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Part 1: this part of the exam contains 23 multiple choice questions.

For each question, mark the box corresponding to the answer that you wish to select as the correct
one.

Each question has a unique correct answer.

Question 1 : Given any function f: R — R which is twice differentiable on R and that admits a
point of local minimum at x = 0, then,

[ ] f/(0)=0and f"(0) #0 [ ] f/(0) #0and f(0) #0
[] £(0)=0and f7(0) >0 [ ] #(0)=0and f"(0) <0

Question 2 : Let f: R — R be the function

1 for x <0,
flz)=q¢V1—22 for0<az<1,
0 forx > 1.

Then,

D f is differentiable at x = 0 and f is continuous at x = 1

|:| the left derivative of f exists at x = 0 and f is differentiable at x = 1
|:| f is continuous at x = 0 and f is differentiable at x = 1

|:| the right derivative of f exists at x = 0 and f is differentiable at z =1

Question 3 :
Let f: R — R be the function f(z) := z3. We define the function f; := f and, for any natural
number n > 2, the function f,, := f o f,_1. Then, for all natural number m > 1,

L] fnl@) = ma® [ fon() = 2™ L] fonl@) = (32)™ [ fn(z) = 26™)

Question 4 : Let c € R, and let (a,)n>1 be the sequence

C
k
ap = {ZZO 2. for n even, < S ho ) for n odd.
Then,

|:| lim a9y, = 400

m—r0o0
|:| the sequence (a,)n>1 converges for exactly one value of ¢
I:l lim a2m+1 = C

m—00

D The sequence (ay,),>1 diverges for any value of ¢
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Arctg(z?
Question 5 : Let f: |—m,7m[\ {0} — R be the function defined as f(z) = ;Zl’jg)) Then,
[ ] 7 can be extended to a function f(x) which is continuous at z = 0 and f(0) = 0.
[ ]  can be extended to a function f(x) which is continuous at z = 0 and f(0) = 1
[ ] f can be extended to a function f(x) which is continuous at z = 0 and f(0) = 5

[ ] f cannot be extended to a function f(z) which is continuous at = 0, since lim f(z) #

z—07t
lim f(z).
z—0~

Question 6 : Let f: R — R be the function f(x) := 22sin(z?) and let R(f) C R be the range of

/s
R(f) :={y € R| 3z € R such that f(z) =y}.

Then,
LR =10.4c]  []R()=1[0,1] [JR(H=R LR =1-1.1
Question 7 : Let A C R be the set A := {:1: € R: 0 < Arctg (%) < %} Then,

[ ]A=]0,1] [ ] A is not bounded

DA:]L%[ DIan:%

Question 8 : For what values of the parameter b € R does the series

§<b+;>k

converge?

[Jbo<1 [ Jbe]-1,1] [Jb<1 [ Jbe]-1,1]

Question 9 : Let a,b be two real numbers for which the function f: R — R,

ar +b for x <0
f(@) =9 /1 -1
% forx >0

is differentiable at x = 0. Then,
[Jr=3)=% [T r(=3)=-§ [T r(=3)=5 [Jf=3)=1
Question 10 : Which of the functions f,g: R — R, defined as

flz) = Vx| sin(t)  forz #0, o) = 1 Arctg (z) forx #0,
1 forz =0, 1 for x = 0,

are continuous at x = 07

D Both f and ¢ D Neither f nor g D Only ¢ D Only f
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Question 11 : The value of the integral / x sin(z) dz is

1% []-= [ 2n [Jo

Question 12 : Consider the sets A, B C C,

3

A::{ZG(C:Z2(|2]—2):O}, B:={z€C: Re(z)=1}.
Then,

D AN B consists exactly of two distinct points.
|:| AN B consists exactly of one point.

|:| AN B contains a line.

|:| AN B is the empty set.

Question 13 : The derivative of the function f(z):= (1 + %) at the point z = 1 is
[Js@og+1)  [s []4 [ ] 4(Log(2) +1)

(n+3)1/2 —nl/?

Question 14 : Let (ay),~q be the sequence a,, := 75— Then,
- (n+1)"Y
. _ 3 . _ . _ . _
Wme=3 Ulimae=o [ lmen=ve L] lma=3

Question 15 : Let z be the complex number z := 1 + v/3i. Then,
[]24eRr [ ] Re(z%) >0 [ ]128>73 [ ] Im(z"") <0

Question 16 : Let (ay),>1 be the sequence a,, := (—1)"sin (n%) Then,

o o0 oo
|:| Z:(an)2 converges, but Z a, diverges |:| T}Ln;o an, = 0, but Z a, diverges
n=1 n=1

n=1

o0
|:| Z an converges, but it does not converge 00
|:| Z an converges absolutely

n=1

n=1
absolutely

Question 17 : Let f: [0,4] — R be a function which is continuous on [0, 4], differentiable on
10, 4] and such that f/(z) > 2 for all 2 € ]0,4[. Then,

[Jo<r@) -r@ <1 L] r@)—r)
] r)—rfo)<1 L] r2 - fo)
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4
4
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Question 18 :
expansion of f to order 5 around xg is given by

|:| flz)=z— %x3 + %0335 + 2%¢(x)
[] flx)=o— %1‘3 + ﬁ10x5 + 2°e(x)
[ fz) =2 — ta® + L5a® + 2¢(2)

|:| flz)=xz— %x?’ + %Ox5 + 25¢(x)

Question 19 : Let f: ]—1,1[ — R be the function f(t) :=

expansion of f to order 2 around % is given by

[ £ =1 — Bt + 582+ 26(0) O r) =1
[ty =1 — &t + &t + () (]t =+
|
uestion 20 : The generalised integral dx
Q g eral | 5=

|:| converges and its value is %

|:| converges and its value is % |:| diverges

4+ 3t
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Let f: R — R be the function f(x) := sin(sin(z)) and take xg = 0. Then, the

and take tg = 0. Then the

|:| converges and its value is 4

o
Question 21 : Let I C R be the domain of convergence of the power series Z vn (z+1)".

Then,

[ 1=]-2,0[

1
Question 22 : The value of the integral / Va2 +1dzis
0

[(1302v2-1) vzt []2v2-t
9 3
5n +1)"
Question 23 : Let (ay),>1 be the sequence a,, := (n:—5n)
= n

1
lim a, =5 lim a, = e
|:| n—oo I:l n—oo

[J1r=1-1,1

D lim a, =0
n—oo

n=0

[ [J1=R

e

. Then,

D lim a, = +o00
n—oo
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Part 2: this part of the exam contains 11 true/false questions.

For each question, mark the box next to “I'RUE” if you think the statement of the question is
correct or mark the box next to “FALSE” if you think the statement of the question is incorrect.

Question 24 : Let f: ]0,1] — R be a monotone function which is non-constant and differentiable
over |0, 1[. Then, either f'(x) >0 for all x € ]0,1[ or f'(z) <0 for all z € ]0, 1].

[ ] TRUE [ ] FALSE

Question 25 : For all given y € R, y # 0, the equation z* = iy, in the indeterminate z, has
exactly 4 distinct solutions in C.

[ ] TRUE [ ] FALSE

Question 26 : Let (ay)r>0 be a sequence of real numbers such that for all £ > 0, a; > 0, and

oo
lim |2#4L) = 0. Then the power series Z aj, 2" converges for all x € R.
k—oo | Qf P
[ ] TRUE [ ] FALSE

Question 27 : Let A C R be a subset of the real numbers. If Inf A € A and Sup A € A, then A
is a closed interval.

[ ] TRUE [ ] FALSE
Question 28 : Let g,h: | —1,1[— R be two functions which are differentiable on |—1, 1] Assume
/
that g(0) = h(0) = 0, and h/(x) # 0 for all z € |—1,1[. If linr(lJ i’ig does not exist, then also
T—>
lim M does not exist.
z—0 h($)
[ ] TRUE [ ] FALSE

Question 29 : Let f: N — R be a function such that for all n > 1, f(n) > n. Then the series

<1
—— converges.
2 )

[ ] TRUE [ ] FALSE
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Question 30 : Let (z,),>0 be a sequence of real numbers for which lim z, = 4+00. Then, the
- n—0o0

sequence (zp)n>0 does not contain any bounded subsequence.

[ ] TRUE [ ] FALSE

Question 31 : Let f: R — R be a function. If there exists a € R such that lim f(z) = +oo,

Tr—a
then f is not continuous on R.

[ ] TRUE [ ] FALSE

Question 32 : Let f: R — R be a function and take g = 0. Assume that f admits an expansion
to order 2 around g given by f(z) = a+ bx + cz? +z%¢(x). Then, the expansion to order 2 around
xo for the function g(z) := f(x)3 is given by g(z) = a® + b3z + 322 + 22 ().

[ ] TRUE [ ] FALSE
Question 33 :  Let (an)n>0, (bn)n>0 be two converging sequences. Assume that b, # 0 for all
n > 0. Then, the limit ILm dn exists.

[ ] TRUE [ ] FALSE

Question 34 : Let (ay),>1 be a sequence of real numbers such that lim a, = 1,andlet f: R - R
- n—oo

be a continuous function. Let (by,),>1 be the sequence

an
bn:/ f(z)dz, n>1.
0
Then, the sequence (by,),>1 converges.

[ ] TRUE [ ] FALSE
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