Analysis T (English) |
Roberto Svaldi and Stefano Filipazzi I

Fall Semester 2021-2022

Analysis 1 - Exercise Set 10

Remember to check the correctness of your solutions whenever possible.

To solve the exercises you can use only the material you learned in the course.

1. Calculate the derivative f’ of the function f and give the domain of f and f’.
o5 + 2

(a) f(z)= 32— 1
(b) f(x) = tan(z)

(©) f(z) = wsin(x) + o3

Solution:

5(3z% —1) — 6z(50+2) B 1522 + 12245
(322 — 1)2 B (322 —1)2 '

(a) We use the quotient rule to obtain f/(z) =
D(f) = D() =R\ {- 25, %5 }

(b) We apply the formula for the derivative of a quotient on f(z) = tan(z) = ::)r;((i)), to
obtain

o) = cos(z)? — sin(z) - ( —sin(z)) _ 1

cos(x) cos(x)

So D(f)ZD(f’):R\{xGR:cos(m):O}:R\{w , k;eZ}.

(c) We use the rules for product sum and quotient of derivatives.

(zsin(z)) = x cos(z) + sin(z),
(cos(z)?)" = (cos(z) cos(z)) = cos(x)(—sin(x)) — sin(x) cos(x) = —2sin(z) cos(z) = — sin(2z),
(x% +2) = 2z,

(22 + 2)(—sin(2x)) — 2 cos(x)?
(22 4 2)2

_ sin(2z)  2zcos(z

x2+2 (2242)2

[/ (x) = x cos(z) + sin(x) +

)
)2

= z cos(z) + sin(x)

So D(f) = D(f) = R.

2. Let I be some open interval and f : I — R be a function that is continuous at xzg € I. Prove
that if f(zp) > 0 then f(z) > 0 on some open interval containing xg.



Solution:

Let 0 < € < f(zg). By continuity of f, 36’ > 0 s.t. f(z) € (f(xo) — e, f(xo) +&) Va €
(xg—0",20+06")NI. Since I is an open interval I = (a,b), we can consider 6 = min{¢’, |zo—
al,|zo—b|} to guarantee that (xg—3d,z¢9+0) C I. Then, it follows that f(z) > f(zo) —€ >
0 V€ (xg— 0,20+ 9), as required.

3. Prove the quotient rule for derivatives:
if f: 1 >R, f(z)= fbgg, xo € I and both g and h are differentiable at zq, with h(zg) # 0,
then, f'(zq) = g’ (zo)h(zo)—g(xo)h' (zo)

h(zo)?

Solution:
For all zg € I\ {z : h(zx) = 0}, we have

f(xo +8) = f(x0)

/ 7

o)==
g(zots) _ g(zo)
h(zo+s) h(zo)

= lim

s—0 S

. g(wo + s)h(xo) — g(wo)h(zo + 5)
= lim

5—0 sh(wo)h(l’o + S)

Here we are relying on the continuity of h: indeed, if h(x¢) # 0, by continuity, h(zo+s) # 0
for s small (cf. Exercise 2 in this worksheet).

Since g, h are differentiable at z, then they are also continuous at that point, hence

lim L = 1 Moreover
550 h(z)h(z+s) h(z)? ’

i 9(%0 + 8)h(@o) — g(@o)h(zo + 5)

s—0 s

— lim g(xo + s)h(xo) — g(xo)h(z0) + g(x0)h(x0) — g(z0)h(T0 + 5)
s—0 s

:11_13(1) (h(l’o)g(xo + S) — g(l'o) _ ( O)h(xo + 8) — h(:po)>

Hence,

4. For each of the following functions, find the inverse function and the derivative of the inverse
function.

Solution:
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(a) The inverse function is given by g(z) = f~!(z) = arccos(x). Since f'(z) = —sinz,

f'(g(z)) = —sin(arccos(x))

To find sin(arccos(x)), let § = arccos(z). We want to find sin . We have

0 = arccos(z) = cos = x = sinf = V1—cos20=+/1-2a2,

where in the last step we used that 6 €]0,7[, which guarantees that sinf > 0.
Putting everything together

1 1

IO =@ - i

(b) The inverse function is given by g(z) = f~!(z) = arctan(z). Since f'(z) = L,

f'(g(x)) = cos®(arctan(z))

To find cos?(arctan(z)), let § = arctan(z). We want to find cos§. We have

sin 0
0 = arctan(z) = tanf =z = =z
cosf
N sin” 6 o
cos2f
sin? @ + cos? § — cos? 0 9
= =z
cos? 6
1
= —1=2?
cos? 0
= cos’f = !
1422
Putting everything together
1 1

9@ = @) " 11

5. Calculate the derivative f’ of the function f and give the domain of f and f’.

72

(a) flz) = ﬁ
(b) f(x) = sin(x)? - cos(x?)

(¢) f(x) = w/sin< sin(x))

(d) f(x) = sin(z)log(sin())e®

Solution:

(a) We use the derivative rules of quotient and of composition of functions

B 21’\/1—1‘2—1'22\/11_7(—21') z(2-a?)
fla) = 1—22 (1 —a2)3/2 7

D(f)=D(f") =] - 11[.
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(b) We use the derivative rules of multiplication and of composition of functions

f'(z) = 2sin(z) cos(z) - cos(z?) + sin(z)? - ( — sin(z?)) - 2z
= 2sin(z)( cos(z) cos(z?) — z sin(x) sin(z?) ) ; D(f)=D(f") =R.

(c) We use the derivative rule of composition of functions

1
= cos( /sin(z) ) ————=——== cos(z)
2 sin( sin(:z)) ( ) 2+ y/sin(z)

_ cos( Sin(x)) cos(x)

4., /sin(\/sin(m)) - /sin(z) |

The domain of f is

D(f) = {x € R :sin(z) > 0 and sin(\/M) > O} = U [2km, (2k + 1)) .

kEZ

in fact, sin(z) > 0 <« x € [2km, (2k 4+ 1)7| and for these values, we have
v/sin(z) € [0,1] so sin(\/sin(x)) > 0, which means f is well defined.
For the domain of f’, we need to exclude the points where sin(z) =0, so

D(f') = | 12km, (2k + D)= .

keZ

f'(z) = cos(x)log(sin(z))e*®) + sin(z) sinl(x) cos(x)ecs(®)

+ sin(z) log(sin(z)) e (— sin(x))
= @) (log(sin(z)) (cos(z) — sin’(z)) + cos(z)).

So D(f) = D(f") = Upezl2km, (2k 4 1)7[, because log(z) is defined only for = > 0.

o0
6. For € R, e” has been defined as )  %;. Hence, this definition gives rise to a function

n=0

fiR—= R, f(x) = e*. Prove the following properties of the exponential e*:

(a) ¢ =1;
(b) €* -e¥ = e*1¥; [For this part of the exercise you can assume the following result:
o0 o0
Let (ay,), (by) be sequences. Assume that both Z a;, Z b; converge to a finite limit, and,
i=0 =0

oo o0
moreover, that at least one of Z a;, Z b; converges absolutely. Then the sequence (z,),
i=0 =0

o] oo o]
E a; - E bi = E Zj-
=0 i=0 =0

Zp = Z?:o ab,_; satisfies
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(c) e =5
(d) e® is a strictly increasing function of x; e~% is a strictly decreasing function of x;
(e) Use the definition of log(x) as inverse of the function e” to show that
(i) log(ab) = log(a) + log(b) for all a,b > 0.
(ii) log(a®) = blog(a) for all @ > 0 and all b € R.
(iii) log(x) is a strictly increasing function of z.

Solution:
(@) FO)=e'=1+9+2 +...=1
[e.e]
(b) By D’Alembert’s criterion, for any z € R, »_ 7+ is absolutely convergent, since
n=0
Eai 2]
lim nil = lim — =0.
n—oo JZ" ! n—oo M
(n—1)!

Note that Vx,y € R,

(r+y)" _ = ()Tt Zﬁ yn
nl k n! k! (n— k)

Hence, Vz,y € R,

> P n x© n ka n—k
=R S )

n=0 n=0 k=0

but the latter term is exactly equal to

x n l'k yn—k
Zzn, where Znp = Zﬁm
n=0 k=0

The result that was cited in the text of the exercise and we are free to assume then
implies that
e o n oo n
_ o Y
n=0 n=0 n=0

(c) By (a), we have ¢’ = 1. Now, fix z € R. By (b), we have

that is, e*TY = e% - e¥.

So, this proves that e* # 0, e=* # 0, and that e™® = e% As a byproduct, it follows
that e® > 0 for all x: indeed, this is clear from the definition if x > 0, as each
summand fT' > 0. Then, the case x = 0 follows from (a), while the case < 0
follows from the case > 0 and part (c) we just proved.

(d) If a,b € R such that a < b, then e® < €® holds if and only if €®~ > 1 by using (c).
But

oo

o _ N~ 0—a) S~ (b-a)
k=1

k=0
because b —a > 0. Now to show that e~ is a decreasing function it suffices to note
that e~ is a the reciprocal of an increasing function.
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(e) (i) eloslab) = gp = elos(@)elos(b) — clog(a)+log(®) ~ GQince e is strictly increasing, it is
injective; thus, we conclude that log(ab) = log(a) + log(b).
(i) elog(a”) = gb = (elola)yb = eblog(a)  Since e® is injective, we conclude that
log(a®) = blog(a).
(iii) log(x) is the inverse function of a strictly increasing function, hence, it is strictly
increasing.

7. For each function, calculate f(") the n-th order derivative of f.
(a) f(x) =2™ (mel)
(b) f(x) = sin(2x) + 2 cos(x)
(c) f(z) = log(x)

Solution:

(a) We identify three cases for m:
em=0: f"(z)=0forall nc N*

mm—1)(m—=2)---(m—n+1z™ "™, n<m

07 n>m
first case follows immediately, while the second and the third can be proved by
induction on m (resp. —m).

em< -1 fOz)=mm-1)(m—2)-(m—n+1)2"" for all n € N*

em > 1. f0(z) = The

(b) We start by calculating the first four derivatives of f:

f'(z) = 2cos(2z) — 2sin(x) 1" (x) = —4sin(2z) — 2 cos(x)
f"(x) = —8cos(2x) + 2sin(z) F®(z) = 16 sin(2x) + 2 cos(x)

We need to distinguish two cases for n € N*:

F0(z) = {(_1)5 (2" sin(2x) + 2 cos(x)) n even

(-1)"= (2" cos(2z) — 2sin(z)), n odd

(c) Since f'(z) = 2!, we can use the result in part (a) with m = —1 to obtain f(™).
We have,
£ @) = () @) = (1)(-2)(-3) - (-1t = EVT 2

8. Let f: R — R be a differentiable function. State if the following are true or false.
(a) feven = [’ odd,
(b) fodd = f’ even,
(¢) ffeven = f odd,
(d) f periodic = f’ periodic.
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Solution:

(a) True. We have f(—z) = f(z). Using the derivative of composite functions we
obtain —f/(—x) = f'(z), so f’ is odd.

(b) True. We take the derivative of f(—z) = —f(z) to obtain —f'(—z) = —f'(z) &
f'(=x) = f'(z). So f’ is even.

(c) False. Take for example f(x) =z + 1.

(d) True. For a periodic function f, there exists T' > 0 such that f(z +T) = f(x) for

all x € R. By taking the derivative, we have f'(x +T) = f’(x) and so f’ is also
periodic.

9. Find maximum and minimum of the following functions

(a) f(z) == in [—m, 7]
(b) f(x) = sin(x) + cos(x) in [0, ZF]

Solution:

(a) The function is strictly increasing, so the minimum is at —7 and the maximum at =
(b) The derivative is f'(x) = cos(z) —sin(z) and it vanishes only in z = 7. We compute
T 2T -1+ \/g

r(5)=va ro-1 g () -5

So there is a maximum in 7, and a minimum in %w.

10. Calculate (g o f)’(0) for the functions f,g: R — R defined by
(a) f(x) =2z +3+ (e® —1)sin(z)” cos(x)* and g(z) = log(z)3.

Solution: Since (g o f)'(0) = ¢’(f(0)) - '(0), we need to find the derivatives of f and g.

(a) To find f'(z), we write f(z) = 2x+3+(e® — 1) u(z) where u(z) = sin(z)" cos(x)*.
Then

/(@) = 24+e u(z)+(e” — 1)/ (x) and u'(x) = Tsin(z)° cos(z)°—4sin(x)® cos(z)?

We have u(0) = «/(0) = 0 and so f'(0) =2

1 2
Then we have ¢'(z) = w . Since f(0) = 3 we finally show that
3log(3)?
(90 1Y(0) = g'(®) £/0) = 22O 5 510532
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(b) For calculating f/(0), we must use the definition of derivative:

F(0) = tim LSOy #sinz) #2020

z—0 x—0 z—0 T z—0

= lim (a:sin(l) +2) =2

x

1

;)) = 0, as the function sin is bounded, and so x sin (l)

This is because lim (J: sin (
x—0 z

is squeezed to 0 by the factor x as x — 0.
Since ¢'(z) = 4(x — 1)® and f(0) = 0, we obtain

(go £)'(0) =g'(0)- f'(0) = (—4)-2 = —8.

11. Calculate the derivative f’ of the function f and give the domain of f and f’.

(2) @) = i/(2$4 + 6*(4m+3))3
(b) f(z) = e¥loste)?
(c) f(z) = log(45in(®) ecos(da)

Solution:
12 (227 — e~ (42 +3))

(a) f(x) = % (22* + e_(4z+3))72/5 (823 — 46_(4“‘3)) =
5{’/(23:4 + e—(4z+3))2

)

D(f) = D(f') = R (The denominator of f’ is nonzero since e~(#+3) > 0 and z* > 0
for all x € R.)

(b)
2 e {/log? (4x)
BETT, log(4x)

The domain of f is |0, +-o00[ because log(x) is defined only for > 0. For the domain
of f' we have to exclude all the points where the denominator vanishes, that is
x = 1, because log(4z) = 0 if and only if 40 = 1. So D(f") =]0, ;[U]5, +oo[.

f'(@) :emg(log(zlx))—% 4

1
4z

(c) We have f(x) = sin(x)log(4) e**(4*) by Exercise 6. We obtain

f'(z) =log(4) cos(z) e«**?) 1 log(4) sin(x) - (—4sin(4x)) - eoos(4z)
— log(4) eos(42) (cos(x) — 4sin(z) sin(4x)) .

12. State if the following are true or false.

(a) If f is differentiable at a € R, Then there is § > 0 such that f is continuous on Ja—d, a+4].
(b) If f is differentiable from left and right at a € R, then f is differentiable at a.
(c) If f is differentiable on R, then g(z) = /f?(z) is differentiable on R.
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Solution:

2
(a) False. Take for example f(z) = v, 2cQ . This function is continuous at
0, zeR\Q
x = 0 because,
0< f(r) <2?

for all z € R. So by the squeeze theorem we have lin%) f(z) = 0= f(0). On the other
z—

hand f is not continuous at any point other than 0. In fact, let zg € R, zy # 0.
For n € N*, The open interval ]a:o — %7;100 + %[ contains rational and irrational
numbers. We take a,, € ]mo — %,mo + %[ﬂ@ and b, € ]xo — %7.%'0 + %[ﬂ (R\ Q)
for each n € N*. Then the two sequences (a,) C Q and (b,,) C R\ Q both converge
to xg, but

so f is not continuous at xg.

But f is differentiable at x = 0. Indeed, we have

f@)—f0) _ fl@) ]z z€Q
0, zeR\Q

! Ef) < |z| for all z € R, the squeeze theorem gives

and since —|z| <

7(0) = lim f@) =0.

x—0 X

(b) False. Take for example f(x) = || which is not differentiable at 0. But the left and
right derivatives exist (Look at the lecture notes).

(¢c) False. By taking f(x) = x, we have g(z) = Va2 = |z| which is not differentiable at
0.

13. For each of the following functions, find the inverse function. Find the derivative of the inverse
function once by direct calculation and once by the inverse function derivative.

(a) f(z)=+v22+9,2>0.
(b) f(.’L') = H%’ T 7é -1

Solution:

(a) To find g(z) = f1, solve y = Va2 + 9 for z. This yields x = ++/y? — 9. Because
the domain of f is restricted to x > 0, we must choose the positive sign in front of

the radical. Thus
g(x) = fHz) = Va? -9

By the formula for the derivative of the inverse function we have

with
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SO

2 -9 _\/x2—9_\/x2—9
(VaZ—9z+9  Va? v

since the domain of g is x > 3. Thus,

f'(g(x)) =

1 x

9@ = T ~ Vs

This agrees with the answer we obtain by differentiating directly:

_ 2x _ x
2vV22 -9 V22 -9

g (x)

(b) To find g(x) = f~', solve y = 37 for . This yields = = 1777*’ Thus

g(w) = Lo

X

By direct calculation we can rewrite g(z) = 2~ — 1. So we see that ¢'(z) = —x 2.

Also we see that f/(z) = —(1+ )72, so

Py = (142 ) o g

and

14. Show that the derivative of the function

1
z?cos — ifx#0
fz) = x
0 ifz=0

at x = 0 is zero and then find f'(x). Is f’ continuous?

Solution: We use the definition of derivative, So we write
1
r?cos = =0+0-(x—0)+r(x)
x

r(z) _
:vj:O_O

And we must show that lim,_,¢

2 1
.or(x . x“cos = . 1
| Q:hm L = limxcos— =0
x—0 T x—0 x x—0 x

And the final step holds because cos is a bounded function. Now since f(z) has no
singularities on ] — 0o, 0] and ]0, co[ we may use the derivative formulas to compute f(x).

1 1
() = 295005; —i—sin; ifz#0
0 ifxe=0

We see that lim,_,q- f/(z) and lim,_,o+ f'(z) do not exist (why?) even though f’(0) does
exist. It means that f is a differentiable function but its derivative is not continuous at
z=0.
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15. Find maximum and minimum of the following functions
(a) f(z) =225 in [—,7]

(b) fx)= (e -1 —2)2in [1+ 5,2 — ]

Solution:

(a) The derivative is 2z, and vanishes at 0. We compute

So the minimum is at 0 and there are two maxima, at —m and .
(b) The derivative is )
7= G o
This is zero at xo = 4/3. We compute

4 V4 1 33 1 V9
f@):37f0+m}:m’f@‘m>:m-

So we have a maximum at % and a minimum at 2 —

10°

16. Calculate f’

(a) f:(0,00) =R, f(z) = 55intoz )

(b) f:R\{0} = R, f(z) = log(alz]), a >0
(C) f ‘R — R, f(gj) — 6?62 sin

Solution:

(a)

,_ —sin(z) (2 +sin(logz)) — 1 cosz cos(log z)
i) = (2 + sin(log x))?

(b) If z > 0 we have f(x) = log(ax) and so,

oy @ 1
Fla)=— =~
If x < 0 we have f(z) = log(—ax) and so
/ _ —a
flo)=——=~

So, we can say that that f/(z) = 1 for all z € R\ {0}

(¢) f'(z) = 2asinz + 22 cos x)e® Sine

17. State if the following are true or false.
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(a) If f: E — F is strictly increasing and bijective, then the inverse function is strictly
increasing.

(b) If f(z) = 2% — 2z, then (f o f)'(1) = 0.

(c) If a car traveled 210 km in 3 hours, then the speedometer must have read 70 km/h at
least once.

Solution:

(a) True. If @ < bin F, then f~!(a) # f~1(b) because f~! is injective. Moreover, if
f7Ha) > f71(b), then a = f(f~(a)) > f(f~'(b)) = b which is a contradiction.

(b) True. We have f/(1) =2 — 2 = 0 and then (f o f)'(1) = f'(f(1)) - f'(1) = 0.

(¢) True. Let f(¢) be the traveled distance (Km) of the car at time ¢ (h). Then f’(t)
is the speed of the car at time t. Now we apply the mean value theorem on the
interval [0, 3Jh. There should a time T such that

gy = T TO 20 g m)

18. Find the inverse of the following functions if they exist. Give the domain of both functions.

(a) f)=(3)""
(b) f(z) =logx —log2x + log 3z

Solution:

(a) The domain of f is all the real numbers Dy = R. To find the inverse function we
have:

1 Hj1 (1— )1 (1);» p_ losy
=z ogy = (1 —x)log(= r=1-—
y 8 8Y g8 log(%)

So the inverse function is given by f~!(z) =1 — 1<1>(;g(f)' Noting that the argument
8
of the logarithm should be strictly positive the domain of the inverse function is

Df—l :]07 OO[

(b) The domain of f is Dy =]0, 00[. To find the inverse function first note that f(z) =

log 373” So we have

3 3 2
yzlog%:ey:?x:x:gey

So the inverse function is given by f~!(z) = 2¢” and D;-1 =R.

19. Compute
lim log(z).

T—r+00

Solution: lim,_, . log(z) is the supremum of the range of the function log(x), that is,
the supremum of the domain of its inverse, which is e®. So

lim log(z) = lim log(z) =supR = +oo.

Tr—+o0 r—+00
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20. The limit

. cos(n)
nh_}n;@ log(n)
is
(a) 0
(b) —1
(¢) +1
(d) 400

Solution: (a) is correct. Note that

-1 < cos(n) < 1
log(n) ~ log(n) ~ log(n)

And log(n) — oo as n — co. So by squeeze theorem, the limit of the sequence is 0.

Page 13



