among the mathematicians,
May, Thomas Hawkins, Mo
Carl Boyer among the histo
gave a talk titled “
the History of Ma
dience of mathe

mris Kline, Albert Lewis, and
rians. On this occasion, she
The Mathematician, the Historian and
thematics.” With this distinguished au-
maticians and historians, she considered
the different questions they bring to the table when they
consider mathematics, Ip particular, she noted that math-
ematicians are often interested in “the past as part of the
Present,” while historians of mathematics view the present
as laden with ‘many and diverse relics from the past and
as the end of long, complex processes” [16, p. 440].3 She

red the value of the histo

y to four themes that
g the whole of Grabiner’s work.

. there is her deep erudition,

emerge when considerin
(1) First and foremost
founded on her training

that also encompasses the
losophy. For example,
did Lagrange ‘prove’ th
work of artists Piero d
and Raphael in her dis
her name is most oft
work on Lagrange, a
lar, that forms the

history of art, literature, and phi-
her celebrated Paper asking “Why
e parallel postulate?” features the
ella Francesca, Leonardo da Vinci,
Cussion of perspective, (2) Although
en associated with Cauchy, it is her
nd the eighteenth century in particu-
bedrock of her scholarship. With La-
grange as a focal point, she moved forward to Cauchy and
backwards to Colin Maclaurin and Leonhard Euler,
her a deep understanding of the creatj
over more than 150 years,
lications and leverages in
of change is everywhere
There is the obvious lan
the calculus,

giving
on of the calculus
which she shares in many pub-
the classroom. (3) The concept
present in her work as 3 scholar,
guage of change in her studies of
but we mean something much more than

3Fora complete list of workshop participants and an overviey of the workshop,
including who participated in the discussions following talks, see (7, pp. 16-
25). In particular, following introductory remarks by the organizers, Grabiner
gave the first talk of the workshop, and Jean Dieudonng, J. p, Kahane, Alberto
Dou, Hilary Putnam, and George Mackey participated in the discussion. Grg.
biner’s published version of the talk, “The Mathematici

the History of Mathematics,” in Historia Mathematica 2 (1975), 439-447,
includes details of the discussion, particularly Dieudonné'’s comments and Grg-
biner’s responses to them. The discussion of her paper also mentions that George
Mackey “expressed interest in history, but felt that because of the pressures of
his discipline, he could not be interested in too detailed a history” [p. 447). For
more on Mackey, including some mini-histories of mathematics he offered in his
correspondence, see Della Dumbaugh, “Extensive cooperation with rugged indj.
vidualism: George Mackey's guide for practitioners of mathematics,” Noticeg
Amer. Math. Soc. 66 (June/fuly 2019), 883-891, https://WWw.ams.org
/journals/notices/201906/rnoti -p883. pdf.
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of calculus. It is her understand-n
luding her own, change over fiy By

. ints, inc '
how viewpoints her readers to put themselvgs i o
regularly encourages

e discusses. When copg;, %
mindset of the SChloCLa]rjsSItlhroughom the eighteey, de“ﬂg
the progress Oflca he reminds her readers thy; th (e_'l'
tury, for example, s roduce mathematical requl, ngllld.
ing question was to p lus. Consequently i ; 0

, for calculus q Ve it f
build a foundation for whin h.

- iticize Euler and others for what more Mo,
fair” to critic ns would call a “lack of rigor” [17, D. 18;]]
matth?lua:he is a brilliant expositor. Her numErou!'
gzlrilg:—g;rd and Allen@oerfer :’:lWards, combian Wi
her Beckenbach Book Prize, te§tlfY. to her SXPository ,,
cellence. But these external valldathns are no SUbSﬁlme
for sitting down with one of her z}mdes and Teveling ;.
the compelling questions she motivates and poses ,, the
beginning, her plan for addressing them, the strat.egy she
follows to accomplish her goal, and the condlusiop g,
reaches that inevitably ties up the work with the equivy.
lent of a beautiful bow. She is a master of her craf;

By way of an example, which, incidentally, is hey Ciz
biner often guides her readers, let us consider her discyg.
sion of an eighteenth-century proof in her award-Winning
“Who gave you the epsilon? Caq chy and the origins of Tig
orous calculus.” To illustrate e mathematiciang made
important discoveries in thei; s to find results rather
than to explore rigorous foi.n ‘ns, she offers Eylers
1734 solution to the fame:: "¢l problem” of find.
ing the precise value of the s | the reciprocals of the
squares of the natura] numbe;s:

1 1 1
1+Z+§+...+ﬁ+..._

Grabiner Wwrites:

It clearly has a fin;

te sum since it js bounded above
by the serjes

1 1 1
1+1\.2+2\.3 3—_Z+"“(k_' 11).k+m
as known to pe 2;
1s sum by treating
as the difference between the se

whose sum v, Johann Bernoulli
had found t, Ll 1,
12 23 " 34

ool 1 1
nes -+ - 4 -+-
12 3

S
an_d t}"e series 2 ho+ i * -+, and observing that
this difference telescopes.

Euler's SUmmation of Z:_ =5 makes use of 2
lemma frop, th vt

e theory of equations:; gj by-

. . S: given a poly

Nomia] €quation Whose cons f
Coefficient of th

€ linear terp i the sum* of the re-
CIprocals of the TOOts with the signs changed. This

and demonstrated by
4 ;

The origing article

(6. p. 6). s

“produce” here [17, P- 187]. This typo is corrected "
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considering the equation (x — @) (x — b) = 0, hav-

ing roots a and b. Multiplying and then dividing
out ab, we obtain

(&)1
the result is now obvious, as is the extension to

equations of higher degree.
Euler’s solution then considers the equation

sinx = 0.
Expanding this as an infinite series, Euler ob-
tained
X3
| g i — v =51
Dividing by x yields
x* x*
1- 31 + 5T = 0.
Finally, substituting x? = u produces
u  u?
1—§-!'+§—...=0.

But Euler thought that power series could be ma-
nipulated just like polynomials. Thus, we now
have a polynomial equation in u, whose constant
term is one. Applying the lemma to it, the coef-

ficient of the linear term with the sign chaiged is
11 . ,
3§ The roots of the equation in 1 age i+ =

of sin x = 0 with the substitution 2 - =~
72, 4m?, 97%, ... Thus the lemma inj:: -

1 1 1 1
6 - mtamtor
Multiplying by 72 yields the surn o1 tiw . it
series
L S P SR WIS
1 9 k2 6
(17, p. 187].

Following this presentation of Euler’s proof, Grabiner
seems to know the mind of her more modern reader. She
encourages a broader view of Euler’s result, one that takes
into account the priorities of the eighteenth century while
acknowledging current mathematical conventions. In par-
ticular, since for Euler and his contemporaries the em-
phasis was on obtaining mathematical results rather than
answering questions about foundations, she argues that
mathematicians were free to make these types of “impor-
tant new discoveries” without the procedural strictures of
today’s more rigorous analysis.

As Grabiner noted, Cauchy would later prove the same
result by “calculating the difference between the nth par-

3 . . ”
tial sum and Es_ and showing that it was arbitrarily small

[17, p. 193]. Let the present authors expand on Grabiner’s
brief remark so that the reader can see, by contrasting Eu-
ler's proof with the detail provided by Cauchy in his Cours

MarcH 2020
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d'analyse (1821), how much more attention was given to

matters of convergence some eighty-seven years later. Start-
ing with an expression

(m+2)(m-2) 1 + 1 1
= 4 oo
3l sn? Z st O +
m

. m-2)m
Sln2 (__2_
2m 2m

derived from standard trigonometric identities, where m
is a positive even integer, Cauchy multiplied through by

2
T .
(—-) to obtain

m

£2
”_2(1'5:4‘2):s(ir'lnz)f’l

or

(1)

|-

— sin? &2’
m m
where n is a positive integer less than % Cauchy claimed
that for any two collections of numbers, a,b,c,...,n and
a,b.c,..,n, there always exists a constant, denoted
M(a,b,c,...,n),” such that

da+bb+cc+--+nn
= (a' 3B 4 s +n’)-M(a,b,c,...,n),
which, since
X 1

l€ =— < —ss
sinx cosx

allowed him to express the first sum on the right-hand side
of (1) as

1 1 1 ' 1
144+ —=)-M1l,—=].
(+4+9+ +M) ( mgw)
m
Similarly, since for positive x < %

1

x X 1 1 1
. 1 T < A — =k
sinX  gin-xcos-x cos?-x COS"%
2 2 2

5 . 4
every term in the second sum of (1) is strictly less than =

leading to that sum being bounded by 0 and 27':'- Cauchy

5Cauchy referred to this constant as “moyenne” even though, in general, it need
not be the arithmetic mean. [8, p. 14] translates “moyenne” as “average.” See
also [9, pp. 28-29].
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could thus rewrite equation (1) as
2
V4 ( 4 1 1 1
T (1- _) - ( S boge g L
6 mz)=\1*tz+5+ +nJ

1 2m
M(l’ coszn_n)*‘ w MO

m

Or, rearranging, as

1 1 1
1+ -4+ . 4 —
Rt
2 4
= — = | 2 N 2m
6 (1 mz) M(I,COS W)—?-M(O, 1) (2)

Remembering that %m > n, pushing n to infinity produced
.the required infinite series on the left-hand side while giv-
ing the limit of zero for 4/m? on the right. One final con-
dition was needed to obtain limits for nm/m and 2m/n?,
although Cauchy’s explanation is less than satisfactory by
mo?em standards: “It is easy to see that if we always take
for 5 m the smallest of the integers greater than n® (where a
(ienotes a number contained between 1 and 2), the ratios
~ and % converge together, for increasing values of n, to-
wards the limit zero” [8, p. 383]. Thus, Cauchy concluded,
the right-hand side of (2) converges to the limit of 72/6.°
Grabiner was well aware of what happened in the inter-
vening decades between these proofs of Euler and Cauchy.
She captured many of these ideas in her The Origins of
Cauchy's Rigorous Calculus. Here, however, as elsewhere in
her work, we are reminded to take into consideration the
long journey of the calculus from Newton and Leibniz to
Cauchy, especially as it relates to the students in our calcu-
lus classrooms. As she put it in “The changing concept of
change: The derivative from Fermat to Weierstrass”:

The real historical development of mathematics—
the order of discovery—reveals the creative math-
ematician at work, and it is creation that makes
doing mathematics so exciting. The order of ex-
position, on the other hand, is what gives math-
ematics its characteristic logical structure and its
incomparable deductive certainty. Unfortunately,
once the classic exposition has been given, the or-
der of discovery is often forgotten. The task of the
historian is to recapture the order of discovery: not
as we think it might have been, not as we think it
should have been, but as it really was. [15, p. 206]

This is to say that students benefit from understanding
the process of the development of mathematics and, in
this case, the calculus. Grabiner’s celebration of Euler’s
proof (and Lagrange’s approach in viewing calculus from

6These details are taken from [9, pp. 455-457, 556-559]. For an English
translation, see {8, pp. 381-383].
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an algebraic perspective for thzzit mattedf)thencou'rages Sty
dents to realize that they can understand the fel)SllOn-deha
foundations of calculus simply by recognizing thy they
don't have to start there. They can start with Euler ang be
i od company. -

" “/;ZY cicr)mot lea\]z)e this discussion of .Who' 8ave you tp,
epsilon?" without calling attention 10 1ts brilliant cop,
sion. By the time readers reach the final pages Oflh_ls work
they may have lost track of Fhe title. But not Crabl'ner. To
underscore her enduring point ofcon51de51ng the rigoroy
form of calculus as a “completed whole” of the work of
many mathematicians over more than 150 years, she offeg
the epsilon (literally!) asa tangible reminder. “In Cauchy
work,” she asserts, “one trace indeed was left of the Origin
of rigorous calculus in approximation‘—the letter epsilop.
The ¢ corresponds to the initial letter in thle word ‘erreyy
(or ‘error’), and Cauchy in fact used ¢ for ‘error’ in some
of his work on probability. It is both amusing and histgy;.
cally appropriate that the ‘¢, once used to designate the ‘e.
ror’ in approximations, has become transformed into the
characteristic symbol of precision and rigor in the calculus,
As Cauchy transformed the algebra of inequalities from
tool of approximation to a tool of rigor, so he transformeq
the calculus from a powerful method of generating results
to the rigorous subject we know todav” {17, p. 193].

But Grabiner does not just encour e a “whole” view
of mathematics for the sake of the ¢i  .:line: she also en-
courages a view of mathematics as . of the whole his-
tory of ideas. In her 1986 Internati - Congress address
in Berkeley, California, Grabiner chc: = topic “The Cen-
trality of Mathematics in the Histor: estern Thought.”
She began with a student and a teac .ig experience, an-
other reflection of the strong link be:ween the history of
mathematics and teaching, In particular, she aimed to “re-
capture” the critical and beautiful moment when a student
read Euclid’s Elements of Geometry and exclaimed, “I never
realized mathematics was like this. Why, it's like philoso-
phy!” [14, p. 220]. She discussed “major developments
in the history of ideas” where mathematics played a key
role. Among them, she highlighted the role of Euclidean

thinking in the Declaration of Independence of the United
States. This foundational document

---1S one more example of an argument whose au-
Fhors tried to inspire faith in its certainty by us-
ing the Euclidean form. “We hold these truths
to be self-evident...” not that all right angles are
equal, but “that all men are created equal.” These
self-evident truths include that if any government
does not obey these postulates, “it is the right of
tbe Peop_le to alter or abolish it.” The central sec-
tion belgms by saying that they will “prove” King
George.s government does not obey them. The
conclusion is, “We, therefore. .. declare, that these
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