, and its value is |:| converges, and its value is 5.

1
ion 17 : A= R* 1} : ———<1%. Th
Question 17 : Set {:v e RY\ {1} Toe(®) < } en,

[ ] Imfa=0. [ ] A is not bounded from below.

[ ]SupA=e. [ ] InfA=c.
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1 2
Question 18 : Define f: R* — R by f(x) = 3 (x + x)’ and define the sequence (z,)n>1 by

setting x,41 = f(zy) for all n € N, and for some fixed zy € R*.
|:| If xg = —2, then the sequence (z,,),>1 converges to —v/2.
|:| If g = %, then the sequence (z,)n>1 converges to V2.

|:| If 9 = 1, then the sequence (z,),>1 converges to —V2.
[ ] There does not exist any o € R* for which the sequence (2n)n>1 converges to —/2.
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Second part: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the
box FALSE if it is not always true (i.e., it is sometimes false).

Question 19 : Let f: R — R be the function defined by

B 2 ifreQ
f(”’)_{x frdQ

Then f is continuous at exactly two points.

[ ] TRUE [ ] FALSE

Question 20 : A strictly increasing function f : [0,1] — [0, 1] is always bijective.

[ ] TRUE [ ] FALSE
+0o0
Question 21 : The radius of convergence of the power series f(z) = Z(Bm)k is 3.
k=0
[ ] TRUE [ ] FALSE

Question 22 : Let f: R — R be a monotone function, and let o € R be such that

lim f(z) = f(xo).

T—To—

Then f is differentiable from the left at xg.

[ ] TRUE [ ] FALSE
Question 23 : Let (a,),>0 be a sequence of positive real numbers. If Zan converges, then
~ n=0
Z(—l)"an converges.
n=0
[ ] TRUE [ ] FALSE

Question 24 : Consider a function f: R — R. If f is differentiable at xg, then the function
g: R — R defined by g(z) = sin(f(x)) is also differentiable at xo.

[ ] TRUE [ ] FALSE
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Question 25 : Let f: R — R be a bounded and increasing function, and for all n € N, let a,, be
the real number defined by a,, = f(n). Then (a,)n>0 is a Cauchy sequence.

[ ] TRUE [ ] FALSE

Question 26 : For all w € C, w # 0, there exist infinitely many complex numbers z € C such
that Im (wz) = 0.

[ ] TRUE [ ] FALSE

Question 27 : Let f: [—1,1] — [—1, 1] be a continuous and bijective function, such that f(0) = 0.
1

Then/ f(z)dx = 0.
-1

[ ] TRUE [ ] FALSE

Question 28 : Let f: |—1,1] — R be a C? function, that is, the third derivative of f exists
and it is continuous. Assume that the Taylor expansion of order 2 of f around xg = 0 is given by
f(z) =1+ 22+ 2% + 2%¢1(z). Then the Taylor expansion of the function (f(x))? around z¢ = 0 is
(f(2))? =1+ 422 + 2%e5(x).

[ ] TRUE [ ] FALSE



