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ABSTRACT
The risk and return trade-off, the cornerstone of modern asset pricing theory, is often of the wrong sign.
Our explanation is that high beta assets are more prone to speculative overpricing than low beta ones.
When investors disagree about the prospects of the stock market, high beta assets are more sensitive to
this aggregate disagreement and experience a greater divergence of opinion about their payoffs. If their
dividends’ variance is low enough, these assets experience speculative demand from optimistic investors.
Short-sales constraints then result in these high beta assets being over-priced. When aggregate disagree-
ment is low, the Security Market Line is upward sloping due to risk-sharing. When aggregate disagreement
is high, expected returns can actually decrease with beta, especially for stocks with low idiosyncratic vari-

ance. We confirm our theory using a measure of disagreement about stock market earnings.
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There is compelling evidence that high risk assets often deliver lower expected returns than low risk assets.
This is contrary to the risk and return trade-off at the heart of neoclassical asset pricing theory. This
high-risk, low-return puzzle literature, which dates back to Black (1972) and Black et al. (1972), shows
that low risk stocks, as measured by a stock’s co-movement with the stock market or Sharpe (1964)’s
Capital Asset Pricing Model (CAPM) beta, have significantly outperformed high risk stocks over the last
thirty years.! Baker et al. (2011) show that the cumulative performance of stocks since January 1968
actually declines with beta. For instance, a dollar invested in a value-weighted portfolio of the lowest
quintile of beta stocks would have yielded $96.21 ($15.35 in real terms) at the end of December 2010.
A dollar invested in the highest quintile of beta stocks would have yielded around $26.39 ($4.21 in real
terms). Related, both Baker et al. (2011) and Frazzini and Pedersen (2010) point out that a strategy of
shorting high beta stocks and buying low beta stocks generates excess profits as large as famous excess
stock return predictability patterns such as the value-growth or price momentum effects.?

Black (1972) originally tried to reconcile a flat Security Market Line by relaxing one of the central
CAPM assumptions of borrowing at the risk-free rate. He showed that when there are borrowing con-
straints, risk tolerant investors desiring more portfolio volatility will demand high beta stocks since they
cannot simply lever up the tangency portfolio. However, borrowing constraints can only deliver a flatter
Security Market Line relative to the CAPM but not a downward sloping one. Investors would not bid up
high beta stock prices to the point of having lower returns than low beta stocks. Indeed, it is difficult to
get a downward sloping line even if one introduced noise traders as in Delong et al. (1990) or liquidity
shocks as in Campbell et al. (1993) since noise trader or fundamental risk in these models lead to higher
expected returns.?

In contrast to Black (1972), we provide a theory for this high-risk and low-return puzzle even when
investors can borrow at the risk-free rate. We show that relaxing instead the other CAPM assumptions
of homogeneous expectations and costless short-selling can deliver rich patterns in the Security Market
Line, including an inverted-U shape or even a downward sloping line. Our model starts from a CAPM
framework, in which firms’ cash flows follow a one factor model and there are a finite number of securities
so that markets are incomplete. We allow investors to disagree about the market or common factor of
firms’ cash flows and prohibit some investors from short-selling. Investors only disagree about the mean

of the common factor of cash flows and there are two groups of investors, buyers such as retail mutual



funds who cannot short and arbitrageurs such as hedge funds who can short.

There is substantial evidence in support of both of these assumptions. First, there is time-varying dis-
agreement among professional forecasters’ and households’ expectations about many macroeconomic state
variables such as market earnings, industrial production growth and inflation (Cukierman and Wachtel
(1979), Kandel and Pearson (1995), Mankiw et al. (2004), Lamont (2002)). Such aggregate disagreement
might emanate from many sources including heterogeneous priors or cognitive biases like overconfidence.
Second, short-sales constraints bind for some investors due to institutional reasons as opposed to the phys-
ical cost of shorting.® For instance, many investors in the stock market such as retail mutual funds, which
in 2010 have 20 trillion dollars of assets under management, are prohibited by charter from shorting either
directly (Almazan et al. (2004)) or indirectly through the use of derivatives (Koski and Pontiff (1999)).
Only a smaller subset of investors, such as hedge funds with 1.8 trillion dollars in asset management, can
and does short.

Our main result is that high beta assets are over-priced compared to low beta ones when disagreement
about the common factor of firms’ cash flows is high. If investors disagree about the mean of the common
factor, then their forecasts of the payoffs of high beta stocks will naturally diverge more than their forecasts
of low beta ones. In other words, beta amplifies disagreement about the macro-economy. Because of short-
sales constraints, high beta stocks, which are more sensitive to aggregate disagreement than low beta ones,
are only held in equilibrium by optimists as pessimists are sidelined. This greater divergence of opinion
creates overpricing of high beta stocks compared to low beta ones (Miller (1977) and Chen et al. (2002)).°
Arbitrageurs attempt to correct this mispricing but their limited risk-bearing capacity results only in
limited shorting, leading to equilibrium overpricing.”

That more disagreement on high beta stocks lead to overpricing of these stocks is far from obvious in
an equilibrium model like ours. Optimistic investors can achieve a large exposure to the common factor by
buying high beta stocks or levering up low beta ones. If high beta stocks are overpriced, optimistic investors
should favor the levering up of low beta assets, which could potentially undo the initial mispricing. The
key reason why this is not the case in our model is that when markets are incomplete (which is implicit
in all theories of limits of arbitrage (as in Delong et al. (1990) or Shleifer and Vishny (1997)) and most
modern asset pricing models (Merton (1987))), idiosyncratic risk matters for investors’ portfolios. In our

context, while levering up low beta stocks increases the exposure to the common factor, it also magnifies



the idiosyncratic risk that investors have to bear. This role of idiosyncratic volatility as a limit of arbitrage
is motivated by a number of empirical papers that show that idiosyncratic risk is the biggest impediment to
arbitrage (Pontiff (1996), Wurgler and Zhuravskaya (2002)). It leads, in equilibrium, to a situation where
levering up low beta stocks ends up being less efficient than buying high beta stocks when speculating on
the common factor of firms’ cash flows. In other words, higher beta assets are naturally more speculative.

Our model yields the following key testable implications. When macro-disagreement is low, all investors
are long and short-sales constraints do not bind. The traditional risk-sharing motive leads high beta assets
to attract a lower price or higher expected return. For high enough levels of aggregate disagreement, the
relationship between risk and return takes on an inverted U-shape. For assets with a beta below a certain
cut-off, expected returns are increasing in beta as there is little disagreement about these stock’s cash
flows and therefore short-selling constraints do not bind in equilibrium.

But for assets with a beta above an equilibrium cut-off, disagreement about the dividend becomes
sufficiently large that the pessimist investors are sidelined. This speculative overpricing effect can dominate
the risk-sharing effect and the expected returns of high beta assets can actually be lower than those of
low beta ones. As disagreement increases, the cut-off level for beta below which all investors are long falls
and the fraction of assets experiencing binding short-sales constraints increases.®

We test these predictions using a monthly time-series of disagreement about market earnings. Dis-
agreement about a stock’s cash-flow is simply measured by the standard deviation of analysts’ forecasts
of the long-term growth of Earnings Per Share (EPS), as in Diether et al. (2002). The aggregate dis-
agreement measure is a beta-weighted average of the stock-level disagreement measure for all stocks in
our sample, similar in spirit to Yu (2010). The weighting by beta in our proxy for aggregate disagreement
is suggested by our theory. After all, stocks with very low beta have by definition almost no sensitivity to
aggregate disagreement, and their disagreement should mostly reflect idiosyncratic disagreement. Aggre-
gate disagreement can be high during both down-markets, like the recessions of 1981-1982 and 2007-2008,
and up-markets, like the dot-com boom of the late nineties (Figure 1). Panel (c) of Figure 6 shows the
12-months excess returns on 20 S-sorted porftolios (see Section II.B for details on the construction of
these portfolios). In months with low aggregate disagreement (defined as the bottom quartile of the ag-
gregate disagreement distribution and denoted by blue dots), we that that returns are in fact increasing

with beta. In months with high aggregate disagreement however (defined as the top quartile of the dis-



agreement distribution and denoted by red dots), the risk-return relationship has an inverted-U shape.
In these months, the two top and bottom portfolios have average excess return net of the risk-free rate
of around 0%, while the portfolios around the median portfolio have average excess returns of around
8%. This inverted U-shape relationship is formally estimated in the context of a standard Fama-MacBeth
analysis where the excess return/beta relationship is shown to be strictly more concave when aggregate

disagreement is large.’
[ Insert Figure 1 here |

Our baseline analysis assumes that stocks’ cash-flow process is homoskedastic. When we allow for
heteroskedasticity, our main asset pricing equation is slightly modified. Intuitively, a large idiosyncratic
variance makes optimist investors reluctant to demand too much of a stock. Thus, a stock with a large
cash-flow beta — and therefore whose expected cash-flow is high from the optimists’ point of view —
may nonetheless have little demand from the optimists if the stock has high idiosyncratic variance. In
equilibrium, this low demand from optimist will drive down the price and make pessimists long this asset.
As a result, such a stock may not experience the same speculative over-pricing as a stock with a similar
cash-flow beta but a lower idiosyncratic variance. In other words, stocks experience overpricing only when
the ratio of their cash-flow beta to idiosyncratic variance is high enough. Below a certain cutoff in this
ratio, stocks are priced as in the CAPM and the partial Security Market Line (the relationship between
expected returns and f for stocks below this cutoff) is upward sloping and independent of aggregate
disagreement. Above the cutoff, the partial Security Market Line has a slope that strictly decreases with
aggregate disagreement. We confirm this additional prediction in the data.

Our findings are consistent with Diether et al. (2002) and Yu (2010), who find that dispersion of
earnings forecasts predicts low returns in the cross-section and for the market return in the time-series
respectively, as predicted in models with disagreement and short-sales constraints. Our particular focus
is on the theory and the empirics of the Security Market Line as a function of aggregate disagreement.
Importantly, we show below that the patterns observed in the data is not simply a function of high beta
stocks performing badly during down markets nor is it a function of high disagreement stocks under-
performing.

Finally, in an overlapping-generations (OLG) extension of our static model, we show that these pre-

dictions also hold in a dynamic setting where disagreement follows a two-state markov chain. Investors



anticipate that high beta assets are more likely to experience binding short-sales constraints in the future
and hence have a potentially higher resale price than low beta ones relative to fundamentals (Harrison
and Kreps (1978), Morris (1996), Scheinkman and Xiong (2003) and Hong et al. (2006)). Since disagree-
ment is persistent, this pushes up the price of high beta assets in both the low and high disagreement
states. At the same time, since the price of high beta assets vary more with aggregate disagreement, these
stocks carry an extra risk-premium. We use this dynamic model to show that a basic simulation of the
model can yield economically significant flattenings of the Security Market Line using reasonable levels of
disagreement and risk-aversion among investors.

Our paper proceeds as follows. We present the model in Section I. We describe the data we use in our
empirical analysis in Section II. We present the empirical analysis in Section III. We conclude in Section

IV. All proofs are in Appendix A.

I. Model

A. Static Setting

We consider an economy populated with a continuum of investors of mass 1. There are two periods,
t = 0,1. There are N risky assets and the risk-free rate is exogenously set at r. Risky asset ¢ delivers a

dividend d; at date 1, which is given by:
Vie{l,...,N}, di=d+biz+é.

The common factor in stock i’s dividend is Z, with E[Z] = 0 and Var[Z] = 2. The idiosyncratic component

in stock 4’s dividend is &, with E[¢;] = 0 and Var[&;] = o2. By definition, for all i € [1, N], Cov (Z,&) = 0.
b; is the cash-flow beta of asset ¢ and is assumed to be strictly positive. Each asset ¢ is in supply s; = %

and we assume w.l.o.g. that:19

0<by <by<---<by.

Assets in the economy are indexed by their cash-flow betas, which are increasing in 7. The share-weighted
average b in the economy is set to 1 (Zfil % =1).

Investors are divided into two groups. A fraction « of them hold heterogenous beliefs and cannot



short. We call these buyers mutual funds (MF'), who are in practice prohibited from shorting by charter.
These investors are divided in two groups of mass %, A and B, who disagree about the mean value of the
aggregate shock Z. Group A believes that E4[Z] = X while group B believes that EF[Z] = —\. We assume
w.l.o.g. that A > 0 so that investors in group A are the optimists and investors in group B the pessimists.

A fraction 1—« of investors hold homogeneous and correct beliefs and are not subject to the short-sales
constraint. We index these investors by a (for "arbitrageurs"). For concreteness, one might interpret these
buyers as hedge funds (HF), who can generally short at little cost. That these investors have homogenous
beliefs is simply assumed for expositional convenience. Heterogeneous priors for unconstrained investors
wash out in the aggregate and have thus no impact on equilibrium asset prices in our model.

Investors maximize their date-1 wealth and have mean-variance preferences:

U(W*) = BRI — ;va«(wk)

where k € {a, A, B} and ~ is the investors’ risk tolerance. Investors in group A or B maximize under the

constraint that their holding of stocks have to be greater than 0.

B. Equilibrium

The following theorem characterizes the equilibrium.

o

Theorem 1. Let 0 = 2z and define (u;);co,n+1) such that uyi1 =0,
2
bj

u; = ﬁ ((762 + o2 (qu’ b?)) + 073 (ijl- N) for i € [1,N] and up = oo. w is a strictly decreasing
sequence. Let i = min{k € [0, N + 1] | A\ > uy}. There exists a unique equilibrium, in which asset prices
are given by:

2
d—%(bmz—&—a—e) fori<i

N
P(1+r)= 1 2 O¢ 0 2 ol ) (1)
10 2 AT - 10 2 N >—
d (b o, + N) + (b orw(A) N fori>i

wt=speculative premium

az .
where w(X\) = M*W(Eizlb;)

b2 :
o2 (1402 (Sici 23 ) )

Proof. See Appendix A O

The main intuition underlying the equilibrium is that there is more disagreement among investors about

the expected dividends of high b; assets relative to low b; assets. Above a certain level of b; (b; > b;),



investors sufficiently disagree that the pessimists, that is, investors in group B, would like to optimally
short these stocks. However, this is impossible because of the short-sales constraint. These high b stocks
thus experience a speculative premium since their price reflects disproportionately the belief of the opti-
mists, that is, investors in group A. As aggregate disagreement grows, the cash flow beta of the marginal
asset — the asset above which group B investors are sidelined — decreases and there is a larger fraction
of assets experiencing overpricing.'!

We can derive a number of comparative static results regarding this equilibrium. The first ones relates
to overpricing. When short-sales constraints are binding, that is, for assets i > 4, the difference between
the equilibrium price and the price that would prevail in the absence of short-sales constraints (i.e., when

MFs can short without restriction or when o = 0) is given by:

= z <bicr§w()\) - ‘J’\i) . (2)

This term, which we call the speculative premium, captures the degree of overpricing due to the short-
sales constraints. The following corollary explores how this speculative premium varies with aggregate

disagreement, cash-flow betas, and the fraction of short-sales constrained agents.

Corollary 1. Assets with high cash-flow betas, that is, i > i, are over-priced (relative to the benchmark
with no short-sales constraints or when o = 0) and the amount of overpricing, defined as the difference
between the price and the benchmark price in the absence of short-sales constraints, is increasing with
disagreement X\, with cash-flow betas b; and with the fraction of short-sales constrained investors o.. Fur-
thermore, an increase in aggregate disagreement X leads to a larger increase in mispricing for assets with

larger cash flow betas.
Proof. See Appendix B O

The second comparative static we consider relates to the holdings observed in equilibrium. Remember
that HFs (i.e. investors in group a) are not restricted in their ability to short. Intuitively, HFs short assets
with large mispricing, that is, high b assets. As aggregate disagreement increases, mispricing increases,
so that HFs end up shorting more. Since an increase in aggregate disagreement leads to a larger relative
increase in mispricing for higher b stocks, the corresponding increase in shorting is also larger for high b

stocks. In other words, there is a weakly increasing relationship between shorting by HFs and b. Provided



that A is large enough, this relationship becomes strictly steeper as aggregate disagreement increases. We

summarize these comparative statics in the following corollary:

Corollary 2. Group A investors are long all assets. Group B investors are long assets i < i—1 and have
0 holdings of assets i > i. There exists A > 0 such that provided that \ > 5\, there exists i € [i, N] such
that (1) group a investors short high cash-flow beta assets, that is, assets i > 1 (2) the $ amount of stocks
being shorted in equilibrium increases with aggregate disagreement X and (3) the sensitivity of shorting to

aggregate disagreement is higher for high cash-flow beta assets.

Proof. See Appendix C O

C. Beta and Expected Return

We now restate the equilibrium in terms of expected excess returns and relate them to the familiar
market 8 from the CAPM. We note 7{ the excess return per share for asset 7 and an the excess return
per share for the market portfolio. The market portfolio is simply defined as the portfolio of all assets in

the market. The value of the market portfolio is P, = Z;VZI sjP; = Zjvzl % since we have normalized

the supply of stocks to % Then, by definition:

N N N
- - - 1 . ;
Re=d+bi+&—(1+40P and Ry, =Y sif=) LR =d+z+) %J41+mgw
=1 =1 =1

~ o~ 2
Cov(R¢,Rg,)  bio2+5¢

Define 5; = 2 =
Bl VaT(an) O’ng %

to be the stock market beta of stock i. By definition, the expected

excess return per share on stock ¢ is simply given by:

E[R] =d— (14 7)P,.

Using Theorem 1, we can express this expected excess return per share on stock i as:'?

02—1—0—3
Bi—=— fori<i
E[RY] = 21“ , : (3)
o A o _
Bi—=— (1 — Ow(N) + 06— (1 4+w(N) fori>1
5 ( (A) ’YN( (A)

This representation follows directly from Theorem 1: we simply express the price of asset ¢ as a function



of the market beta of asset i, ;. For a = 0 (so that § = 0), investors have homogenous beliefs so that A
does not affect the expected returns of the assets. In fact, when o = 0, there are no binding short-sales
constraints, so that i = N 4 1 and we can simply rewrite for all i € [1, N]: E[R¢] = BE[RS,], that is, the
standard CAPM formula. However, when a fraction @ > 0 of investors are short-sales constrained and
aggregate disagreement is large enough, 7 < N and the expected return per share for assets i > i depend
on aggregate disagreement A.

More precisely, the Security Market Line is then piecewise linear. For low beta assets (8; < f;),
expected excess returns are solely driven by risk-sharing: higher 8 assets are more exposed to market
risk and thus command a higher expected return. When 3 crosses a certain threshold (5 > 5;), however,
expected excess returns are also driven by speculation, in the sense that pessimists are sidelined from
these high beta stocks: over this part of the Security Market Line, higher beta assets, which are more
exposed to aggregate disagreement, command a larger speculative premium and thus receive smaller
expected returns than what they would absent disagreement. Note that provided that A is large enough,
the Security Market Line can even be downward sloping over the interval [5;, Bn], that is, for speculative
assets.

We illustrate the role of aggregate disagreement on the shape of the Security Market Line in Figure
2: the Security Market Line is plotted for three possible levels of X, A\ < Al < A\2. The Security Market
Line is simply the 45 degree line when A = A\? = 0 as seen in the top panel of Figure 2(a)). A! is assumed
to be large enough that a strictly positive fraction of assets experience binding short-sales constraints and
hence speculative mispricing (assets above i): expected returns are increasing with beta but at a lower
pace for assets above the endogenous marginal asset i (2(b)). When A = A2 > A! (Figure 2(c)), the slope
of the Security Market Line for assets i > i is negative, that is, the Security Market Line has an inverted-U

shape.
[ Insert Figure 2 here |

In our empirical analysis below, we approach this relationship between expected excess returns and
by looking at the concavity of the Security Market Line and how this concavity is related to our empiricaly
proxy for aggregate disagreement. More precisely, we estimate every month a cross-sectional regression of
realized excess returns of 20 S-sorted portfolios on the portfolio 8 and the portfolio 52. The time-series of

the coefficient estimate on 32 represents a time-series of returns which essentially goes long the low and



high beta portfolios and short the portfolios around the median beta portfolio. Essentially, the Security
Market Line described in equation 3 predicts that this square portfolio should experience lower return
when aggregate disagreement is high — or in other words that the Security Market Line should be more

concave when aggregate disagreement is high. This is our first main empirical prediction.

Prediction 1. In low disagreement months, the Security Market Line is upward sloping. In high disagree-
ment months, the Security Market Line has a kink-shape: its slope is strictly positive for low [ assets,
but strictly lower (and potentially negative) for high B assets. The Security Market Line should be more
concave following months with high aggregate disagreement; equivalently, a portfolio long low and high
beta assets and short medium beta assets should experience a lower performance following months of high

aggregate disagreement.

A consequence of the previous analysis is that the slope of the Security Market Line should also
decrease following a month of high aggregate disagreement. However, this is a weaker prediction of the
model since it does not exploit the specificity of our model, namely the kink in the security market line,

which, as we will see in Section III is an important feature of the data.

Corollary 3. Let i be the coefficient estimate of a cross-sectional regression of realized returns (Rf) (L)
1e|l,

on (ﬁi)ie[l N and a constant. The coefficient [i decreases with aggregate disagreement \ and with the

fraction of short-sales constrained agents in the economy «. Furthermore, the negative effect of aggregate

disagreement A on [i is larger when there are fewer arbitrageurs in the economy (i.e., when « increases).

Proof. See Appendix E O

D. Discussion of Assumptions

Our theory relies on two fundamental ingredients, disagreement and short-sales constraint. Both are
important. In the absence of disagreement, all investors share the same portfolio and since there is a
strictly positive supply of assets, this portfolio is long only. Thus, the short-sales constraint is irrelevant
— it never binds — and the standard CAPM results apply. In the absence of short-sales constraints, the
disagreement of group A and group B investors washes out in the market clearing condition and prices

simply reflect the average belief, which we have assumed to be correct.

10



The model also relies on important simplifying assumptions. First of them is that, in our framework,
investors disagree only on the expectation of the aggregate factor, Z. A more general setting would
allow investors to also disagree on the idiosyncratic component of stocks dividend €;. If the idiosyncratic
disagreement on a stock is not systematically related to this stock’s cash-flow beta, then our analysis is left
unchanged since whatever mispricing is created by idiosyncratic disagreement, it does not affect the shape
of the Security Market Line in a systematic fashion. If idiosyncratic disagreement is positively correlated
with stocks’ cash-flow beta, then the impact of aggregate disagreement on the Security Market Line
becomes even stronger. This is because there are now two sources of overpricing linked systematically
with b;: one coming from aggregate disagreement, the other coming from this additional idiosyncratic
disagreement.

As we show in Section II.C below, the overall disagreement on the earnings growth of high beta stocks
is much larger than the disagreement on low beta stocks, even in months with low aggregate disagreement.
This suggests that, idiosyncratic disagreement is in fact larger for high beta stocks. We also believe that
this conforms to standard intuition on the characteristics of high and low beta stocks.

The second key assumption in the model is that investors only disagree on the first moment of the
aggregate factor Z and not on the second moment o2. From a theoretical viewpoint, this is not so different.
In the same way that 3 scales disagreement regarding z, 8 would scale disagreement about o2. In other
words, label the group that underestimates o2 as the optimists and the group that overestimate o2 as the
pessimists. Optimists are more optimistic about the utility derived from holding a high 5 asset than a
low 3 asset and symmetrically, the pessimists are more pessimistic about the utility derived from holding
a high g asset than a low (§ asset. Again, high § assets are more sensitive to disagreement about the
variance of the aggregate factor o2 than low 3 assets. As in our model, this would naturally lead to high
3 stocks being overpriced when this disagreement about o2 is large. However, while empirical proxies for
disagreement about the mean of the aggregate factor can be constructed, it is not clear how one would
proxy for disagreement about its variance.

The third key assumption imposed in the model is that the dividend process is homoskedastic. In
the next section, we relax this assumption and allow the dividend process of different assets to have

heterogeneous levels of idiosyncratic volatility.

11



E. Heteroskedastic Idiosyncratic Variance

Our results in Theorem 1 in the static case have been derived under the assumption that the idiosyn-

cratic shocks to the dividend process were homoskedastic, that is, Vi € [1,N], o2 = ¢2. This assumption

1
is easily relaxed. Once dividends can be heteroskedastic, assets need to be ranked in ascending order of
%, which is equivalent to ranking them in ascending order of % In Appendix A, we show that the unique

equilibrium then features a marginal asset i, such that:

2 N 93
=~ Y Ui O-Z
E[R,L] = ) ZN o2 ) (4>
0% + i=1 Nij2 0'1'2 /81 /82

Intuitively, consider a stock with a high cash-flow beta. Relative to pessimists, optimist investors
believe this stock is likely to have a high dividend. If the stock has a low idiosyncratic variance (o), this
will lead to a high demand from optimists for this stock. In equilibrium, this will drive out the pessimists
from the stock and lead to speculative overpricing. However, if the stock has a high idiosyncratic variance,
optimists will be reluctant to demand large quantities of this stock, despite their optimistic valuation. As
a result, the pessimists may be required to be long the stock in equilibrium, so that the stock will be fairly
priced. Thus, the equilibrium features a cutoff in the ratio of cash-flow beta to idiosyncratic variance.

In particular, the pricing formula in Equation (4) says that for stocks i with 3;/0? below the cut-
off ,6’;/05.2 (i.e. what we define as non-speculative stocks), the slope of the partial Security Market
Line (the relationship between expected returns and [ for assets below the cutoff) does not depend
on aggregate disagreement. For stocks i with a ratio g; /U? above this cut-off (i.e. what we define
as speculative stocks), the partial Security Market Line is still linear in 8 but its slope is strictly
decreasing with aggregate disagreement. The asset pricing equation (4) also predicts that for these
mispriced assets, idiosyncratic variance is priced and that the price of idiosyncratic risk increases with
aggregate disagreement. This is related to the previous intuition: all else equal, an asset with a high
idiosyncratic variance will receive a smaller demand by optimists, which in equilibrium will drive down its

price and drive up it expected return. This leads to our second main empirical prediction of the paper.

Prediction 2. Define speculative assets as assets with a high ratio of B;/o?. Then, the slope of the

12



relationship between expected returns and 3 for these assets decreases strictly with aggregate disagreement.
Conversely, for non-speculative assets — assets with a low ratio of &/03 — the relationship between expected

returns and B is independent of aggregate disagreement.

F. Infinite Number of Assets

We analyze the case where markets become complete and N goes to infinity. To simplify the discussion,
we assume that whatever N, the number of assets, assets in the cross-section always have cash-flow
betas that are bounded in [b, l_)}. We adapt our previous notation to define bﬁv the cash-flow beta of
asset ¢ when the cross-section has N assets, with ¢ < N. Our assumption is that for all N € N and
i<N, 0<b< bg\f < b < 0o. With this assumption, we show that in the limit case where N — oo, asset
returns always admit a linear CAPM representation. In particular, the slope of the security market line
is independent of A as long as A < %3 and is strictly decreasing with A when A > 0'73

N
Since ulY = 'lebN (062 + o2 (ZKZ. (by)2)> + "73 (Zj>i ]JV> and the b; are bounded, it is direct to
(b))2

~ an
NbY

N o2

2
see that when N — oo: uy' — = and u% — l({y—z, where | = limy_yo0 Zj<N d I < 1 since for all

J <N, b <by.
Our first result is that if \ is small enough (i.e. Ay < lo? = ylimuY), then at the limit N — oo, no
asset will experience binding short-sales constraints, so that asset returns will be independent of A and

the standard CAPM formula will apply: E[R¢] = BE[RS,], with E[RY

¢ ] independent of A.
Our second result is that, provided that X is large enough (\y > 02 = ylim u{v ), then at the limit, all
assets will experience binding short-sales constraints. In this case, expected returns at the limit are given

by:

0_2

E[R] = 5 ((1 +0)Z - Ae) — BEIRS (V).

The Security Market Line is linear as in the previous case, but its slope is now strictly decreasing with
aggregate disagreement A. In particular, if Ay > #02, then the Security Market Line is strictly decreas-
ing.

The final case occurs when o2 > Ay > lo2. For any finite i , we know that limu? = %2 Thus, the
marginal asset has to be in the limit such that lim i = co. But then, we know that w(\) — 0, so that
the speculative premium at the limit is also 0. Thus, at the limit, asset returns will be independent of A

and the standard CAPM formula will again apply: E[RS] = B;E[RS,], with E[RS,] independent of \.
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G. Dynamics
G1. Set-up

We consider now a dynamic extension of the previous model, where we also allow for heteroskedasticity
in dividend shocks. This extension is done in the context of an overlapping generation framework. Time
is infinite, ¢t = 0,1,...00. Each period t, a new generation of investors of mass 1 is born and invest in
the stock market to consume the proceeds at date ¢ + 1. Thus at date ¢, the new generation is buying
assets from the current old generation (born at date ¢t — 1), which has to sell its entire portfolio in order
to consume. Each generation is composed of 2 groups of investors: arbitrageurs, or Hedge Funds, in
proportion 1 — «, and Mutual Funds in proportion «. Investors have mean-variance preferences with risk

tolerance parameter . There are N assets, whose dividend process is given by:
di=d+b'z + &,

where E[Z] = 0, Var[Z] = 02, E[¢'] = 0, Var[¢)] = 07 and + Zfil b; = 1. We normalize the assets to be

ranked in ascending order of %:

i

by by bn
0< 5< 5 < <—
oy 03 ON

The timeline of the model appears on Figure 3. Mutual funds born at date ¢ hold heterogeneous beliefs
about the expected value of Z;, 1. Specifically, there are two groups of mutual funds: investors in group
A — the optimist MFs — hold expectations about %41 such that Ef[Z,41] = A and investors in group B —
the pessimist MFs — hold expectations about %, such that EB[z,, ] = 1B Finally, we assume that

At € {0, X > 0} is a two-state Markov process with persistence p €]1/2,1[.
[ Insert Figure 3 here |

Call P}()) the price of asset i at date ¢ when realized aggregate disagreement is A, € {0, A} and define
AP} = Pi(\) — Pi(0). Let u¥(\;) be the number of shares of asset 4 purchased by investors in group k
when realized aggregate disagreement is \; € {0, A} and let A¥ be the realized belief at date ¢ for investors

in group k € {a, A, B}.1* We first compute the date-t-+1 wealth of investors in group k € {a, A, B}, born
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at date t and with portfolio holdings <uf(5\t)) :
1€[1,N]

Whiy = | S uE Qb | 2+ 30 nE Qo) + D ub ) (d+ Py (Gean) = (L4 1) P ()
i<N i<N i<N

Thus, for investors in group k, their own expected wealth at date t + 1, and its associated variance are

given by:
> uE Qb | M4+ 7 () (d+ BIP A (Gesn) A = (L4 1) PEOV) )
i<N i<N
2 2
VarWh = | ST ufOobi | o2+ > (uF )07 +p(1—p) [ S uf () (APL)
i<N i<N i<N

Relative to the static model, there are two notable changes. First, investors value the resale price of
their holding at date 1 (the E[P} +1(5\t+1)\5\t] term in expected wealth). Second, investors now bear the
corresponding risk that the resale prices move with aggregate disagreement A, (this is, in our binomial

- 2
setting, the p(1 — p) <Zi§N E() (APt+1)) term in wealth variance).

G2. Equilibrium

The following Theorem characterizes the equilibrium of this economy:

Theorem 2. Define (v;)icjo,n+1] such that vy11 = 0, v; = U—]\; (Zkzz bk> + %Z—? ( 1+02%, % ) for
i € [1,N] and vo = 0o. v is a strictly decreasing sequence. Let i = min{k € [0, N + 1] | A > vi}. There
exists a unique equilibrium. In this equilibrium, short-sales constraints bind only for the group of pessimist
investors (i.e., group B), in the high disagreement states ()\t A > 0) and for assetsi > i. The speculative

premium on these assets is given by:

2
0 Ny — % Zkzi b 0']2-
Y 2\ N
T\ 1402 <Zl<1?) N
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Finally, define

—(1+7)+ 2= D+ (A1) - 2o 1)+ F2LD T

*
"= 29P(1*P) >0
¥
In equilibrium, asset returns are given by:
E[R’(\)] = E[R?(0)] = L (07 + ot forj <i
T\ N
. 1 9 o2 T . -
E[R?(0)] = = | bjo; + —~ + p(1 — J >
[R/(0) 7(10 L p)aszlegp(ip)pw) forj >
; 1 o? r* ; 1+7r—(20—1) ; =
E[RT(N)] = — | bj02 + =% + p(1 — - J >
[R7 (V)] ,Y<JO' N p( P)(1+T)_(2p_1)+gp(i_p)r*ﬂ' (1+T)—(2p—1)+9p(17_p)I‘*7T forj>i
Proof. See Appendix F. O

Our characterization of how disagreement affects the Security Market Line in our static model still
carries over to this dynamic model with heteroskedasticity. Low b/o? assets (i.e., j < i) are never shorted
since there is not enough disagreement among investors to make the pessimist investors willing to go short,
even in the high disagreement states. Thus, the price of these assets is the same in both states of nature
and similar to the standard CAPM case. In the high aggregate disagreement state (5\ = A\ > 0), pessimist
investors, that is, investors in group B, want to short high b assets to the extent that these assets are not

b-

too risky (i.e., assets j such that % > U—g), but are prevented from doing so by the short-sale constraint
j i

15

This leads to overpricing of these assets relative to the benchmark without disagreement.

A consequence of the previous analysis is that the price of assets j > i depends on the realiza-
tion of aggregate disagreement. There is an extra source of risk embedded in these assets: their re-
sale price is more exposed to aggregate disagreement. These assets are thus riskier and command

an extra risk premium relative to lower b assets. This extra risk premium takes the following form:

%p(l - p) (1+r)—(2p—2;+ Ze=r 7J. Relative to a benchmark without disagreement (and where expected
returns are always equal to % (bjag + %2> ), high b assets have higher expected returns in low disagreement
states (because of the extra risk-premium). In high disagreement states, holding o constant, the expected
returns of high b assets are strictly lower than in low disagreement states, since the large disagreement

about next-period dividends lead to overpricing. Thus, in high disagreement states, the slope of the re-

lationship between expected returns and cash-flow betas holding o2 constant is smaller for assets with a
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high ratio of cash-flow beta to idiosyncratic variance (i.e. assets j > i) than assets j <>> i. Whether
the expected returns of high b assets are lower or higher than in the benchmark without disagreement
depends on the relative size of the extra risk premium and the speculative premium. In the data, however,
aggregate disagreement is persistent, that is, p is close to 1. A first-order Taylor expansion of I'* around
p =1 gives that I'"" =~ > ~; 5 so that in the vicinity of p = 1, E[R/(\)] < % (bjag + ﬁ) Intuitively,
when aggregate disagreement is persistent, the resale price risk is very limited, since there is only a small
probability that the price of high b assets will change next period. Thus, the speculative premium term

dominates and expected returns of high b assets are lower than under the no-disagreement benchmark.

We summarize these findings in the following proposition:

Corollary 4.

(1) In low disagreement states A= 0), conditional on o2, expected returns ERS are strictly increasing with

17

cash-flow beta b;. Because of resale price risk, the slope of the return/cash-flow beta relationship is higher

for assets j > i than for assets j < i.

1) In high disagreement states A=\ >0), conditional on 02, expected returns ERS are strictly increasing
J

77
with cash-flow beta b; for assets j < i. For assets j > 14, the slope of the return/cash-flow beta relationship
can be either higher or lower than for assets j < i. There exists p* < 1 such that for p > p*, this slope is

strictly lower for b > b; than for b < b;.

(i1i) Conditional on af, expected returns ER; can decrease strictly with cash-flow beta b; for assets j > i
in high disagreement states, provided p is close to 1 and X is large enough.

(iv) Conditional on 012, the slope of the returns/cash-flow beta relationship for assets j > i is strictly lower

in high disagreement states (\ = X > 0) than in low disagreement states (A = 0).

Proof. See Appendix G. O

H. Calibration

In this section, we present a simple calibration of the dynamic model presented in the previous section.
The objective of this calibration is to see what magnitude of aggregate disagreement is required to obtain

a significant distortion in the Security Market Line. We use the following parameters. First, p is set
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to .95. This estimate is obtained by dividing our time-series into high and low aggregate disagreement
month (i.e., above and below the median of aggregate disagreement) and computing the probability of
transitioning from high to low disagreement (P = .05) and from low to high disagreement (P = .05). We
set a to .66 (i.e., # = .5), which corresponds to the fraction of the stock market held by mutual funds and
retail investors, for which the cost of shorting is presumably non-trivial.

The most difficult parameter for us to set is N. We have shown in Section I.LF that when NN is large,
the Security Market Line can only be upward or downward sloping but not inverted U-shaped. However,
we argue that a large N is not a good calibration for our model. In the presence of such fixed costs,
investors will trade a much smaller number of assets than the overall number of assets in the market. Of
course, introducing fixed costs of trading in our model complicate the analysis substantially and we defer
a full treatment of this more complex model to further research. In particular, with fixed trading costs,
the choice of which asset to trade becomes endogeneous. We believe, however, that the main elements of
our analysis would remain unchanged and we highlight here how this endogenous selection of asset may
affect our analysis.

When investors face fixed trading costs, there is in equilibrium a segmentation of the market. Optimists
would tend to buy, all else equal, the segment of high cash-flow beta assets, as opposed to our current
model with no trading costs where they trade all assets. As in our model, the pessimists would only trade
on the segment of low beta assets. However, one notable difference with our current setup is that the
pessimists would now be the only investors holding these low beta assets. As a consequence, the low beta
assets will be underpriced. This effect will reinforce our results as the under-priced low beta securities
make the Security Market Line “kinkier”.

With these fixed trading costs, arbitrageurs also need to decide on which assets to trade. First, in
equilibrium, they need to hold the segment of intermediate cash-flow beta securities. To the extent that
mispricing on high and low beta assets is not large — that aggregate disagreement )\ is not too large
— the risk-premium they receive for holding these intermediate beta assets will compensate more than
the arbitrage premium they would receive from shorting the high beta securities. As disagreement A
increases, a fraction of arbitrageurs will start shorting the high beta assets: in this case, arbitrageurs
engage in shorting in an amount such that the utility they derive from shorting the high beta stocks is

equal to the utility of holding the intermediate beta stocks. Thus, as A increases, the amount of arbitrage
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capital devoted to shorting the high beta stocks increases. However, at the same time, optimistic MFs
increase their leverage to bet on high beta stocks. This increase in optimistic MFs’ demand may well
dominate the effect of increased shorting by arbitrageurs.'6

Beyond trading costs, there exist additional reasons why mutual fund managers invest among a re-
stricted set of stocks. Most mutual fund managers are benchmarked to indices, such as the Morningstar
Large Cap Growth Index or the Russell 1000 Growth Index. These indices typically only have a few
hundred stocks as constituent members. Hence, because of their index or tracking mandates, most mu-
tual fund managers are forming their portfolios based on a universe of only a few hundred stocks. Retail
investors are also trading within a restricted universe of stocks, as it is well-known that these investors
typically only consider buying stocks that they are familiar with, such as stocks headquartered near where
they live or stocks with high advertising presence (Huberman (2001) or Barber and Odean (2008)). To
the extent that the betas of the securities these investors consider are evenly distributed, our model can
be directly applied using the average number of stocks held by each investors as the N in our model.

Consistent with N being small for mutual fund investors, Griffin and Xu (2009) shows that from 1980
to 2004, which overlaps with our sample period, the average number of stocks held by mutual funds is
between 43 and 119. Consistent with N being even smaller for retail investors, Kumar and Lee (2006)
documents, using a dataset from a large US retail broker in the 1990s, that the average retail investor
holds a 4-stock portfolio. Fewer than 5% of retail investors hold more than 10 stocks.

As noted in Barber and Odean (2000), in 1996, approximately 47% of equity investments in the United
States were held directly by households and 14% by mutual funds, although these shares evolve quite a
bit through time. As such, NV = 50 seems in the relevant range for the universe of stocks typical number
of stocks held by long only investors. The calibration we perform below is not very sensitive to small
changes to N around this N = 50 number.!” As expected however, when N becomes very large, we get
the result we derived theoretically in Section [.F, when solving the complete market case: the Security
Market Line can only be upward or downward sloping but not inverted U-shaped as is the case when N
is smaller and in the calibration we perform below.

We set the values of b; such that b; = Nerl. Thus, cash-flow betas are bounded between 0 and 2

and have an average value of 1. We implement our calibration in the following way. We set a value

for X. We then find the values for 02, 02 and v such that the model matches the following empirical
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moments, computed over the 1981-2011 period: (i) average volatility of the monthly market return (.2%
monthly) (ii) the average idiosyncratic variance of monthly stock returns (3.5% monthly) and (iii) the
average expected excess return of the market (.63% monthly).'® Finally, our calibration method borrows
from Campbell et al. (1993), who also calibrate a CARA model using dollar returns as we do by setting

the dividend to have a price of the asset equal to 1. We report four calibrations in Figure 4:

1. A = 0.008, which implies 02 = .0305, 02 = .0014 and = .32. 38 of the 50 assets are shorted at
equilibrium. This level of disagreement corresponds to 20% of o,. Figure 4(a) plots the Security
Market Line for these parameter values. Figure 4(a) shows that for this level of disagreement, the
distortion on the Security Market Line is limited. Even in the high aggregate disagreement state,
the Security Market Line is upward sloping with a slope close to its slope in the low aggregate

disagreement state.

2. A = 0.013, which implies 02 = .0305, 02 = .0013 and v = .31. 45 of the 50 assets are shorted at
equilibrium. This level of disagreement corresponds to 35% of o,. Figure 4(b) shows that for this
level of disagreement, the distortion on the Security Market Line becomes noticeable. In the high
aggregate disagreement state, the Security Market Line is still upward sloping for all 3, but with
a much smaller slope for assets with b; > b;. The Security Market Line is kink-shaped in the high

aggregate disagreement state.

3. A = 0.022, which implies 02 = .0305, 02 = .0011 and v = .27. 47 of the 50 assets are shorted at
equilibrium. This level of disagreement corresponds to 65% of o,. Figure 4(c) shows that for this
level of disagreement, in the high aggregate disagreement state, the Security Market Line has an

inverted-U shape.

4. X = 0.05, which implies 02 = .0305, 02 = .0005 and v = .16. 48 of the 50 assets are shorted
at equilibrium. This level of disagreement corresponds to 187% of o,. Figure 4(d) shows that for
this level of disagreement, in the high aggregate disagreement state, the Security Market Line is
downward sloping. Moreover, we also see on Figure 4(d) that assets with a beta greater than .9

have a negative expected excess return in the high aggregate disagreement state.

These calibrations overall support the idea that for reasonable levels of disagreement, the Security

Market Line in the high aggregate disagreement state will be significantly distorted relative to the low
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aggregate disagreement state.

[ Insert Figure 4 here |

II. Data and Variables

A. Data Source

The data in this paper are collected from two main sources. U.S. stock return data are from the CRSP
tape and the analyst forecasts are from the I/B/E/S analyst forecast database. The I/B/E/S data starts
in December 1981.

We start with all available common stocks on CRSP between December 1981 and December 2014. We
then exclude penny stocks with a share price below $5 and microcaps, defined every months as stocks in
the bottom 2 deciles of the monthly market capitalization distribution using NYSE breakpoints. (’s are
computed with respect to the value-weighted market returns provided on Ken French’s website. Excess
returns are in excess of the US Treasury bill rate, which we also download from Ken French’s website. We
also use stock analyst forecasts of the earnings-per-share (EPS) long-term growth rate (LTG) as the main
proxy for investors’ beliefs regarding the future prospects of individual stocks. The data are provided in
the I/B/E/S database. As explained in detail in Yu (2010), the long-term forecast has several advantages.
First, it features prominently in valuation models. Second, it is less affected by a firm’s earnings guidance
relative to short-term forecasts. Because the long-term forecast is an expected growth rate, it is directly

comparable across firms or across time.

B. [-sorted portfolios

We follow the literature in constructing beta portfolios in the following manner. Each month, we use
the past twelve months of daily returns to estimate the market beta of each stock in that cross-section.
This is done by regressing, at the stock-level, the stock’s excess return on the contemporaneous excess
market return as well as five lags of the market return to account for the illiquidity of small stocks (Dimson
(1979)). Our measure of 5 is then the sum of these six OLS coefficients.

We then sort stocks every month into 20 S portfolios based on these pre-ranking betas, using only

stocks in the NYSE to define the § thresholds. We compute the daily returns on these portfolios, both
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equal- and value-weighted. Post-ranking 8’s are then estimated using a similar market model — regressing
each portfolio’s daily returns on the excess market returns, as well as five lags of the market return, and
adding up these six OLS coefficients. These post-ranking 8’s are computed using the entire sample period
(Fama and French (1992)). Table I presents descriptive statistics for the 20 S-sorted portfolios. The 20
[B-sorted portfolios do exhibit a significant spread in 3, with the post-ranking full sample 8 of the bottom

portfolio equal to .43 and that of the top portfolio equal to 1.78.

[ Insert Table I here |

C. Measuring Aggregate Disagreement

Our measure of aggregate disagreement is similar in spirit to Yu (2010). Stock-level disagreement is
measured as the dispersion in analyst forecasts of the earnings-per-share (EPS) long-term growth rate
(LTG). We then aggregate this stock-level disagreement measure, weighting each stock by its pre-ranking
B.1 Intuitively, our model suggests that there are two components to the overall disagreement on a
stock dividend process: (1) a first component coming from the disagreement about the aggregate factor
Z — the X in our model and (2) a second component coming from disagreement about the idiosyncratic
factor €;. We are interested in constructing an empirical proxy for the first component only. To that end,
disagreement about low 3 stocks should only play a minor role since disagreement about a low [ stock
has to come mostly from idiosyncratic disagreement — in the limit, disagreement about a § = 0 stock can
only come from idiosyncratic disagreement. Thus, we weight each stock-level disagreement by the stock’s
pre-ranking 3.2°

To assess the robustness of our analysis, we use two alternative proxies for aggregate disagreement. The
first of these alternative measures is the analyst forecast dispersion of Standard & Poor’s (S&P) 500 index
annual earnings-per-share (EPS). The problem with this top-down measure is that there are much fewer
analysts forecasting this quantity, making it far less attractive when compared to our bottom-up measure.
While our preferred measure of aggregate disagreement is constructed using thousands of individual-stock
forecasts, there are, on average, only 20 or so analysts in the sample covering the S&P 500 EPS. The second
alternative proxy we use is an index of the dispersion of macro-forecasts from the Survey of Professional
Forecasters. More precisely, we use the first principal component of the cross-sectional standard deviation

of forecasts on GDP, Industrial Production (IP), Corporate Profit and Unemployment from Li and Li
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(2014).

To simplify the reading of the tables in the paper, all these time-series measures of aggregate dis-
agreement are standardized to have 0 mean and a variance of 1. Table II presents summary statistics on
the time-series variables used in the paper. Figure 1 reports the time-series of our baseline disagreement
measure. It peaks during the 1981-1982 recession, the dot-com bubble of the late 90s and the recent
recession of 2008. When fundamentals are more uncertain, there is more scope for disagreement among
investors. In other words, the aggregate disagreement series is not the same as the business cycle as we

see high disagreement in both growth and recession periods.
[ Insert Table II here |

In Figure 5, we highlight the role played by aggregate disagreement on the relationship between stock-
level disagreement and . This figure is constructed in the following way. We divide our time-series into
high aggregate disagreement months (red dots) and low aggregate disagreement months (blue dots), where
high (resp. low) aggregate disagreement months are defined as being in the top (resp. bottom) quartiles
of the in-sample distribution of aggregate disagreement. Then, for each of our 20 S-sorted portfolios,
we plot the value-weighted average of the stock-level dispersion in analyst earnings forecasts against the
post-ranking full sample S of the value-weighted portfolio. Stock-level disagreement increases with ;
this relation, moreover, is steeper in months with high aggregate disagreement relative to months with
low aggregate disagreement: consistent with the premise of our model, we thus find that 8 does scale up

aggregate disagreement.

[ Insert Figure 5 here |

III. Empirical Analysis

A. Aggregate Disagreement and the Concavity of the Security Market Line

Al. Main Analysis

Our empirical analysis examines how the Security Market Line is affected by aggregate disagreement.
To this end, we first present in Figure 6 the empirical relationship between 5 and excess returns. For each

of the 20 8 portfolios in our sample, we compute the average excess forward return for high (red dots)
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and low (blue dots) disagreement months (defined as top vs. bottom quartile of aggregate disagreement).
Given the persistence in aggregate disagreement, we run this analysis using various horizons: 3-month
(top left panel), 6-months (top-right panel), 12 months (bottom-left panel) and 18 months (bottom-right
panel). The portfolio returns rgfz for k = 3,6,12, 18 are value-weighted.

While the relationship between excess forward returns and S is quite noisy at the 3 and 6 months
horizon, two striking facts emerge at the 12 and 18 months horizons. First, the average excess return/f
relationship is mostly upward sloping for months with low aggregate disagreement, except for the top
B portfolio which exhibit a somewhat lower average return. This is overall consistent with our theory
whereby low aggregate disagreement means low or even no mispricing and hence a strictly upward sloping

Security Market Line. Second, in months of high aggregate disagreement, the excess return/J relationship

appears to exhibit the inverted-U shape predicted by the theory.
[ Insert Figure 6 here |

To formally test our Prediction 1, we run the following two-stage Fama-McBeth regressions in Table

III. Every month, we first estimate the following cross-sectional regression over our 20 -sorted portfolios:

ng) =Ky +m X Bp + ¢ X (ﬁp)2 +epy, where P=1,..,20

and rg,f )

is the 12-months excess return of the P™ beta-sorted portfolio and Bp is the full sample post-
ranking beta of the P beta-sorted portfolio.2! We retrieve from this analysis a time-series of coefficient
estimates for k¢, m and ¢;. Note that our analysis focuses here on 12 months returns. Since our aggregate
disagreement variable is persistent, our results will tend to be stronger over longer horizons (Summers

(1986), Campbell and Shiller (1988)). For robustness, we present in Table AII the results from a similar

analysis using different horizons.
[ Insert Table III here |

The time-series of coefficient estimates ¢, is the dependent variable of interest in our analysis. Given
the post-ranking 3 of our S-sorted porftolios, this ¢; series corresponds to the excess returns on a portfolio
that goes long the two bottom [ portfolio (P=1 to 6) as well as the two top § portfolios (P=19 and 20)

and short the remaining portfolios. As explained in Section 1.C, this portfolio’s returns capture, each
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month, the concavity of the security market line. Prediction 1 is that when aggregate disagreement is
higher, this portfolio should have significantly lower returns.

To examine the evidence in support of Prediction 1, we thus regress, in a second-stage, the ¢; time-
series on Agg.Disp.;—1 only (column (1)), where Agg.Disp. stands for the monthly g-weighted average of
stock level disagreement introduced in Section II.C and is measured in month ¢ — 1. Noxy-Marx (2014)
shows that the returns on defensive equity strategies load significantly on standard risk-factors. Although
our portfolio of interest is not a slope portfolio but the square portfolio, we nonetheless follow Noxy-Marx
(2014)’s and control in column (2) for the 12-months returns of the Fama and French (1992) factors and
Jegadeesh and Titman (1993) momentum factor measured in month ¢.22 Column (3) adds the dividend-
to-price ratio D/P,—; and the year-on-year inflation rate measured in month ¢ — 1, Inflation;_1, from
Cohen et al. (2005). Column (4) finally adds the T'edSpread measured in month ¢t — 1 from Frazzini
and Pedersen (2010). Columns (5)-(8) and (9)-(12) are the corresponding columns where the dependent
variables are respectively the estimated k; and ;. In these estimations, standard errors are Newey-West
adjusted, and allow for 11 lags of serial correlation.

Panel A of Table III shows the results from the second-stage regressions using value-weighted portfolios.
A higher Agg.Disp.;_1 is associated with a smaller ¢, that is, a more concave Security Market Line or
equivalently lower average returns of the square portfolio. The t-stats are between -1.9 to -4 depending
on the specification. Importantly, the estimate is significant by itself even without any controls, although
the inclusion of the D/P ratio and the year-to-year past inflation rate does make the effect of aggregate
disagreement on the concavity of the SML more significant.

Interestingly, we see in Table III that a higher return on HML from ¢ to t + 11 is correlated with
a more negative ¢, — a more concave Security Market Line. We believe this result is consistent with a
simple extension of our model. Note first that our model generates, even in the absence of disagreement,
a value-growth effect through risk — high risk stocks have low price and higher expected returns (Berk
(1995)). To abstract from this effect, one can simply define the fundamental value of a stock as its
expected dividend minus its risk-premium — F' = d — % (biag + U—]\;) This is the fundamental price an
investor would expect to pay for the stock based purely on risk-based valuation. As in Daniel et al. (2001),
we then define the price-to-fundamental ratio as: P — F' and the return on the high-minus-low (HML)

portfolio is simply defined as the return of the long-short portfolio that goes long the stock with the lowest
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price-to-fundamental ratio and short the stock with the highest price-to-fundamental ratio. In our static
model, as long as byw(A) > UWE, this ratio corresponds to the return on a portfolio short asset N and long
any asset k € [1,7 — 1]. The return on this portfolio is given by: (by — by) %2 + % (wa(/\)ag — %) In
particular, the return on this HML portfolio is strictly increasing with A. Thus, a larger return on the
HML portfolio will be associated with a smaller slope of the Security Market Line. Empirically, to the
extent that our proxy for aggregate disagreement A is measured with noise, we should thus expect the
return to HML to have a significant and negative correlation with the concavity of the Security Market
Line. This is precisely what we observe in Column (2), (3) and (4) of Table III. This result, although
not the main point of the paper, is novel in that it connects the failure of the CAPM to HM L through
time-variation in aggregate disagreement.

In contrast, we see that the a larger contemporaneous return on SM B; corresponds to a more convex
SML. Inflation comes in with a negative sign — the higher is inflation, the more concave or flatter the
Security Market Line. TedSpread is not significantly related to the concavity of the SML. Panel B of
Table III shows the results from a similar analysis using equal-weighted [-sorted portfolios. The results
in Panel B are quantitatively similar to those in Panel A, with a higher level of statistical significance.
Overall, consistent with Prediction 1, we find that higher level of aggregate disagreement are associated

with a more concave security market line in the following months.

A2. Robustness Checks

We present in the Internet Appendix a battery of robustness checks for this result.

In Table AI, we show the analogous results to Table III but where the pre-ranking 8s are now estimated
by regressing monthly stock returns over the past 3 years on the contemporaneous market returns. The
results are quantitatively very close to those obtained in Table III.

In Table AII, we use different horizons for the portfolio returns used in the first-stage regression —
namely 1, 3, 6 and 18 months. While the effect of disagreement on the concavity of the SML is insignificant
when using a 1 or 3 month horizon (but of the right sign), it is significant when using a 6 or 18-month
horizon. Note that once D/P;_1 and Inflation;—1 are included in the regression, aggregate disagreement
becomes significantly and negatively correlated with the concavity of the SML at all horizon. The fact

that short-horizon results are weaker is to be expected given the literature on long-horizon predictability
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associated with persistent predictor variables and the fact that Agg.Disp. is persistent.

In Table AIII, we use the alternative measures of aggregate disagreement introduced in Section II.C.
In Panel A, aggregate disagreement is constructed using pre-ranking compressed  (i.e. f=.5 B +.5) to
weight the stock-level disagreement measure. In Panel B, we use § X value-weights to define aggregate
disagreement. In Panel C, disagreement is the “top-down” measure of market disagreement used in Yu
(2011) and measured as the standard deviation of analyst forecasts of annual S&P 500 earnings, scaled by
the average forecast on S&P 500 earnings. In Panel D, disagreement is the first principal component of the
monthly cross-sectional standard deviation of forecasts on GDP, IP, Corporate Profit and Unemployment
rate in the Survey of Professional Forecasters (SPF) and is taken from Li and Li (2014). All these series
are standardized to have mean 0 and variance 1. In all specifications, especially those that include the
additional covariates, we get results that are quantitatively close to our baseline results presented in Table
I11, although of the estimated coefficients are less significant than in our baseline result.?3

A potential concern with our analysis is that our results are a simple recast of the results in Diether
et al. (2002): high beta stocks experience more idiosyncratic disagreement, especially in high aggregate
disagreement months so that the effect of aggregate disagreement on the Security Market Line would work
entirely through idiosyncratic disagreement. In Table ATV, we show this is not the case. To this end,
we replicate the analysis of Table III, but we now control, in our first stage regression, for the logarithm
of the average disagreement on the stocks in each of the 20 §-sorted portfolios. Again, our results are
virtually unchanged by this additional control in the first-stage regression.

Another empirical concern with the analysis from Table I1T is that (1) high beta stocks have higher
idiosyncratic volatility (2) idiosyncratic stocks have lower returns (Ang et al. (2006)) (3) perhaps especially
when aggregate disagreement is high. The next section in the paper, Section III.B tests the asset pricing
equation from our model when dividends are allowed to be heteroskedastic. However, we can also simply
amend our methodology to include, in the first-stage regression, a control for the median idiosyncratic
volatility of stocks in each of the 20 3-sorted portfolios.?* The results are presented in Table AV. The point
estimates are quantitatively similar to those obtained in Table III, although the statistical significance
is slightly lower (t-stat ranging from 1.6 to 2.4 in the value-weighted specification, from 2 to 2.6 in the
equal-weighted specification). Our main finding is thus robust to controlling directly, in the first-stage

regressions, for the idiosyncratic volatility of the stocks included in the 20 g-sorted portfolios.
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A3. Disagreement and the Slope of the Security Market Line

Corollary 3 showed that the slope of the SML should decrease with aggregate disagreement. Although
we argued in Section [.C that this was a weaker test of our model — since it fails to account for the kinks
in the SML predicted in the model — we nonetheless present in Table AVI a test for this prediction. This
test is again a two-stage procedure. In the first-stage, we regress each month the excess return on the

20-5 sorted portfolios on their post-ranking full sample 3:

Tg?) = K¢ +m X Bp +€py, where P=1,..,20

m; is here is the variable of interest, that is, the slope of the SML in month t. m; represents the 12-month
excess returns of a “slope” portfolio in month ¢ — a portfolio that goes long the portfolios with above
average ( and short the portfolio with below average . Column (1) of Tables AVI shows that by itself,
aggregate disagreement in month ¢ — 1 does predict a significantly flatter SML in the following month. In
Column (2), we see that introducing the contemporaneous 4-factor returns in the regression does absorb
most of the effect of disagreement on the slope of the SML. However, we also see in this column, as well as
in column (3) and (4) that a higher HML 12-month returns in month ¢ is associated with a significantly
flatter SML at ¢.?°> As we explained above, this result is a natural prediction of our model, since aggregate
disagreement lead to the mispricing of high beta securities, which then mean-revert. Interestingly, the
inclusion of D/P,_; and Inflation;—; in Column (3) and (4) make the effect of aggregate disagreement on
the slope of the SML significant again. Consistent with Cohen et al. (2005), a higher level of In flation;_;
leads to a flatter Security Market Line. As in Frazzini and Pedersen (2010), the TedSpread does not

significantly explain the average excess returns of the slope portfolio.

B. Heteroskedastic Idiosyncratic Variance

We now turn our attention to our main test for Prediction 2, mainly that the slope of the Security
Market Line is more sensitive to aggregate disagreement for stocks with high 3;/c? ratio relative to stocks
with a low 3;/0? ratio.

To test this prediction, we need to ascribe a value for the threshold % defining speculative and
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non-speculative stocks. Our strategy is to use as a baseline specification a threshold corresponding to

the median 5—% ratio and to then assess the robustness of the results to this particular choice. More

Jl

precisely, our test for Prediction 2 is based on a 3-stage approach. In the first-stage, we rank stocks

each month based on their pre-ranking ratio of 3 to o2 and define as speculative (resp. non speculative)

B, > NYSE median 2

6-2

stocks all stocks with a ratio above (resp. below) the NYSE median ratio:

Q
e

(resp. f—% < >NYSE median %) This creates two groups of stocks for each month t: speculative and
non-speculative stocks. Within each of these two groups, we then re-rank the stocks in ascending order
of their estimated beta at the end of the previous month and assign them to one of 20 beta-sorted
portfolios using again NYSE breakpoints. We compute the full sample beta of these 40 value-weighted
portfolios (20 beta-sorted portfolios for speculative stocks; 20 beta-sorted portfolios for non-speculative
stocks) using the same market model. Sp is the resulting full sample beta, where P = 1,...,20 and s
€ {speculative, non speculative}. Table IV presents descriptive statistics for the resulting 40 portfolios.
We see in particular that (1) the constructed portfolios generate significant spreads in the post-ranking
full sample Bs and (2) ex post, the 3/0? ratio of the 3-sorted portfolios created from speculative stoccks

is in fact much higher than the 3/c? ratio of the 3-sorted porftolios created from non-speculative stocks:

the average 3/c? ratio for speculative stocks is .61 while it is only .25 for non-speculative stocks.?
[ Insert Table IV here |

For each of these two groups of portfolios s € {speculative, non speculative}, we then estimate every
month the following cross-sectional regressions, where P is one of the 20 S-sorted portfolios,and ¢ is a
month :

(12)
Tpst = Ust + Xst X BP,S + 05t X In (UP,s,tfl) + €psyt,

where op;—1 is the median idiosyncratic volatility of stocks in portfolio (P, s) estimated at the end of
month ¢ — 1 and rg?t is the value-weighted 12-months excess return of portfolio (P, s). In contrast to
Bp,s, 01237 sit—1 has a large skew, so that we use the logarithm of op,;—1 in the cross-sectional regressions
to limit the effect of outliers on the regression estimates. We retrieve a time-series of monthly estimated
coefficients: ¢s s, X5+ and gs¢. As we did for Table III, we finally regress in a third-stage each of these

series on Agg.Disp.;—1, the contemporaneous four-factor alphas (R, +, HM Ly, SM By, and UM D;) and a

set of additional forecasting variables measured in month t—1, D/P,_1, Inflation;—1, and TedSpread;_1.
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Standard errors are Newey-West adjusted, and allow for 11 lags of serial correlation.

Figure 7 summarizes our findings in a simple graphical analysis. In this figure, we compute, for the
20 B-sorted portfolios constructed from speculative stocks as defined above (bottom panel) and the 20
B-sorted portfolios constructed from non-speculative stocks, the average excess 12-month return for high
(red dots) and low (blue dots) disagreement months (defined as top vs. bottom quartile of aggregate
disagreement). For non-speculative stocks, we see that the Security Market line is not related in a clear
way with aggregate disagreement. For speculative stocks, however, Figure 7 suggests that when aggregate
disagreement is high, the SML exhibit an inverted-U shape while there is no such kink in months with
low aggregate disagreement. This first pass at the data is thus consistent with Prediction 2, namely that

aggregate disagreement makes the SML flatter only for speculative stocks.
[ Insert Figure 7 here |

Table V reports the result from the actual regression analysis. Panel A of this table shows the
estimation results of the third-stage regression when using portfolios constructed from speculative stocks.
Panel B presents the results from portfolios constructed from non-speculative stocks. The first four
columns (1)-(4) exhibit the estimation results for our main coefficient of interest x¢, which measures
the slope of the conditional Security Market Line, conditional on the idiosyncratic variance of portfolios.
Consistent with prediction 2, an increase in aggregate disagreement in month ¢ — 1 is associated with a
significantly flatter Security Market Line — holding portfolio variance constant — only in Panel A, that
is, only for stocks with a 3/0? ratio above the NYSE median ratio. In Panel B, where the portfolios
are formed from stocks with a (/02 ratio below the NYSE median ratio, aggregate disagreement is not
significantly related to the slope of the SML. Across our four specifications, which include additional
controls, including the contemporaneous 4-factor returns, the results are similar: a higher aggregate
disagreement in month ¢ — 1 leads to a significantly flatter slope of the SML (with t-stats rangin from 2.1
to 2.9) when S-sorted portfolios are formed using speculative stocks; there is no significant relationship
between aggregate disagreement and the slope of the SML for these portfolios that are constructed using
non-speculative stocks. These results are consistent with Prediction 2.

The next four columns (5)-(8) of Table V show the regression estimates when g is the dependent
variable. g, represents the effect of idiosyncratic variance (the log of) on the returns of these S-sorted

portfolios. Our model predicts that for speculative stocks, stocks with high idiosyncratic variance should
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have higher expected returns, especially when aggregate disagreement is high. In Panel A, column (5)-(8),
we see that both constant and the coefficients in front of Agg.Disp..—1 are positive, consistent with our
model, but that they are not statistically significant. In some of the specifications below (most notably the
specification using equal-weighted portfolios), we find that these coefficients are not only positive but also
statistically significant. However, Table V shows that our model does not fully capture how idiosyncratic
variance is priced in the cross-section of stock returns.

In Panel B, we find that (1) idiosyncratic variance has no significant effect on the returns of S-sorted
portfolios constructed from non-speculative stocks (the constant is insignificant and small in magnitude)
(2) for these non-speculative portfolios, an increase in disagreement is associated with a lower effect of
idiosyncratic variance on the returns of these [-sorted portfolios (this effect is insignificant in all but
column (6) where the t-stat is 1.8). This negative sign is inconsistent with our model since in the model,
non-speculative stocks should have returns that are independent of aggregate disagreement. However, in
differential terms, these results could be reconciled with the model, to the extent that they show that the
effect of aggregate disagreement on the price of idiosyncratic variance is significantly larger for speculative

stocks than for non-speculative stocks.

[ Insert Table V here |

We confirm the robustness of this analysis by performing a battery of additional tests. In Table VI,
we use equal-weighted portfolios instead of value-weighted portfolios. We obtain even more supporting
evidence in that the coefficients of interests are both economically larger and statistically more significant.
As mentionned above, we even find some support with these equal-weighted portfolios for the prediction

relating aggregate disagreement to the price of idiosyncratic variance.

[ Insert Table VI here |

In Table AVII, the pre-ranking s are estimated by regressing monthly stock returns over the past
3 years on the contemporaneous market returns. Results are essentially similar. In Table AVIII, we
reproduce the analysis of Table V using portfolio returns over an horizon of 1, 3, 6 and 18 months.
The results are not statistically significant using a 1-month horizon. However, starting at the 3-month

horizon and above, the results are consistent with the baseline 12-month horizon result shown in Table V:
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overall, the prediction that aggregate disagreement leads to a flatter SML for speculative stocks is strongly
supported in the data, while the prediction relating aggregate disagreement to the price of idiosyncratic
risk finds only mixed support.?”

Our analysis so far has used an arbitrary cutoff to define speculative stocks, namely the median NYSE
(/0? ratio. In Figure 8, we reproduce a similar analysis to that performed in Table V but where we use
different cut-offs to define speculative versus non-speculative stocks. For each of these cutoffs, we plot the
coefficient estimate of the regression of aggregate disagreement on the slope of the SML ¥ ;, obtained from
the specification in Column (2), which includes only the realized 4-factor returns as controls. We select
this specification as it typically yields the smallest point estimates. The left (resp. right) Panel shows
the results obtained for portfolios formed from speculative (resp. non-speculative) stocks. The cut-offs
we use range from the 30th percentile of the NYSE distribution of the 3;/0? ratio to its 70th percentile.
Accross all these different specifications, we obtain consistent results in that aggregate disagreement leads
to a flatter SML only for speculative stocks. The effect of disagreement on the slope of the SML for

speculative stocks become larger (in absolute value) as the threshold to define speculative stocks become

more conservative.

[ Insert Figure 8 here |

IV. Conclusion

We show that incorporating the speculative motive for trade into asset pricing models yields strikingly
different results from the risk-sharing or liquidity motives. High beta assets are more speculative because
they are more sensitive to disagreement about common cash-flows. Hence, they experience greater di-
vergence of opinion and in the presence of short-sales constraint for some investors, they end up being
over-priced relative to low beta assets. When aggregate disagreement is low, the risk-return relationship
is upward sloping. As aggregate disagreement rises, the slope of the Security Market Line is piecewise
constant, higher in the low beta range, and potentially negative for the high beta range. Empirical tests
using measures of disagreement based on security analyst forecasts are consistent with these predictions.
We believe our simple and tractable model provides a plausible explanation for part of the high-risk,

low-return puzzle. The broader thrust of our analysis has been to point out that one can construct a be-
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havioral macro-finance model in which aggregate sentiment can influence the cross-section of asset prices

in non-trivial ways.
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Figures and Tables

Figure 1. Time-series of Aggregate Disagreement

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5)
and microcaps (stocks in bottom 2 deciles of the monthly size distribution using NYSE breakpoints).
Each month, we calculate for each stock the standard deviation of analyst forecasts on the stock’ long
run growth of EPS, which is our measure of stock-level disagreement. We also estimate for each stock
i Bi,t_l, the stock market beta of stock i at the end of the previous month. These betas are estimated
with a market model using daily returns over the past calendar year and 5 lags of the market returns.
Aggregate Disagreement is the monthly ,@’i’t_l—weighted average of stock-level disagreement.
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Figure 2. Security Market Line for Different Levels of Aggregate Disagreement
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Figure 3. Timeline of the dynamic model of Section I.G
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Figure 4. Calibration of the dynamic model

Note: This figure plots the Security Market Line in the high aggregate disagreement state (blue dots)
and in the low aggregate disagreement state (green dots) obtained from the simulation of the dynamic
model. Across simulations, we use the following parameters: § = .5, N = 50 and p = .95. Each of the
four panels set a value of A (.008 in panel (a), .013 in panel (b), .022 in panel (c) and .05 in panel (d)) and

then find the values for o2

the market portfolio over the sample period.
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Figure 5. Stock Level Disagreement and

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5)
and microcaps (stocks in bottom 2 deciles of the monthly size distribution using NYSE breakpoints). At
the beginning of each calendar month, stocks are ranked in ascending order on the basis of their estimated
beta at the end of the previous month. Pre-formation betas are estimated with a market model using daily
returns over the past calendar year and 5 lags of the market returns. The ranked stocks are assigned to one
of twenty portfolios based on NYSE breakpoints. The graph plots the value-weighted average stock-level
disagreement of stocks in these portfolios of the 20 S-sorted portfolios for months in the bottom quartile
of aggregate disagreement (in blue) and months in the top quartile of aggregate disagreement (in red).
Stock-level disagreement is the standard deviation of analyst forecasts on stocks’ long run growth of EPS.
Aggregate disagreement is the monthly S-weighted average of this stock level disagreement measure.
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Figure 6. Excess Returns, § and Aggregate Disagreement

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5)
and microcaps (stocks in bottom 2 deciles of the monthly size distribution using NYSE breakpoints). At
the beginning of each calendar month, stocks are ranked in ascending order on the basis of their estimated
beta at the end of the previous month. Pre-formation betas are estimated with a market model using daily
returns over the past calendar year and 5 lags of the market returns. The ranked stocks are assigned to
one of twenty value-weighted portfolios based on NYSE breakpoints. The graph plots the average excess
returns over the next 3 months (panel (a)) 6 months (panel (b)), 12 months (panel (c)) and 18 months
(panel (d)) of the 20 S-sorted portfolios for months in the bottom quartile of aggregate disagreement (in
blue) and months in the top quartile of aggregate disagreement (in red). Aggregate disagreement. is the
monthly S-weighted average of stock level disagreement measured as the standard deviation of analyst
forecasts on stocks’ long run growth of EPS.
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Figure 7. Excess Returns, § and Aggregate Disagreement: Speculative vs. non-speculative stocks

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5) and microcaps (stocks
in bottom 2 deciles of the monthly size distribution using NYSE breakpoints). At the beginning of each calendar month,
stocks are ranked in ascending order on the basis of the estimated ratio of beta to idiosyncratic variance (;%) at the end of
the previous month. Pre-formation betas and idiosyncratic variance are estimated with a market model using daily returns
over the past calendar year and 5 lags of the market returns. The ranked stocks are assigned to two groups: speculative

(% > NYSE median J’% in month t) and non-speculative stocks. Within each of these two groups, stocks are then ranked in

aséending order of their estimated beta at the end of the previous month and are assigned to one of twenty value-weighted
beta-sorted portfolios based on NYSE breakpoints. The graph plots the average excess returns over the next 12 months
for the 20 S-sorted portfolios for months in the bottom quartile of aggregate disagreement (in blue) and months in the
top quartile of aggregate disagreement (in red). Aggregate disagreement. is the monthly S-weighted average of stock level
disagreement measured as the standard deviation of analyst forecasts on stocks’ long run growth of EPS. Panel (a) plots
these excess returns for non-speculative stocks, panel (b) for the speculative stocks.
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Table II. Summary Statistics for Time-Series Variables

Note: To construct Agg. Disp, we start from the CRSP stock file excluding penny stocks (price < $5)
and microcaps (stocks in bottom 2 deciles of the monthly size distribution using NYSE breakpoints).
Each month, we calculate for each stock the standard deviation of analyst forecasts on the stock’ long run
growth of EPS, which is our measure of stock-level disagreement. We also estimate for each stock ¢ BAi,t_l,
the stock market beta of stock i at the end of the previous month. These betas are estimated with a
market model using daily returns over the past calendar year and 5 lags of the market returns. Agg. Disp.
is the monthly Bi,t,l-weigh‘ced average of stock-level disagreement. Agg. Disp. (compressed) uses .5Bi +.5
as weight for stock ¢ instead of 3;. Agg. Disp (Bx Value weight) uses Bix (Market Value); as weight for
stock i instead of ﬁz Top-down Disp. is the monthly standard deviation of analyst forecasts of annual
S&P 500 earnings, scaled by the average forecast on S&P 500 earnings. SPF Disp. is the first principal
component of the standard deviation of forecasts on GDP, IP, Corporate Profit and Unemployment rate
in the Survey of Professional Forecasters (SPF) and is taken from Li and Li (2014). These measures of
aggregate disagreement are standardized to have an in-sample mean of 0 and a standard deviation of
1. D/P is the aggregate dividend-to-price ratio from Robert Shiller’s website. R SMBgu)7 HMLgu)

m,t
UMD"' are the 12 months monthly returns on the market, SMB, HML and UMD portfolios from Ken
French’s website and are expressed in %. TED is the TED spread and Inflation is the yearly inflation rate.
The sample period goes from 12/1981 to 12/2014, and the summary statistics are displayed for months
where both Agg. Disp and R(l?)

)

i are non-missing.

Mean Std. Dev.  pl0 p25 Median p7b p90  Obs.

Agg. Disp. 0.00  1.00  -0.96 -0.79 -021 042 128 385
Agg. Disp. (compressed) 0.00 .00 -1.04 -0.79 -0.16 057 146 385
Agg. Disp. (B x Value weight)  0.00 1.00 -1.00 -0.84 -0.33 0.67 1.47 385
Top-down Disp. 0.00 1.00 -0.43 -0.37 -0.27 -0.13 0.64 353
SPF Disp. 0.00 .00  -1.00 -0.78 -0.14 044 106 361
R\ 882 1695  -1547 041 1053 1973 27.93 385
SMB{*?) 1.23 991  -946 -532 018 693 1411 385
HML{'? 396 1332  -1045 -452 311  10.77 1750 385
uMD{*? 715 1656  -9.29 091 758 1692 2553 385
D/P 2.58 1.09 141 176 217 324 421 385
Inflation 0.03 0.01 00l 002 003 003 004 385
TED spread 0.72 0.57 020 032 056 091 134 385
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Notes

' A non-exhaustive list of studies include Blitz and Vliet (2007), Cohen et al. (2005), and Frazzini and Pedersen (2010).

2The value-growth effect (Fama and French (1992), Lakonishok et al. (1994)), buying stocks with low price-to-fundamental
ratios and shorting those with high ones, generates a reward-to-risk or Sharpe (1964) ratio that is two-thirds of a zero-beta
adjusted strategy of buying low beta stocks and shorting high beta stocks. The corresponding figure for the momentum effect
(Jegadeesh and Titman (1993)), buying past year winning stocks and shorting past year losing ones, is roughly three-fourths
of the long low beta, short high beta strategy.

3Indeed, most behavioral models would also not deliver such a pattern. In Barberis and Huang (2001), mental accounting
by investors still leads to a positive relationship between risk and return. The exception is the model of overconfident
investors and the cross-section of stock returns in Daniel et al. (2001) that might yield a negative relationship as well but
not the new patterns with beta we document below.

“See Hong and Stein (2007) for a discussion of the various rationales. A large literature starting with Odean (1999) and
Barber and Odean (2001) argues that retail investors engage in excessive trading due to overconfidence.

®See Lamont (2004) for a discussion of the many rationales for the bias against shorting in financial markets, including
historical events such as the Great Depression in which short-sellers were blamed for the Crash of 1929.

5The consideration of a general disagreement structure about both means and covariances of asset returns with short-
sales restrictions in a CAPM setting is developed in Jarrow (1980). He shows that short-sales restrictions in one asset
might increase the prices of others. It turns out that a focus on a simpler one-factor disagreement structure about common
cash-flows yields closed form solutions and a host of testable implications for the cross-section of asset prices that would
otherwise not be possible.

"High beta stocks might also be more difficult to arbitrage because of incentives for benchmarking and other agency
issues (Brennan (1993), Baker et al. (2011)).

8When aggregate disagreement is so large that pessimists are sidelined on all assets, the relationship between risk and
return is entirely downward sloping as the entire market becomes overpriced. We assume that all assets in our model have
a strictly positive loading on the aggregate factor. Thus, it is always possible that pessimists want to be short an asset,
provided aggregate disagreement is large enough.

9The “square” portfolio, which corresponds to the monthly coefficient estimate of a regression of portfolio returns on the
portfolio’s 82, is a portfolio that goes long the top 3 and bottom 6 S-sorted portfolios and short the remaining portfolios. It
thus captures intuitively the inverted-U shape of the Security Market Line in our theoretical analysis.

10This normalization of supply to 1/N is without loss of generality. If asset 4 is in supply s;, then what matters is the
ranking of assets along the Z—i dimension. The rest of the analysis is then left unchanged.

" The condition defining the marginal asset 4, i = min {k € [0, N 4+ 1] | A > uy} corresponds to an N-asset generalization
of the condition defining the equilibrium with short-sales constraint in the one-asset model of Chen et al. (2002). An intuition
for this condition is that disagreement has to be larger than the risk-premium for bearing the risk of an asset for short-sales

constraints to bind. Otherwise, even pessimists would like to be long the risky asset. The sequence (u;), which plays a key

o4



role in this condition, corresponds to the equilibrium holding in asset ¢ of pessimist investors. Naturally, these u;’s depend
on the risk-tolerance +, the supply of risky assets 1/N and the covariance of asset ¢ with other assets.

12The derivation of this formula can be found in Appendix D.

13Most of the assumptions made in this model are discussed in Section I.A in the context of our static model.

YA =0, \ =X and AP = =\ when A, = A or \f = A\ = AP =0 when A\, =0 and \{ =0

5In the low disagreement state, A = 0 so there is no disagreement among investors and hence there cannot be any binding
short-sales constraint.

Tn a simple 3 asset version of this model with trading costs, we can show that mispricing is in fact increasing with \.

1"We performed calibrations using N = 25 and N = 75 and found similar qualitative results.

18The volatility and average excess return on the market are directly computed from the monthly market return series
obtained from Ken French’s website. To compute the average idiosyncratic variance of stock returns, we first estimate a
CAPM equation for each stock in our sample using monthly excess returns, we then compute the variance of the residuals
from this equation by stock and finally define the average idiosyncratic variance as the average of these variances across all
stocks in our sample.

9The pre-ranking 3 are constructed as detailed in Section II.B.

20Tn Table I.A AIII, we show that our main results are robust to different weighting-schemes: (1) weighting using com-
pressed betas (2) weighting using the product of beta and size. These measures also use pre-ranking betas.

21'We have also checked hermite polynomials in this specification but the quadratic functional fits the best.

22Noxy-Marx (2014) also shows that a significant part of the returns on defensive equity strategies is driven by exposure
to a profitability factor. In unreported regressions, available from the authors upon request, we show that the inclusion of
this additional factor does not affect our results.

23In addition, Li (2014) also tests our model using dispersion of macro-forecasts for each of these macro-variables separately.
But rather than using 20-5 portfolios, he forms optimal tracking portfolios for each of these macro-variables and calculates
each stock’s macro-beta with respect to these macro-tracking portfolios and finds that when aggregate disagreement is high,
higher macro-beta stocks under-perform lower macro-beta stocks.

24We use the logarithm of the idiosyncratic volatility as a control variable in the first-stage regression to account for the
skewness in this variable

25This result is consistent with the result in Noxy-Marx (2014) — the novelty here is that our model proposes an explanation
for this correlation.

26This is true for all but the top 8 portfolio created from speculative stocks, which has a 3 / o2 ratio of .25 only. Excluding
this portfolio does not change our analysis qualitatively.

27 This is true except at the 3-month horizon where both the prediction relating aggregate disagreement to the price of 8

and the price of idiosyncratic variance are verified.
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Internet Appendix
For Online Publication Only

A. Proofs of the Model

A. Proof of Theorem 1

Proof. We solve the model here allowing for heteroskedastic dividend o?. Theorem 1 can then be proved as a special case
02 = 2. We assume that assets are ranked in ascending order of ,3/02.

We first posit an equilibrium structure and check ex-post that it is indeed an equilibrium and then that it is the unique
equilibrium. Let 7 € [2, N] and let u* be the share holdings of asset k by group m where m € {a, A, B}. Consider an
equilibrium where group B investors are long on assets 4 < 7 and hold no position (i.e., ul = 0) for assets i > i and group

A investors are long all assets i € [1, N]. Since group A investors are long, their holdings satisfy the following first order

conditions:

N
Vie[1,N]: d4+ Moy — P(1+r)= % <<Zbk,u£> bio? +,uiAUi2>
k=1

Since group B investors are long only on assets i < 7, their holdings for these assets must also satisfy the following first order

condition:

1—1
Vie[l,i—1], d—Xb—Pi(1+7r)= % <(Zbkm§> bio? +ufaf>
k=1

For assets i > 4, group B investors have 0 holdings and so uf = 0. For these assets, it must be the case that the group B
investors’ marginal utility of holding the asset, taken at the equilibrium holdings, is strictly negative (otherwise, group B

investors would have an incentive to increase their holdings). This is equivalent to:

i—1
- 1
Vi>d, d— b — Pi(1+71)— 5 ((Zbku5> bmi) <0
k=1

Finally, since arbitrageurs are not short-sales constrained, their holdings always satisfy the following first-order condition:
1 N
Vie[l,N]: d—P(l+r)== ((wafé) bio? —l—u?af)
Y
k=1

A B
The market clearing condition for asset ¢ is simply: a% +(1—a)ud = ﬁ We sum the first-order conditions of investors

a, A and B for assets i < i, and of investors a and A only for assets i > i, weighting the sum by the size of each investors
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group (i

for group A and B and 1 — « for group a). This results in the following equations
1 2 -
d— z(l—&—r):;(biag—i—%) for i <1

- = —_ - = >
(1 2)(d P(l—l—r))—i— Eab; = fy(baz—i— azb Zbkﬂk> fori>1
Call % = S byl . 5P

for SB.

represents the exposure of group B investors to the aggregate factor Z. We look for an expression
We start by using the first order conditions of group B investors on assets k < ¢ and plug in the equilibrium price
of assets k < ¢ found in the first equation of system (5)

Yk < 1, — Mybi + bro? +

= SPho? + ,LLkBU;%
for k < i, which results in

2
SP =X Ejb—’; ~ So?
k<€ak

We can now simply multiply the previous equation by by and divided it by o} for all k£ < 7 and sum up the resulting equations
From the previous expression, we can now derive S2

#) o), b
Zaz Oz Zaz ZN

k<i

k<i

k<i

SE =

) (Zesi %) + 3 (Tes )

1 2 b%
+02 (S )
Now that we have a closed-form expression for S
The price of assets i > i is then given by

we simply plug it into the second equation of system 5. Define § =

o
2

=
2 A b 2
P4+ =d— (biai + ‘i) R P RN T
et ) S ey

(7)
=w(\)

The first equation of system 5 provides us with a simple expression for the price of assets i < 7

a -
2

mwt=speculative premium

2
P(l4+7)=d— % (biag—i— ﬁ)

N

(8)

In order to derive the conditions under which the proposed equilibrium is indeed an equilibrium (i.e., ¢ is indeed the
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marginal asset), we need to derive the equilibrium holdings of group B investors:

+ = ; fori <14
2

We are now ready to derive the conditions under which the proposed equilibrium is indeed an equilibrium. The marginal

asset is asset ¢ if and only if gg; (uB*) < 0 and #?,1 > 0, where p* is group B investors’ holdings derived above. The
condition that the marginal utility of investing in asset i for pessimist agents is equivalent to m; > 0 so that 7 is the marginal

asset if and only if:

St (1Y ) sas By L (12
k by z 52 | = k bs z 52
TN k>i N 02711 i Ok N k>3 YN w<i Ok
2 2
Call uy, = ﬁ (1 + 0?2 (ZKk %)) + UTZ (Zzzk bﬁ) Clearly, uy is a strictly decreasing sequence as:

K

1 2 b3 o2 b; 1 ) b? o2 b,
v = e (e (S ST (S 8) - (02 (28)) -2 (%
'yNat?_ll ( j<iz1 %3 v ;5N de—% < o] v\ &N
1 2 b3 (Uf_l 012) 1 L b2, o2
= y\lTe: -2 -3 z + —b;—
v < (j;l o3 bi-1 bi YN:*% o2, TAN !
- 1 1+ o2 Z bﬂz o7 B tﬁ o b2, (o2, 3 (ﬁ
,YN ’ J<i—1 0.72 bi*l bz ')/N 0-1'2 1 bzfl bz
1 9 b? o2, o2
= — 1|1 e i1 74 0
. ( vo? (z ) (-7

Define ug = +00 and uny4+1 = 0. Then the sequence (u;);e[0,n+1) Spans RT and the marginal asset is simply defined as:
7 = min {k|\ > ui}. We know that 7 > 0 since ug = +o0o. If i = N + 1, then group B investors are long all assets and all
the previous formula apply except that there is no asset such that i > 7. If i € [1,n], then the equilibrium has the proposed

structure, that is, investors B are long only assets i < i.

We have so far assumed that i > 1. The equilibrium is easily derived when 7 = 1, that is, when all assets are over-priced.

In this case, S® = 0 and we directly have:

1 2 0'2
d—(1 P, ==(140) | bio; + == ) — OXb;.
(I+7) 'y( +0) ( o; + N)
This corresponds to the formula derived in Theorem 1 where we define )", <1 b? = 0. i = 1 is an equilibrium if and only if

,u{g’* < 0, which is equivalent to A < un, as stated in the Theorem.

We now show that the equilibrium is unique. Let J = j|u§3 > 0 — J is the set of assets that pessimists are long. It is

direct to show in this case that prices are given by:

o8



2
a1 bio§+% fori € J

v
2
2 _ 9z . 2
= d_l<bm§+aﬁi)+g b [T i) ) o? for i ¢ J )
p

2
o 1402 (Siey ) N

ni=speculative premium

The holdings of the pessimists can then be written as:

1 b, ol (Zié] bT\;) -y .
5 N-’—? 5 2 for’LGJ
1 * = z 1+O’Z (EZGJé>

0 fori ¢ J

M—02(Tigs %) 1 M—ﬁ(zv b;)
—— | < ﬁandfori & J that: b; 2N \migg %)

: b2
1+G§(Zie./ - ) 1+°§(Ziel fz)
k2

In particular, this implies that for j € J, we need to have b—é
J

o
S

o

=)

23,

It thus follows that for all j € J and for all ¢ ¢ J:

— >

1+o2 (3 L4
b; 1 0z icJ af b]'
2 N ] :
o N\ xy-o2 (ZiiJ bﬁ) 9

It follows that the equilibrium structure is necessarily in the form of a cutoff and hence our equilibrium is unique.

B. Proof of Corollary 1

Proof. Corollary 1 characterizes overpricing. Overpricing for assets i > 7 is defined as the difference between the equilibrium
price and the price that would prevail in the absence of heterogenous beliefs and short sales constraints (a = 0). Overpricing

is just simply equal to the speculative premium:

L= .. i 0 2 01'2
Vi >4, Overpricing’ = 7" = 5 biosw(\) — ==

=2

By definition of the equilibrium, A > wu;, which is equivalent to %afw()\) > % Since assets are ranked in ascending
order of Ub—g, this directly implies that for ¢ > 7, 7* > 0 and assets i > 7 are in fact overpriced. That mispricing is increasing
with the fraction of short-sales constrained investors « is direct as @ is a strictly increasing function of «. That mispricing

increases with b; and decreases with o? is also directly seen from the definition of mispricing.?®.

Vj >1i>1, Overpricing’ — Overpricing’ = %in()\)(bj —b;)
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C. Proof of Corollary 2

Proof. Corollary 2 characterizes the amount of shorting in the equilibrium. We first need to derive the equilibrium holdings

of arbitrageurs. Group a holdings need to satisfy the following first-order conditions:

N
Vie[1,N], d—P(1+r)= % (biaf (Z u‘;m) +u?af>
k=1

Define S = Zi\lzl b, Using the equilibrium pricing equation in equation 7 and equation 8, this first-order condition can
be rewritten as:

2
Vk € [1,N], bro? + % — ’yﬂklkzg = bro2S® + pior

We multiply each of these equations by by, divide them by o7 and sum up the resulting equations for all i € [1, N] to

obtain: .
Y Zkzi by, Z?

2
1402 (ch\jzl %)
k

We can now inject this expression for S* in group a investors’ first-order conditions derived above. This yields the following

St =1-

expression for group a investors’ holdings of assets i € [1, N]:

ﬂ_k
. a2 _ 0F i 2 ’YZngka
Vi€ [1,N], pio; =-=—~m 1{i>;} + b0 ~
- 1+ 02 (Zk:l é)

N

First remark that if 4 < 4, u? > 0, so that arbitrageurs are long assets i < i. Now consider the case i > i. Notice from the

expression of the speculative premium that:

L= 00,% br i 90?
> —_ = —
Vk,i >, 7T+ N b T+ N

Thus, multiplying the previous expression by by, dividing by ¢7 and summing over all k > i:

2 7,+ 002

Tk 0 _ bk ™ fy]\lf

PRl DILE el D=3 N R
k>i F k>i K>k ¢
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Thus, for i > i

k

b I i, 6 2
i 'YZkzz ko’i _ i biag Z @ m B ﬁ Zb
7 v 2 N b K 2 N b o? b; N k
1+o02 (Zkzl g) 1+ 02 ( R=1 g) k> K v k>3
1+ 02 b
et (Sead) o2 L I
= 7T ) N N N B2\ N 7(72 o2 i 7 k
1+ o2 k=157 1+o02 k=107 E>7 k E>7
M-Z (S 21402 (2, %
N i>7 Vi o z k<1 o—z
= 9 bz N b2 _N N b2
1+02 (XN, %) 1402 (L0, 2)
i k
1 0'2 2 bi
—-— = o; — —b b
A I
Mitoz(TLZ)\ =% =
A 2
- 0 |b VN - %
Lot (T )
We can now derive the actual holding of arbitrageurs on assets i > i:
- a_ 1+0 _ b; )\7

Vi, op 0—

2
N i1 +02 (ch\;l -

o

‘F[\J

)

First, notice that arbitrageurs’ holdings are decreasing with 4 since Jb—; increases strictly with ¢. There is at least one asset

BN

2
b
2 N k
, 1+ <zk:1 %

N ) o2 . .
shorted by group a investors provided that u% < 0, which is equivalent to A > A\ = 1% ~ k ﬁ. Provided this

is verified, there exists a unique ¢ € [1, N] such that u¢ < 0 < i > 7. We know already that ¢ > 7 since for i < 7, group a
investors holdings are strictly positive. It is direct to see from the expression for group a investors holdings that provided

that ¢ > 7, we have:
i | 0| | O |pd|
il 50, 2E1 50 and
ox T an T0 ™ Gaan,

>0

There is more shorting on assets with larger ratio of cash flow beta to idiosyncratic variance. There is more shorting the
larger is aggregate disagreement. The effect of aggregate disagreement on shorting is larger for assets with a high ratio of

cash-flow beta to idiosyncratic variance. O

D. Proof of formula 3 for expected excess returns

Proof. From Theorem 1, we know that:

1 2, 0f 0 2 i
P(l+r)=d— = (bio? + 2L ) + 1,55~ [ biocPw()) — 2L
(1+7)=d ’y(ba N> >i (baw()\)

Call R{ the percentage excess return per share on asset i. RS = d + biZ + & — (1 +7)P; and E[F§] = d — (1 4 r)P;. Define

the market portfolio as the portfolio of all assets in the market. Since all assets have a supply of 1/N, the excess return per

~ RS ; . . . .
share on the market portfolio is Ry, = Z;V:l —~ . Note Py, = Zjvzl % the price of the market portfolio. Stock i’s beta is
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Cov(Rf JRE )

m

Var(Re) and can be written as:

defined as 3; =

bio? + % Y 52

10z 2 2

Bi = 7]\70 so that:  bjo; = f; <0’z + E Nk?> -
k=1

N 2
o? + Ek:l J\TI62
We can thus substitute b; by 3; in the price formula and derive an expression for expected excess returns per share as a

function of f;:

Uz+Zk 1N2( ;

Hel _ g; _
E[Rf] = f: 5 1—1,5:0w(N)) + awlizi(l +w(A))

E. Proof of Corollary 3

Proof. We make this proof in the context of homoskedastic dividends: o7 = 02. We can write the actual excess returns as:

2, o2 ‘
ﬁierﬁl fori < i
RS = v
o2+ % 2 _ )
@'%(1—9&1(/\))+ IRO0 @)+ for i >

where ﬁl =b;Z + €.
Using the fact that by definition, vazl b; = vazl Bi = N, a cross-sectional regression of realized excess returns per

share (Rf )) _

] on (Bi);c1,n) and a constant would deliver the following coefficient estimate:
i€[1,N ’

j=ol

A S, Bi ”wzﬁil
S B

_ o+t E v s Disi i = Yii B Yisi (Bi—1) o2
T T <1+ng_< SY # N >9“(”>+Ww””“’“”

i

Let Y=t > A1 > e > YL Call 4y (22) the threshold associated with disagreement A1 (resp. A2). We have that i1 =12 =

.

Then:

=

) - i) = i”z(% S35 + 753 (6

i>1 i>7

We show that >, ; B8 > > ;57 Bi. Since the average [ is one, we can write 3; as: 8; = 1 + y; with y; such that > y; = 0.

Using this decomposition, we have that:

N N N N
SE=N2Y i+ Y P> N=) 4.
i=1 i=1 =1 i=1

=0
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Thus, the relationship is true for 7 = 1. Now assume it is true for i = k > 1. We have: Zi2k+1 B2 — Zizk+1 Bi =
Disk B2 — Dok Bi+ B — B%. Either 8 > 1 in which case it is evident that D skl B — Y isky1 Bi > 0as B > 1 implies
that 8; > 1 fori > k. Or B < 1 in which case 8x — 37 > 0 and using the recurrence assumption, Zi2k+1 B2 —ZiZkH Bi > 0.
Thus, this proves that: (A1) — fi(A2) < 0.

We show now that for all ¢ € [1, N], i()) is continuous at u; where u; is the sequence defined in Theorem 1 and defined

2 — —
by bioZw(u;) = 5. When A = u;, we have i = 4. When A = u; , we have i = i + 1. First, notice that w()) is continuous at

u; and:
2
wlup) = wluf) =w(u) = T 5o
Thus:
. o 0 Bi —1 ( ( 5 02> o2 )
+ € €
pud)—p(u) = -~ (—Bwlw) (0 + 55 ) + 55 (1+ w(uk
o 2
_ _ijﬂti; ( bio2ew(us) + iﬁ) =0 by definition of u;.
Y2 B =N N

Thus [ is continuous and strictly decreasing for A in Jui1,u;[, and it is continuous at A = w;, so that it is overall strictly
decreasing in aggregate disagreement A. Since the derivative of the slope of the security market line w.r.t. X is linear in 6,

it is trivial that 5 < 0, that is, the negative effect of A on the slope of the security market line is stronger when there is

axa
a larger fraction of short-sales constrained agents, that is, when 6 is larger.

We can show that the slope of the security market line, fi, is strictly decreasing with 6, the fraction of short-sales

constrained investors in the model. Since the marginal asset i is independent of § and since we have already shown that:

o3 B2 — >, Bi, we directly have that:

of w(N) ol 2 2 2
=~ | v 2o Bi— 1) 4o Bi—=p Bi] | <0
W (e \V R

F. Proof of Theorem 2

Proof. We first consider the case where At = 0. There is no disagreement among investors so all investors are long all assets

i € [1, N]. There is thus a unique first order-condition for all investors’ type — for all j € [1, N] and k = a, A or B:

d = (1+7)P](0) + Ee[Ply (M)A = 0] = — bozZuz (0)bi + 5 (0)F + p(1 = p) AP, | 3 () (APy)

<N <N

Summing up this equation across investors’ types, using the market clearing condition and dropping the time subscript leads

t0:20

(ar)

N (10)

df(1+T)Pj(0)+Et[Pj(;\+1)|5\t:O}:% b +N+p( DINZEDY
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Consider now the case where A = A\. Importantly, note that investors disagree on the expected value of the aggregate factor
Zi41, but they agree on the expected value of asset i’s resale price E, [Pj(:\t+1)]. This is because investors agree to disagree,
so they recognize the existence in the next generation of investors with heterogeneous beliefs — and in particular with beliefs
different from theirs. However, they nevertheless evaluate the ¢ + 1 expected dividend stream differently. We proceed as in
the static model. We assume there is a marginal asset ¢, such that there are no binding short-sales constraints for assets
j < i and strictly binding short-sales constraints for assets j > i. We check ex post the conditions under which this is indeed
an equilibrium. Under the proposed equilibrium structure, the first-order condition of the three groups of investors born at
date t for assets j < 7 is easily written since, in the proposed equilibrium structure, these assets do not experience binding

short-sales constraints:

d+bAF = (L+71)PT(A) + Bo[P/ (M)A = A] =

g (bjai (ZiSN "?(’\)b") + 1y (N + p(1 — p) AP (ZiSN pi(A) (APi))>

Summing up across investors types (using the weight of each investors’ group) and using the market clearing condition

leads to:

- ; o~ ~ 1 2 ; AP?
Vi<d,  d—(1+r)PIO) +EP Gl = A = = [ byo? + %2 4 p(1 = p)APT S (11)
¥ N = N

Subtracting equation (10) —prices in the low disagreement state— from equation (11) leads to:
Vji<i, —(14r)AP’+pAP’ —(1—p)AP’ =0 P'(\) = P/(0),

since p < 1.

Thus, for all j < i, AP? = 0. The payoff of assets below j is not sufficiently exposed to aggregate disagreement to make
pessimist investors willing to go short. Hence, even in the high disagreement state, these assets experience no mispricing
and in particular, their price is independent of the realization of aggregate disagreement. Aggregate disagreement thus only
creates resale price risk on these assets that experience binding short-sales constraint in the high aggregate disagreement
states, that is, the high 7172 assets with 7 > .

We now turn to the assets with binding short-sales constraints in the high disagreement states, that is, assets j > 7. For
these assets, we know that under the proposed equilibrium ,uf (A\) = 0 and we have the following first-order conditions for

HF and optimist MFs respectively:

i 1
dJFbj)‘*(1+T)P3(A)+Et[PJ(/\t+l)|)‘ A== | bjo Z#z )bi JF#;‘()\)UJQ'JFPO* Pl Zﬂz APt-H
v i<N i<N
. 1 a
A= (1 )P/ O) + P (Ge)A = A = = (02 32 i (0 + 15 (a5 + p(1 = pAPL, | 3 it (DAPL:y
i<N i<N

Define I' = Ei>7, APt , the average price difference between high and low aggregate disagreement states across all assets.

Summing up these equations across investors’ types (using the weight of each investors’ group) and using the market clearing
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conditions lead to:

$hiA+ (1= 5) (d= (L+1)P () + Bl PP (i) A = N]) =

o2 , , i

Ll b2+ %+ p(1 = p)APT = 50,02 3" i (Vb =5p(1 = p)AP? S P () (AP
i<i i<i

N————

S1 S2=0

In the previous equation, S? = 0 since for all # < 7, AP* = 0. To recover S*, we use B-investors’ first-order condition on
assets j < 1, the equilibrium prices derived above for assets j < i and the fact that for all 7 < j, AP? = 0. This leads to the

following equation :

2
.= 2 B B 2 2 | 95
Vi <1, bjgz;\,m bi +pj 0; = —Ayb; + bjo; + ﬁ]
——
S1

Multiplying the previous expression by b;, dividing by 0]2, and summing up the equations over j gives the following formula
for S':
b A b7
Zizi Nt (i o7
b2
1+o02 (Zid ﬁ)

This allows us to derive the excess return on assets j > i: &

St=1-

d— (1+7)PP(A) + E [P (Resn) A = A] =

Excess Return

0_2
A = X psibe o]
b

2\ N
I+ Ug (Zi<§ ﬁ) N

speculative premium=mJ

Zbjo? + L +(1+0)p(1 — p)APT) -2
7<J ~ T )p(1—p) 5

Risk Premium

Note that the risk premium embeds a term that reflects the resale price risk of high b assets. Subtracting equation (10) from
the previous equation yields, for all j > i:

—(147)AP 4+ (2p —1)AP = —77 + wrmﬂ = ((1 +r)—(20—1)+ WF) API =7’ (12)

Remember that I' = Zizi ATPi. We can thus obtain a formula for I' by adding up the previous equations for all j > 7 and
dividing by N:
bp(1 — p) 1 j
((1+T)7(2p71)+ff r= NZW

izi

There is a unique I'" > 0 which satisfies the previous equation, call it T'*:

—(+)+@p— D)+ (17— @o— 1) + £ 202 5

+
= 29P(1*P)
Y
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There is also a unique I'” < 0 which satisfies equation 12:

—(+7)+ @ =) = (1) = @o— 1) + £ 2D 5

"= 99p(1-p)
v

Let T'* be the actual value of T', the average price difference between high and low aggregate disagreement states across
all assets. I'* € {T'",I'"}. For j > 7, the price difference is simply expressed as a function of the speculative premium 7’

and I'*:
ﬂ-j

147 —(2p— 1)+ 224=20ps

j:

For the equilibrium to exist, it needs to be that for each asset j > 7, the pessimists do not want to hold asset j, that is,

the marginal utility of holding assets j > i at the optimal holding is 0. This is equivalent to:

Vi>i d—bix—(1+7)P'(\)+pP (A)+(1—p)P’(0 —fbazz,usz <0

i<i
——
=51

We have:
d—bA—(1+ r)wa £0P/ () + (1= )P (0) = Zbyo?s'
= —bjA+= (b os + W +p(1—-p)(1 +9)APjF*) - %bjaisl
J ) _ .
= -T-reas e)yrmw

1+ 9 ; 0;)(1;0)F* .
- e " (20— 1) 4 20=D s
(I+r)=(2p—1)+ 52T

1+6 14+r)—(2p-1) j
- Ty o—p)r T
(1+7‘)7(2p71)+fr*

Assume that I'" =T'~ < 0. We know that:

2 4 0p(1—p)
- I+ = @p=1) = /(1+1) = 2p— 1)’ + 2025 ox
0p(1—p)7+(1+7“)—(2p—1)= NTICET <0
=
Thus, if I'* = I'", then —1¢ (1+r)=(2p—1) > 0 so that it has to be that for all j > 7, 7/ < 0. Thus: i 7l <0,

O (14+r)—(2p-1)+220=2lp
so that

Op(1 — -\
(- o+ 200 Y1 g
However, the previous expression is strictly positive since I'” < 0 and (14+7r) — (20— 1) + wrf < 0 as well. Thus, we
can’t have I'* = I'” and it has to be that I'* = T'".
Since I'* > 0, we have from the previous equilibrium condition that necessarily, for all j > ¢, 7/ > 0. Similarly, it is

direct to show that for pessimists to have strictly positive holdings of assets j — 1, a necessary and sufficient condition is

that 79~1 < 0. Overall, this leads to the following equilibrium condition:
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e

2 2 2 2 2
1054 2 bk o 195 2 bic
b — 2 1 S>> 2 b —-7 (1 —=
Z’“ +Nb<_1 +UZZU;% =M 2N Z’“ +Nb< +UZZU,%
k>1 J k<t k>1 J k<t

We can define a sequence v;, analogous to the sequence u; defined in Theorem 1 as:

2 2
. 0 3 2 bk
Vi € [1, N], vi =57 ,é.bk + = <1+UZ 02>, N1 =0 and vo = +o0

It is easily shown that this sequence is strictly decreasing since, for all ¢ € [2, N]:

1 0'-2 0"2_1 2 bi
i — Vi—1 — &5 4 - 1 z |
v = (5 - 7= RO

and assets are ranked in ascending order of g—‘z
The equilibrium condition can thus simply be written as v;_; > Ay > v; and i is thus defined as the smallest i € [1, V]
such that Ay > v;.

We now move on to the expression for expected excess returns. Since AP? = 0 for j < i, we have that for all j < 4:

E[R’(\)] = E[R(0)] = d — rP/(\) = d — 7P (0) = % (bjai + %)

For j > i, however:

E[R’(0)]

d— (14 7)P?(0) + pP?(0) + (1 — p) P7(N)

1 9 o2 T )
= b2+ L +pl-p m’
7(” v T )(1+T)—(2p—1)+wf*

The extra-term is the risk-premium required by investors for holding stocks which are sensitive to disagreement and are thus
exposed to changes in prices coming from changes in the aggregate disagreement state variable. Of course, in the data, since
p is very close to 1, this risk premium is going to be quantitatively small. Nevertheless, the intuition here is that high a%
stocks have low prices in the low disagreement states for two reasons: (1) they are exposed to aggregate risk Z (2) they are

exposed to changes in aggregate disagreement . And finally:

ER'(\)] = d—(1+7)P'(\)+pP’ () + (1 - p)P (0)
— l 2 ﬁ _ I | -l
= ~ <bj z+N+p(1 p)(1+r)_(2p_1)+9p(}yfﬂ)r* >
) r i

(9, 0p0—p) s
T (147)—(2p—1)+ 2U=2p

2 *

- r ; T+r—(2p—1 ;
- = bjU§+&+p(1—p) e o - +7r—(2p 0)(17) -
v N (147) = (2p—1) + =21~ (147) = (2p— 1) + 2221~

Thus, for assets j > 7, the expected return is strictly lower in high disagreement states than in low disagreement states.

The proof for the unicity of the equilibrium is similar to the proof of Theorem 1 and is thus omitted. O
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G. Proof of Corrolary 4

Proof. Part (i) is a direct consequence of the formula for expected excess returns in Theorem 2. For (ii), we do a Taylor
expansion around p =1 for I'*: T = %ZP? %7 > 0, so that in the vicinity of p = 1 and for j > i,
1 2

E[RI(\)] ~ & (bjai + ﬁ) - L L E—
Y N (1+7) = (2p— 1) + 2221~

The slope of the security market line for assets i < i (expressed as a function of b; — it would be equivalent as a function of
B:) is thus strictly lower for 4 < i than for ¢ > 7 in the vicinity of p = 1, which proves (ii). (iii) can also be seen directly from
the previous Taylor expansion and making A grows to infinity. (iv) is also a direct consequence of the formula for expected

excess returns in Theorem 2. O
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Table AII. Disagreement and Concavity of the Security Market Line: Different horizons

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5) and microcaps (stocks
in bottom 2 deciles of the monthly size distribution using NYSE breakpoints). At the beginning of each calendar month,
stocks are ranked in ascending order on the basis of their estimated beta at the end of the previous month. Pre-formation
betas are estimated with a market model using daily returns over the past calendar year and 5 lags of the market returns.
The ranked stocks are assigned to one of 20 value-weighted (panel A) or equal-weighted (panel B) portfolios based on NYSE
breakpoints. We compute the full sample beta of these 20-beta sorted portfolios using the same market model. We then
estimate every month the cross-sectional regression:

rgfz = nik) + Wik) x Bp + d)ﬁm X (ﬁp)2 + 65'2’ where P =1,...,20

and rgf) is the 12-months excess return of the P* beta-sorted portfolio and Bp is the full sample post-ranking beta of the

P'™ beta-sorted portfolio. We then estimate second-stage regressions in the time-series using OLS and Newey-West adjusted
standard errors allowing for 11 lags:

= ertdr-Agg Disp o+ D820+ D 6w+ G

z€Z reX
" = ¢, + s - Agg. Disp.,_, + Z 5720 4 Z 05 -1+ we
z€EZ reX
kY = cs+s-Agg Disp, i+ Y 052" + D Giwe+ v
2€Z reX

Panel A use k=1 months, Panel B uses k=3 months, Panel C uses k=6 months, Panel D uses k=18 months. Column (1)
and (5) controls for Agg. Disp.,_;, the monthly S-weighted average of stock level disagreement measured as the standard
deviation of analyst forecasts on stocks’ long run growth of EPS. Column (2) and (6) add the factor z € Z, where Z contains
the k-months excess market return from ¢ to t + k — 1 and the k-months return on HML, SMB, and UMD from ¢ to t + &k — 1;
Column (3) and (7) add controls for the aggregate Dividend/Price ratio in ¢ — 1 and the past-12 months inflation rate in #1;
Column (4) and (8) additionally control for the TED spread in month ¢ — 1. T-statistics are in parenthesis. *, **, and ***
means statistically different from zero at 10, 5 and 1% level of significance.

Dep. Var: §’“) Trt(k) mgk)

(1) (2) 3) (4) (5) © (@ (8) 9 (10 (11 (12)

Panel A: k=1 months
Agg. Disp.,,_, -21  -31 57 _66%  -.0077 .53 .89 96 042 075 -16  -.15
(-.38)  (-93) (-1.6)  (-1.8)  (-.0082) (.75) (1.2) (L2)  (11) (-21) (-42) (-.38)

Panel A: k=3 months
Agg. Disp.,_, -.98 -.99 -1.9%* N o .48 1.6 2.8% 3* -.02 -.076 -.3 -.32
(-.81) (-1.3) (-2.3) (-2.6) (.24) (1.1) (1.7 (1.8)  (-.025) (-.1) (-.36) (-.37)

Panel A: k=6 months
Agg. Disp.,_, -2.8 S2.5% 44k g TRk 2.5 4.5 6.9%*  6.9%* -1.1 -.92 -1.2 -1
(-1.3) (-1.7) (-2.9) (-3.1) (.76) (1.6) (2.3) (2.3) (--85) (-74) (-.87) (-.74)

Panel A: k=18 months
Agg. Disp.,_, -6.4%* 74Kk 1ok S 2%k 7.7* 12%*  18FFF  7HEE -4* -3.2 -4 -3.5
(-2) (-2.3) (-3.5) (-3.4) (1.7) (2.1) (2.7 (2.7) (-1.9) (-1.3) (-1.5) (-1.4)
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Table AVI. Disagreement and the Slope of the Security Market Line

Note: Sample Period: 12/1981-12/2014. Sample: CRSP stock file excluding penny stocks (price < $5)
and microcaps (stocks in bottom 2 deciles of the monthly size distribution using NYSE breakpoints). At
the beginning of each calendar month, stocks are ranked in ascending order on the basis of their estimated
beta at the end of the previous month. Pre-formation betas are estimated with a market model using
daily returns over the past calendar year and 5 lags of the market returns. The ranked stocks are assigned
to one of 20 value-weighted (Panel A) or equal-weighted (Panel B) portfolios based on NYSE breakpoints.
We compute the full sample beta of these 20-beta sorted portfolios using the same market model. We
estimate every month the cross-sectional regression:

Tg?) =kt + 7 X Bp+€py, where P=1,..,20

and rgf) is the 12-months excess return of the P*™ beta-sorted portfolio and Bp is the full sample post-

ranking beta of the P beta-sorted portfolio. We then estimate second-stage regressions in the time-series
using OLS and Newey-West adjusted standard errors allowing for 11 lags:

m = c1+ Y1 - Agg. Disp.,_; + Z o7 - zlgk) + Z 07 + T—1 + wy

2€Z zeX
Kt = c2+2- Agg. Disp.,_; + Z 6 - 2" + Z 05211 + 1
z2€Z zeX

Column (1) and (5) controls for Agg. Disp.,_, the monthly S-weighted average of stock level disagreement
measured as the standard deviation of analyst forecasts on stocks’ long run growth of Earnings per Share
(EPS). Column (2) and (6) add the factor z € Z, where Z contains the k-months excess market return
from t to t + k — 1 and the k-months return on HML, SMB, and UMD from ¢ to ¢t + k — 1; Column (3)
and (7) add controls for the aggregate Dividend /Price ratio in ¢t — 1 and the past-12 months inflation rate
in ¢1; Column (4) and (8) additionally control for the TED spread in month ¢ — 1. T-statistics are in

parenthesis. *, **, and *** means statistically different from zero at 10, 5 and 1% level of significance.
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Table AVI (Continued):

Dep. Var: Tt Kt

(1) (2) (3) (4) (5) (6) (7) (8)

Panel A: Value-Weighted Portfolios

Agg. Disp., , -6.1%  _86  -4.9% 57k 18 1.9 6.1¥FE 6 EHEx
(-21)  (-39)  (-2.3) (2.7 (.7) (89)  (2.8) (3)
Rgi) Gk &Rk _5QEEE AFEE ARRE fokkk
' (5.1) (6.6) (6.1) (3.5)  (4.7) (4.2)
HML{'? SEIERE L 4RERE gk TTERE AR Rk
(-3.2) (-3) (-2.9) (4) (4.1) (4)
SMB{'? ARFE G3REE Gk SA4¥ L EFEE L gRRE
(2.1) (3.4) (3.5) (-1.9)  (-3.2)  (-3.3)
UMD{!? 0036  .031 051 -.0033  -.039  -.054
(-.03) (.31 (.58) (-.031)  (-45)  (-.65)
D/P,_, -3.9% -** 3.9% 5.4%
(-1.8)  (-2.3) (17 (1.8)
Inflation:_1 -3.2% —4.4%* 3.4%* 4.2%%
(-1.9)  (-2.1) (22)  (2.3)
Ted Spread,_, 3.6% -2.5
(1.8) (-1.3)
Constant 87 -2.6 -3.3 3.8%  g5¥F 25 3.3* 3.6

(31)  (-1.2)  (-1.6) (1.8) (32 (120 (L7 (17

Panel B: Equal-Weighted Portfolios

Agg. Disp., , -b.1*¥  -46  -41%F  _48%* 38 2.1 G.3FRE Rk
(-1.9)  (-26)  (-2.5) (-3) (1.6)  (1.1)  (33)  (3.6)
Rgrlft) EEF* ER¥HK 5QRk PR AZFRE 4RHk
(5.2) (6.6) (6.1) (33) (4.5  (4.1)
HML{"? T k7 L L b QEFHE gFRE ok
(4)  (-3.7)  (-3.5) (54)  (5.6)  (5.9)
SMB{'? TRRE . gARRE gk S11 -28%  -28*
3.9  (54)  (5.4) (-.55)  (-1.7)  (-L.7)
UMD{*? -11 -077  -.057 11 068 048
(-93)  (-78)  (-67) (95)  (71)  (57)
D/P, , -3.3% 53w 3.4 5.4%*
(-1.8)  (-2.6) (1.6) (2)
Inflation;_1 -3.1%* -4 .3%* 4.1%k% 5 kkk
(-1.8)  (-2.2) (2.6)  (3.1)
Ted Spread,_, 3.6%* -3.5%
(2.1) (-1.9)
Constant 2 -2.6 S3.2% 3TF 9EFE 16 2.2 2.7

(073)  (-1.4)  (-1.7) (1.9 (35)  (83)  (12)  (14)
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