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I study a general class of noisy rational expectations models that nests the standard
(m) and m,(m) models, but relaxes the usual assumption of joint
normality of asset pay-offs and supply, and allows for more general signal structures. I provide a

constructive proof of existence of equilibrium, characterize the price function, and provide sufficient
conditions for uniqueness within the class of equilibria with continuous price functions, which are met
by both the m @) models and them m; models with a continuum of
investors. My solution approach does not rely on the typical “conjecture and verify” method, and I exhibit
anumber of non-normal examples in which asset prices can be characterized explicitly and in a closed form.
The results presented here open up a broad class of models for applied work. To illustrate the usefulness
of generalizing the standard model, I show that in settings with non-normally distributed pay-offs, shocks
to fundamentals may be amplified purely due to learning effects, price drifts can arise naturally, and the
disagreement—return relation depends in a novel way on return skewness.
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1. INTRODUCTION

In this article, I provide a constructive proof of equilibrium existence for a class of noisy
rational expectations (RE) models that nests the standard |GLst_ma1La_nd_S_ng]_|_tz| d_l_%d) and
M ) models and that does not rely on normality assumptions. The model permits
many common distributions for asset pay-offs and permits general signal structures and asset
supply distributions. In many natural settings, the price can be characterized explicitly in a
closed form. I also provide sufficient conditions for uniqueness of equilibrium within the class of
equilibria with continuous price functions, hereafter referred to as continuous equilibria, which
are met by the|ﬁmssman_an.d§_tj.gli_tz| (1980) and them (@) models with a continuum of
investors. In addition to being of independent theoretical interest, these results open up a broader
class of models for applications; like the standard model, this generalization would also allow
straightforward extensions to include multiple assets M,@) and short-sale or borrowing
constraints (m, M).

868

020Z Yo.Je|\l Z| Uo Jesn suuesneT] 443 pue ausiaAlun Aq €61 2/51/898/S/Z810BNSE-8]011IE/pNISal/Ww0o0 dno-olwapeoe//:sdiy Wwol) papeojumo



BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 869

Noisy RE models are workhorse models for studying the effects of asymmetric information

in financial markets. The model of Kimssmama.n.d_s_;gluﬂ (1980), and similar ones due

to [Hellwig (198d) and [Diamond and Verrecchid (@) are the foundation for models that
gulde our understanding of many economic phenomena: information acquisition in financial
markets ,11980; [Verrecchid, ll_%ﬂ) the operation of information markets
m 198 |_) financial market crashes, crises, and contagion
{Gennotte and Leland. [1990; [Kodres and Prirsked. 2003 Fuad, P003: [Angeletos and Werning.
M), cross-asset learning (EHEEH,@ , insider tradulﬂm@% effects from

[} 0

, M), and

exchange rate dynamics (Ba ‘M) among others]l

Despite their ubiquity, most noisy RE models depend on strong assumptions that all random
variables are jointly normally distributed and that all agents have constant absolute risk aversion
(CARA) utility functions. This set of assumptions leads to elegant solutions but fails to capture
important features of asset markets. Two obvious criticisms are that normality of asset pay-
offs violates limited liability and precludes any consideration of the effects of higher moments.
Moreover, the standard solution method is based on conjecturing a price that is linear in signals
and supply and then showing that such a conjecture is consistent with equilibrium. This method
provides no guidance on how to solve more general models, and uniqueness is neither claimed nor
established. Due to the complexity and apparent intractability of alternative noisy RE models,
there remain open questions as to whether (i) there exist general variations on the standard
CARA-Normal model that are analytically tractable but do not require the assumption of normally
distributed pay-offs, signals, and asset supplies, and (ii) whether there exist non-linear equilibria
in the standard model. The main contribution of this article is to furnish answers to both of these
questions, providing a solution to a broad class of models that nests the standard model and
presenting a set of sufficient conditions under which the equilibrium is unique within the class of
continuous equilibriaE

I also show that the generalization provided here is more than a mere technical point. Indeed,
even seemingly innocuous changes to pay-off or supply distributions can dramatically change
standard comparative static results. For instance, I find that “small” shocks to fundamentals
may lead to “large” changes in price, prices may exhibit drift-like effects, and the relation
between investor disagreement and returns can depend in a novel way on return skewness. Thus,
generalizing the standard model allows one to conclude that a number of “standard” results
commonly accepted in the literature are not robust to plausible alternative assumptions.

The primary difficulty in solving noisy rational expectations models is that the asset price
must both convey information to investors and clear the market, which presents a complicated
non-linear fixed-point problem that does not fit well into any standard fixed-point theorems. When
there is a hierarchical information structure with one informed and one uninformed investor, I
avoid this problem by exploiting the market-clearing condition to determine a priori a statistic
that is informationally equivalent to any continuous equilibrium price. The intuition for this result
relies on a simple fact: for a given investor, the asset price can reveal no less than the net trade of
all other investors in the economy. With this statistic pinned down, investor beliefs follow from
Bayes’ rule, and a simple first-order condition (FOC) characterizes demand functions. The asset

1. There is a distinct but related literature, following@ (@) andm (@), that studies the consequences
of asymmetric information in markets in which some traders behave strategically.

2. Following completion of an earlier draft, it was brought to my attention that [Palvélgyi and Ventel M)
demonstr(%ow to construct a class of discontinuous price functions in both the |Grossman and StiglitZ (@) and
|EE E,]g ) models.

020Z Yo.Je|\l Z| Uo Jesn suuesneT] 443 pue ausiaAlun Aq €61 2/51/898/S/Z810BNSE-8]011IE/pNISal/Ww0o0 dno-olwapeoe//:sdiy Wwol) papeojumo



870 REVIEW OF ECONOMIC STUDIES

price is easily established by imposing market clearing. Moreover, if the statistic determined in the
first step is identical for any possible price function, then uniqueness follows almost immediately.

In a dispersed information setting in which traders’ information sets are not nested, it is not
necessarily possible to pin down the information content of the price independently of the price
function. The reason is that in this case all investors will learn from the asset price, not only the
‘uninformed’ investor. Nevertheless, motivated by the results in the two type case, I show that
focusing on price functions that are of a particular “generalized linear” form delivers equilibrium
characterization and existence results in a set of economies that nests the finite-investor case of

). Moreover, in economies with a continuum of investors and an additive signal
structure with normally-distributed errors, the construction used in the two-types setting can be
applied directly and uniqueness is demonstrated.

This article is part of a growing literature that seeks to generalize noisy RE models beyond
the CARA-Normal framework. [Albagli ez afl (2013) is the most closely related recent work.
They also analyse a class of non-linear noisy RE models, but their focus is on how alternative

ay-off assumptions affect information aggregation. [Ausubel (19904) and [Barlevy and Veronesi
ﬁzﬁ},@, M) are also closely related to this work. m (M) demonstrates existence
and uniqueness of a partially revealing equilibrium in a two-good, two-agent model in which
uninformed agents do not know the preferences of informed agents. [Barlevy and Veronesi (200d,
M) construct an equilibrium in a simple noisy RE model in which traders are risk-neutral
and face a portfolio constraint, and they focus on a particular parametric distribution for random
variables [ Other related work must make more substantial concessions and resort to non-standard
model settings or approximation to arrive at a solution. Vanded M) solves anon-linear noisy RE
model driven by gamma distributions but depends upon a non-standard definition of noise trading.
[Peresd (IM) analyses the interaction between wealth effects and information acquisition by using
a “small risk” log-linear approximation. [Bernardo and Judd (2000) develop a computational
procedure for solving noisy RE models numerically and demonstrate the non-robustness of
some results from the standardbms_sman_an_d_s_tigli];zl (l_]_%d) model. IB_anQrJ_Q@_an_dﬁ_r_e_e_d (IZQlj)
consider an economy in which the uninformed investors are uncertain about the presence of an
informed investor, and [Adriad (@) studies a dynamic model in which investors are myopic
and have non-Normal priors.

There are also a similar strands of literature that deal with non-noisy settings and settings in
which traders behave strategically. [DeMarzo and Skiadad (1998) study the properties a class of
static economies that nestsm ); they demonstrate uniqueness of Grossman’s (@)
fully revealing linear equilibrium and give robust examples of partially revealing equilibria when

ay-offs are non-normal. [Foster and Viswanathan (1993) study (linear) equilibria in the @
) model when random variables are elliptically distributed, and[Bagnoli ez all (2001)) derive
necessary and sufficient conditions on probability distributions for existence of linear equilibria in
various market making models.[Rochet and Vild (1994) study existence and uniqueness properties
in a class of models similar to[Kyld @) in which 1nf0rmed traders observe the amount of noise
trade. Finally, )
with strategic informed traders and )
market making in which an informed trader has prlvate 1nf0rmatlon about the mean and variance
of an asset’s pay-off.

3. m M) points out an error in the computation of the value of information inm

M). Nevertheless, the characterization of the financial market equilibrium in their paper is correct.
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2. MODEL

The model is of a simple static economy, as inhmsman_an_d_&tigli_tzl (198d) anle_de 11980).

There are two dates, 7 € {0, 1}. At the first date, =0, investors trade financial assets. At the final
date, t =1, assets make liquidating pay-outs. There are two assets, a risky asset with pay-off v,
distributed on some set V C R El and a risk-free asset, which is the numeraire, that pays off 1 and
has price normalized to 1. It is trivial to extend the model to permit an exogenous, positive return
on the risk-free asset.

There are N + 1 investors, indexed by i € {1, ..., N}U{U}, who have utility over wealthatr =1,
with CARA utility functions, which I formalize in the following Assumption.

Assumption 1 (CARA utility). Investors have CARA utility with risk tolerance t;: u;(w)=

—exp{—%w}.

Investors are endowed with shares of the risky asset and holdings of the risk-free asset that
they can trade in the financial market. Without loss of generality, I normalize the endowments
to zero, since a CARA investor’s demand for risky assets does not depend on initial wealth.
Investors i € {1,...,N} observe signals S;, each distributed on S CR before the financial market
opens. They can also condition their demands on the equilibrium price. I refer to these investors
as informed investors. 1 denote the collection of all signals by §E(§1, ...,EN) €SN The final
investor U does not observe any signals but can condition his/her demand on the equilibrium
price. This investor is referred to as the uninformed investor. Owing to the assumption of CARA
utility, standard aggregation theorems (].&Lbin&@ﬂ,hﬂ;llﬂgﬂs&ﬂl ll.%j, p- 217-219) imply that
each investor can be thought of as a representative agent for an underlying mass of investors
who observe a common signal §i (or no signal, in the case of the uninformed investor) and have
aggregate risk tolerance equal to 7;. Thus, without loss of generality, I assume that no two signals
are identical. That is there do not exist distinct i,j € {1, ..., N} for which Prob(S, SJ)_ 1.

The pay-off V and signals S are jointly distributed accordlng to some cumulative distribution
function (cdf) Fyy 5:V x SN - —[0,1]. The marglnal cdfs and the joint cdfs of subsets of the signals

use analogous notatlon (e.g. the marginal of S, is denoted F7 3 ). Conditional cdfs are written in the
form Fy; VS If arandom variable has a probability density function (pdf), T'use the same notational
conventions but with lower case f in place of F.

To prevent fully revealing prices and provide a motive for trade, there is a random component
to the supply of the asset. The supply is equal to Z+Z, where Z€R is a known constant, and
the supply shock 7 is distributed independently of all other random variables in the economy,
accordlng to cdf Fz on some set Z C RE Since z is known, one could simply absorb it into the
shock Z; ; however, once one moves beyond the normal distribution there is often no notationally
simple way to do this, therefore, it is convenient to be able to adjust the constant separately.

Allinvestors are price takers. All probability distributions and other parameters of the economy
are common knowledge, and therefore, investors are only asymmetrically informed about the asset

4. In general, I use the notational convention that random variables are denoted by capital letters with tildes,
supports of random variables and functions by calligraphic capital letters, and realizations of random variables by lower
case letters without tildes. An exception to this convention is that I follow tradition and use # for error terms when
specifying particular functional forms for signals below.

5. Itis equivalent to introduce noise or liquidity traders who submit price inelastic demand functions uncorrelated
with the asset pay-off. One can also permit price elasticity in the supply by specifying supply=2+2 +¢(p), where ¢ is
an increasing function.
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pay-off V. Also, signals are taken to be exogenous—they have been fixed via some unmodelled
information-acquisition stage before the financial market opens.

2.1.  Equilibrium

The definition of equilibrium in the financial market is standard and makes the typical
measurability restriction on the price function suggested by @ (@) to rule out prices
that reveal more than the pooled information of all investors. Let P(s,z) denote the equilibrium
risky-asset price for given realizations of S=sand Z=z. Let X;(s;, p) denote the quantity of
shares demanded by informed investor i as a function of his/her signal and price, and let Xy (p)
denote the quantity of shares demanded by the uninformed investor as a function of the price.

Definition 1 (Financial market equilibrium). A noisy rational expectations equilibrium in the
financial market is a measurable function P:SN x Z— R, and measurable demand functions
for investors X;(-) such that all investors maximize expected utility, conditional on their
information sets

1 ~
&@wﬂGMgmmEquﬁ—;mv_m}
L

E:wm§%=4,iqLWWL
xeR

Xy(p) eargmaxE |:—exp { —%x(\N/ —p)} ‘P(E,z) :p:| ,

xeR

and markets clear in all states

N
> Xi(si. P(s, )+ Xu(P(s.2) =7 +z, V(s.2)eSN x Z.

i=1
3. TWO-TYPES MODEL

In this section, I examine the special case in which there is a single informed investor, as in
[Grossman and Stiglitd (198d). This setting illustrates the main insights of the article and can be
addressed under a rather general set of assumptions.

The following two assumptions are essential for the characterization of the equilibrium.
Further technical assumptions will be introduced below as needed.

Assumption 2 (Single informed). There is a single informed investor, N=1. All quantities
associated with him/her are subscripted by I (e.g. signal Sy, risk-tolerance tj).

Assumption 3 (Exponential family). The conditional distribution of the pay-off 1% given Sp=s
has a cdf that can be written in the form

dF‘N,Ig[(vIsI) =explkrsyv—gr(krsp)}dHi(v), veV,sjeS. 3.1

where ky > 0 is a constant, the function gy : Gy — R has domain Gy which is an interval satisfying
k1S C QIE and the function Hy :R — R is (weakly) increasing and right-continuous.

6. I follow the notational convention that given scalars «, 8 € R and sets A, BC R, the set oA+ 8B is defined as
aA+BB={aa+Bb:acA,beB}.
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Assumptionlis self-explanatory. AssumptionBlmay appear complex at first glance. It requires
that the informed investor’s conditional distribution lies in a so-called exponential family with
parameter k1s1ﬂ This allows for a unified treatment of many common distributions, including
the normal, binomial, exponential, and gamma, all of which are exponential families, as well
as various signal structures. Indeed, the combination of Assumption [I] and [3] (and later, its
generalization in Assumption is the key to the article. In tandem, these assumptions will
lead to informed investor demand functions that are linear in the signal s;, though not typically
in the price.

I present a number of properties of exponential families in Appendix[AT] but I will address a
few important points here. Let M‘N,lg[ (ulsp) =E[exp{uV}|S; =s;] denote the conditional moment
generating function (mgf). The mgf of a probability distribution encapsulates information about
all of its moments, which can be obtained by differentiating. Lemma[A@lshows that the conditional
mgf for an exponential family is M VS, (u|sy)=exp{gr(u+krsy)—gi(krsp)}. Hence, all conditional
moments are determined by the shape of g; and gle value of krsy. The set Gy represents the set
of admissible parameters for the distribution of V. The requirement that k;S C Gy ensures that
all possible realizations of the “parameter” k;s; lie within this set. For instance, if the pay-off is
conditionally exponentially distributed with rate —k;s; this condition ensures that the distribution
of S is such that the rate is always positive.

Note that the constant k; can always be normalized to 1 after appropriately rescaling the
signal S;; however, allowing for explicit consideration of the constant will prove convenient
in the multiple-investor version of the model. Both the assumption that k; is positive and that
kysy is a linear function of s; are without loss of generality. If the k;s; terms in the distribution
were instead replaced by the more general expression k;by(sy) for some non-zero kj, signal s7,
and function by, one could define an informationally equivalent signal §1 = sgn(k;)bl (5;) and let
ky = k| to place the distribution in the desired form. I choose to do this as part of the Assumption
s0 as to not have to carry around extra notation.

If the standard CARA-Normal model is an idealization of a world in which investors run
linear regressions to predict asset pay-offs, then Assumption [3] generalizes to a world in which
investors run generalized linear models to predict asset pay—offsﬁ Suppose that X is a vector of
regressors that are to be used as predictors. In a generalized linear model, the econometrician
specifies that the pay-off is drawn according to an exponential family distribution with mean
that is a function of X’ B for some coefficient vector 8. An example is logistic regression, which
models the probability of a binary outcome by specifying log-odds that are linear in a set of
regressors. In the general case considered here, the regressor for the informed investor is his/her
signal and Lemmal[A§]in the Appendix shows that the conditional mean is g}(klsl). Hence, k7 is
like a regression coefficient.

Assumption [ allows for many common continuous and discrete distributions for pay-offs
and for various assumptions about the joint distributions of pay-offs and signals. The following
two examples illustrate some natural settings in which it is met.

Example 1 (Binomial distribution, general signal structure). The asset pay-off follows a
binomial distribution on V={Vy,Vy}. The informed investor receives a signal Sq, jointly

7. See[Bernardo and Smit] ©00d, Ch. 4.5.3) or[Casella and Berge] 2003, Ch. 3.4) for details. The terminology

may be somewhat confusing if the reader has not previously encountered exponential families. Requiring the pay-off to be
distributed according to a distribution in an exponential family is not the same as requiring that the pay-off be distributed
according to the exponential distribution. The specification in equation (&) is substantially more general and includes
the exponential distribution as a special case.

8. SeelMgf_ul]_a,gh_and_Nddd @) for a textbook treatment of generalized linear models.
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distributed with V. Suppose that this signal is non-degenerate in that it does not fully
reveal V.

Inow show how this setup fits the exponential family assumption after potentially transforming
Fyz,(VarISo)

Vi3, (VLIS0)
The log-odds are a sufficient statistic for §0: once one has observed S, additionally observing §0
directly does not provide any additional information about V. The conditional pdf can be written
as a function of the realization sy

the signal. Define the random variable Si= log ( ) as the informed investor’s log-odds.

expfss} _
= (v]s))= { 1+exp{1s1} v=Vn
VIS \VISI) = 1 —v
1+exp{ss} V=VL.

Since V takes only two values, the numerators of these expressions can be captured in one

term, exp{ VVH__V‘ﬁL sl} , which allows one to write the pdf as

-V

exp{y—,s1}

—a = Tve{V;,V,
TFexpls] {ve{VL,Vu})

fV|§I(V|SI)=

=exp | ity sty sivitog(1rep| Vi —vo ity ) ive (Vi v, 32)

where the second line moves the denominator into the exponential in the numerator and pulls

apart the VVH_—V\Z term.

By inspection, this distribution is in the form of equation (G} with

1

kf—m— 33

1=V, (3.3)

grkrsp)=Vikpsp+log(1+exp{(Vyg — VL)krsr}) (3.4)
1 v=Vg 0 v<Vgp

dHi(v)=4{1 v=Vy or, equivalently, H;y(v)=41 Vp<v<Vgy 3.5)
0 ve¢{VL,Vgl, 2 Vg=>v.

To identify the sets that appear in Assumption[3] note that the support of the function gy is G; =R,
as it is clear by inspection that gy is defined on the entire real line. The support of the log-odds, S,
depends on the underlying signal structure, but since Gy =R the condition k;S € Gy will always
be satisfied.

Example 2 (General pay-off distribution, additive Normal signal). Suppose that V is dis-
tributed according to an arbitrary distribution F; on some set V CR. The informed investor
receives an additive signal about the pay-off, S;=V+%, whereZ~N O, 012) is an independently
distributed error.

Let ¢(:| u,oz) denote the derlsity oi aN (,u,az) random variable, and use Bayes’ rule to
compute the joint distribution of V and S;

dFy 3, (v, sD)=(s11v,07 JdFy ().
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Using Bayes rule again, the conditional distribution of V satisfies

d(stlv,0P)dFy(v)
Joosilx,oP)dFy(x)dx’

dFy 5, (vls))=

exp{—(s,—v)z/Zalz}
27m,2

verifying the exponential family form is to expand the quadratic function in the exponential

and notice that terms that are constant with respect to x and v and appear in both the numerator

and denominator cancel

To continue, plug in the normal density qb(s1|v,c7,2)= . The key step for

exp{é —%V—lz}dF‘N,(v)

f"7|§1("|51)= )
fVexp { ;—I’zx— %(’;7 } dF5(x)

S ST 1x2 12
=exp —log exp) —5X— 32 dFy(x) | pexpy — 32 dFy(v),
UI v i i op

where the second equality pulls the expression in the denominator into the exponential function
in the numerator.
By inspection, this density is in the desired form with

r 1
1=—
]

1 x2
g1(krs)=log ( / exp {kmx —-= } dF;(x))
v 207

dHj(v)=exp { -5 V—Iz } dFy(v), or, equivalently, Hj(v)= f exp { — % X—IZ } dFy(x).

The sets that appear in Assumption Bl are as follows. The support of g; is Gy =R, since the —x2

term in the exponential implies that the integral that defines g7 converges for any krs; € R. The
support of Sy is S =R due to the normally distributed error. Clearly, k7S C Gy, as required.

These two examples are by no means the only ones that satisfy the exponential family
assumption. I focus on them because they employ some commonly made assumptions about
pay-offs and produce straightforward solutions for the asset price. The existence and uniqueness
results below are presented in general terms and are not limited to these examples.

3.1.  Characterizing the equilibrium

The goal in this section is to characterize the equilibrium price in the two-types model. The
essential difficulty to overcome is that the equilibrium price must both clear the market and
be consistent with investors’ beliefs. If the random variables in the model were jointly normally
distributed, the standard solution approach is well known. It involves conjecturing a price function
that is linear (affine) in the realizations of signal s; and supply z, solving the investors’ updating
and portfolio problems given the price function, and substituting their demand functions into
the market-clearing condition. Solving the resulting linear equation for the price and matching
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the coefficients with the original conjecture produces, a system of three equations with three
unknowns. [Grossman and Stiglit4 (1980) show that these equations can be solved in closed form
for the coefficients of the price function.

With a non-normal joint distribution, the “conjecture and verify” technique is not available
since the functional form of the price is not clear a priori. However, suppose that the informed
investor has a demand function that is additively separable in the signal and some transformation
of the price, X;(s7,p) =as; — g(p). The market-clearing condition requires that in any equilibrium,

as; —g(P()+Xu(P())=z+z,

or rearranging

1 1
—(8(P()—Xy(P())+2)=s1——z.
a a

Since the left-hand side depends on (s7, z) only through P(-), this implies that any equilibrium price
function must reveal the statistic S 1— lZ Hence, one can determine the information content of the
price function independently of its funct10nal formE With this statistic in hand, the uninformed
investor’s equilibrium beliefs are pinned down, and one can also characterize his/her demand
independently of the price function. Finding an equilibrium price then reduces to finding a price
that clears the market.

The rest of this section walks through the equilibrium derivation described above and presents
heuristic proofs. All results are proven rigorously in Appendix[A2] I begin by writing down the
informed investor’s partial equilibrium demand function, which takes the linear form above due
to Assumptions [H3l Let (V, V) denote the interior of the convex hull of V. This set is an open
interval since VV € R. Demand will only be finite for prices p € (V, V) since those are the prices that
preclude arbitrage. I will also require the following purely technical assumption, which guarantees
that the FOC is necessary and sufficient for an optimum for the informed investor.

Assumption 4. The interval Gy is open.

Lemma 1 (Informed demand). Suppose that Assumptions I hold and that pe(V,V). Let
Gr= (g})_l, where g(-) is the function from the informed investor beliefs in equation 3.1). The
demand function of the informed investor is

Xi(s1.p)=rr(kis; — G1(p)). (3.6)

I give a brief sketch of the proof here. The informed investor’s optimization problem is

1 ~ ~
maxE |:—exp { —t—x(V —p)} |S7 =s1:| =maﬂ>€ —exp { Lap+gr (k, v,——x) g1(k1v1)}
1 xXe

xeR

where I use Lemma [A@] to compute the conditional expectation in a closed form. Since Gy, the
domain of gy, is assumed to be an open interval, this problem involves maximizing a continuously

9. T'use the term “information content” informally. More precisely, determining the “information content” means
determining a univariate random variable that depends on both S; and Z, such that the o -algebras generated by the price
and by this random variable are identical. For parsimony and to be comparable with prior literature, I suppress the measure
theoretic details here, as throughout the article.
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differentiable and strictly concave function over an open set, so the FOC is necessary and sufficient
for an optimum. The FOC reduces to
, 1
gr\ kisi——x ) =p.
7

Supposing that g is invertible and Gy = (g})_1 is well defined at p, one can apply Gy to both sides
and rearrange to deliver the demand function in the Lemma. The function Gy(-), which depends
on the joint distribution of the signal and pay-off, has an intuitive interpretation as the investor’s
price reaction function.

As the informed demand takes the desired additively separable form, one may substitute into
the market-clearing condition and rearrange to obtain

XyPera) 2 o 2 (3.7)

1
—Gr(P(s7,2)— = .
ky 1P(n.2) kit kity o kity

Hence, conditioning on the equilibrium price allows the uninformed investor to infer the realized
value sy of the statistic Sy =87 — k;l_nZ . The next Lemma formalizes this point.

Lemma 2. Suppose that Assumptions[IH@lhold. Let P(-) be any equilibrium price function, and
choose any (sy,z) and (51,2) €S x Z. If P(sy,2)=P(51,2) then sy — k,z_r, =5/ — ﬁ

As noted earlier, it is the additively separable form of informed demand that allows one to
determine the information content of price without solving for equilibriumAdditive separability
implies that the informed investor’s trading aggressiveness %—);I’(sl, p)=trkj is independent of the
price. Since the information revealed by the price depends on the trading aggressiveness, but
the aggressiveness does not depend on the price, one can pin down Sy independently of P(-).
In Section 1 of the online Appendix available as Supplementary Material, I show that CARA
utility and the exponential family assumption are also necessary for an investor with twice
continuously differentiable utility function to have an additively separable demand. This suggests
that constructing equilibrium by identifying a linear statistic independently of the price function
may be difficult to generalize beyond the setting considered here, at least in situations in which
investors are risk-averse and face no constraints on demand[!]

From Lemma [2} one may be tempted to conclude that any equilibrium price function can
depend on (s7,z) only through the quantity syy. However, without further assumptions, that need
not be the case. The Lemma implies only that any equilibrium price reveals at least Sy = sy . That

is, the price reveals that the realization of (3‘}, Z) lies on the line segment [ (s7,2):81— kIZ_r] =sy } It

does not imply that the price reveals only this fact. For the purpose of constructing an equilibrium,
this is not a problem—one can simply focus on price functions that depend only on Si;. However,
it will be shown in Section 3.2l below that by restricting attention to continuous functions of s;
and z one can in fact rule out the existence of other equilibria.

_ Tturn now to the uninformed investor’s problem. The conditional distribution of 1% given
Sy follows from Bayes rule, but since the exact form is not important for the derivation that

10. Indeed, the derivation of equilibrium could have proceeded by assuming additive separability in the informed
demand and only later writing down conditions on primitives that guarantee such a functional form. I abstain from this
approach to avoid placing restrictions directly on equilibrium objects.

11. ) show that a similar linear statistic construction can be used in a model with a continuum
of risk-neutral traders who face a portfolio constraint.
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follows I defer the result to Lemma [ATT]in Appendix With this distribution pinned down,
solving the uninformed’s portfolio problem is simple. One may suppose that he observes Sy
directly, rather than explicitly updating from the price. His/her demand will then depend on the
realized value sy and the (numerical) value of the price, p, but without any updating from p
itself. To capture this fact, I modify notation slightly and denote his/her demand as a function of
sy and p by Xy (sy, p). Under the following assumption, which is analogous to Assumption H]
and guarantees that the objective function is defined on an open set, a standard FOC pins down

Xu(su.p)-

Assumption 5. The conditional distribution of 1% given §U=SU has a conditional mgf that
converges within some (potentially infinite) non-empty open interval containing zero and diverges
outside this interval: specifically, there exist 0 < nq, 89 < 00, which may depend on sy, such that

/I;exp{ut}dFng(vhU)<oo Yu e (—3d9,n9)
/Vexp{ut}dFVSU(v|sU)=oo Yue(—oo,—6p]U[ng,0).

Lemma 3 (Uninformed demand). Suppose that Assumptions [IH3] hold, p e (V.,V), and the
uninformed investor’s information set consists only of Sy. His/her demand, Xy(sy,p), is
characterized implicitly by the following equation

1
/(V—p)exp{——XU(sU,p)v}dF‘7|§U(v|sU)=0, (3.8)
1% U
where the conditional distribution F Visy is given in LemmalAT]]

Lemma [l characterizes the uninformed investor’s demand, assuming that an equilibrium price
function exists that depends only on sy =57 — k o . It remains to characterize this price function
and demonstrate existence. From this point forward, I will abuse notation by writing P(sy) to
denote such a price function, despite the fact that Definition [l formally defined P(-) as a function
of (s1,2).

Fix any sUesupport(SU) S—rz Z The expression for uninformed demand in equa-
tion (3.8) must hold state-by-state 1n equ111br1um so that when an equilibrium price P(sy) is
substituted in,

1
/;}(V—P(SU))eXp { —EXU(SU,P(SU))V} dF\N/IEu (v|sy)=0. (3.9)

The market-clearing condition requires that in equilibrium the demand of the uninformed investor
equals the supply of the asset net of the informed demand

Xy(Gsu,P(sy))=z—11 (kisu — G1(P(s0))).

Substituting this expression into equation (39), therefore, produces an expression that
characterizes the equilibrium price implicitly, supposing that it exists.

12. The one-argument demand function introduced earlier, Xy (p), relates to this two-argument function as Xy (p) =
Xu(P~'(p).p).
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Proposition 1.  Suppose that Assumptions [IH3 hold, and assume that a price function that

depends on (sy,z) only through sy =sj— k1z_f1 exists. Then, P(-) is characterized implicitly as

/ (v—=P(su))exp { [1 (krsu —Gr(P(su))) — i} V} dFy 5, (vIsy)=0. (3.10)
% v W

To better understand the meaning of the integral in equation (3.I0), rearrange and write out

the utility function in general terms, uy(w)=—exp{— %w to obtain

]E[WU (VG (kisu —Gi(PY)

EUZSU:|

P(sy)= "
IE|:1/U (V G—1 G5y — Gr(P)))

EUZSU:|

This looks like a typical asset pricing Euler equation except that the “endowment” of the agent,
z—17 (kysy — Gi(P)), is the residual supply. Accordingly, one can interpret equation (3I0) as
a representative agent pricing formula in which the representative uninformed investor’s risky-
asset holding is itself endogenously determined. This implicit characterization of the price also
clarifies that the assumption of CARA utility for the uninformed investor is not necessary and can
be generalized to essentially arbitrary utility functions, up to restrictions to guarantee existence
of expected utility.

In particular situations, the integral in equation (3I0) can be evaluated in a closed form,
which gives the possibility of solving explicitly for P(sy/). One would then check that the function
P(-) so defined is one-to-one in sy, which is a necessary condition due to Lemma Pl Without
an explicit expression for the integral, one can establish existence with an intermediate value
theorem argument. It suffices to show that for fixed sy, the aggregate excess demand function
t1(kisy — Gr(p)+ Xy (sy,p)—7z is a continuous function of the variable p and crosses zero at least
once. This guarantees existence of some point p*(sy) € R at which equation (ZI0) is satisfied.
Having found a p*(sy) corresponding to each sy, define the function P(syy)=p*(sy). As long
as this function is one-to-one, then it is an equilibrium price function. To provide this existence
result, I require some additional technical assumptions.

Assumption 6. The support 0fk1(§U - %) is a subset of Gy. That is kjS — %Z — %Z cdqy.

Assumption 7. The supply Z isdistributed according to a density function f5 that is log-concave.
That is log f5 is a concave function

Assumption 8. The function K(v,sy) in the uninformed cdf Fyy 5, (vIsu) in equation @A7D in
Lemmal&T1lis continuous in sy for each v.

Assumptions [fH8] are mostly economically innocuous. Assumption [flis a minimal condition
for existence. It is necessary and sufficient for equilibrium to exist when only informed investors
participate in the risky-asset market. It guarantees that for any (s7, z) there exists a solution p* to the
market-clearing condition in that case, 77 (k;s; — Gy (p)) =z +Z. Assumption[Zlis sufficient (though

13. This assumption implies that the support Z is a (potentially infinite) interval (Theorem 1.8, Ch. 4@,@).
There is an analogue of logconcavity for discrete distributions that could be appended to Assumption[7] but at the cost of
additional notational complexity. Seem @) for details.
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not necessary) to guarantee that the price function produced by equation (3.I0) is monotone.
Assumption[§lis a continuity condition on uninformed investor beliefs and will guarantee that the
price function is continuous in sy . It is needed for the uniqueness result, but not for existence.

The following Proposition records the fact that under the assumptions above, there is an
equilibrium in the model.

Proposition 2 (Equilibrium existence). Suppose that Assumptions[IHAhold. Then there exists
an equilibrium price function which is defined implicitly by the expression in Proposition [ If
AssumptionB also holds, this price function is continuous in sg.

A drawback of the function in Proposition[Ilis that without further assumptions it can only be
characterized implicitly. This makes it difficult to interpret and limits its usefulness for applied
work. While comparative statics can be performed using the implicit function theorem, embedding
the economy here into larger models is difficult without explicit solutions. Nevertheless, if one
also assumes that the conditional distribution of V given Sy is in the exponential family, an
explicit solution is available.

Assumption 9 (Exponential family, conditional on EU)- The conditional distribution of 1%
given Sy =sy can be written

dFy 5, (vIsy)=explkybuy(sy)v—gukyby(su))}dHy (v), (3.11)
velV,sy e Support(gy)

where ky >0 is a constant, the function by :support(gy) — R is increasing, the function
gu :Gu — R has domain Gy which is an interval satisfying ky by (Support(Sy)) C Gy, and the
Sfunction Hy :R— R is (weakly) increasing and right-continuous.

As in the case of the informed investor, the assumption that kg is positive is without loss
of generality. Unlike the case of the informed investor, it is analytically convenient to allow
explicitly for the possibility that sy interacts non-linearly with ky via the function bU(sU)E I
show in equation (A17) in Appendix[A3]that AssumptionDlis always met in the binomial setting
of Example Il In that case, regardless of the distribution of the supply shock, the conditional
distribution of V given Sy remains binomial, which is an exponential family. I also show in
equation (A22) that the Assumption is met in Exgvmple if the supply shock follows a normal
distribution. In that case, Sy can be written Sy =V +%; — Flnz’ and it was shown in Section[3
that an additive signal with normally distributed error leads to a exponential family conditional
distribution.

If Assumption [@holds then Proposition[I] produces an explicit function for the price, which I
record in the following Corollary.

Corollary 1. Suppose that Assumptions[IHAand[@Qhold. Let G be the aggregate (risk-tolerance-
weighted) price reaction function

Gp)=uGi(p)+1wGup).
An equilibrium exists and the price function is given by
P(sp) =G~ (tiksy +tukuby(su) —2).

14. In the case of the informed investor, this possibility was taken care of via the definition of s; so as to not have
to carry around additional notation.
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Here I briefly sketch the proof. From equation (3.6), informed demand is

Xi(sp,p)=1i(kis; — Gi(p)),

and under Assumption 9, the uninformed investor’s FOC produces a similar demand function

Xu(sy,p)=tulkyby(sy)—GuP)).

The market-clearing condition pins down the equilibrium price

(ks — Gi(P(sp)) +tutkuby(sy) — Gu(P(sy))) =7 +z,

and rearranging to isolate P produces the expression in the Corollary. Since Assumption@lrequired
by to be increasing, this function is monotone in sy as required.

3.2. Equilibrium uniqueness

To prove uniqueness, I restrict attention to price functions that are continuous in the signal
and supply. Continuity seems to be a reasonable condition to impose in a “smooth” model
in which informed beliefs and demand depend continuously on s;. However, this assumption
does exogenously restrict the equilibria under consideration. [ordad (@) shows in a non-
noisy economy that there may exist complicated discontinuous price functions that are arbitrarily
close to fully revealing, and Eahaﬂgmn_dmmd 2019) construct discontinuous equilibria in
the standard CARA-Normal setting.

Under the continuity assumption, the following Lemma records the fact that any price function
must reveal only the value of sy/.

Lemma 4. Suppose that Assumptions [H4 hold and that S and Z are (potentially infinite)
intervals. Choose any sy € Support(Sy)=S —ﬁz . Then any continuous equilibrium price

function is constant on the line segment {(sy,z):57 — =sy}. That is, any continuous price

4
kit
function depends on (sy,z) only through sy = sy — k;z_r]

Lemma[limplies that any continuous equilibrium price function is informationally equivalent to
the statistic Syy. The idea behind the Lemma is as follows. Suppose that there exists a continuous
price function that is not constant along the given line segment. Then one can find a point (s?, %)

and a sufficiently small & > 0 such that the set of points along the segment that are close to this point,
{(s1,2):87 — k,z_r, —s, km N (Bg(s9 2\ {(s(l), Z9}), is both non-empty (due to S and Z being
intervals) and contains only points that lead to different equilibrium prices P(s7,z) # P(s? 72 29 (by

continuity and the choice of (s?, 0)). Furthermore, since S and Z are intervals, the ball Bg(s?, zo)

0 . .
also contains points that do not lie in {(s7,z):s7 — k a —s? — ﬁ}. Because P is continuous, some

of these points have prices that are equal to the prices for other nearby points that do lie on the
line segment. This contradicts Lemmal] which implied that identical equilibrium prices can only
arise for states that lie on the same line segment {(s7,z):s k = =sy}.

Given the typically ad hoc method of analysing nois at10nal expectations models, the
question of uniqueness has remained open (E[dekm , p- 93). However, it is now
straightforward to demonstrate uniqueness among continuous equllibria, which requires proving
that for fixed sy, the aggregate excess demand function 7;(k;sy — Gr(p)+ Xy (sy,p) —Z crosses
Zero at most once as p increases.
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Proposition 3 (Equilibrium uniqueness). Suppose that Assumptions IH8 hold and that the
supports S and Z are intervals. Then the equilibrium price function characterized in Proposition
[Mexists, is continuous, and is unique within the class of continuous price functions.

Uniqueness is in some sense unsurprising. In models in which agents do not learn from
price, multiplicity can arise if wealth effects are sufficiently strong to prevent aggregate demand
from sloping downward at all prices. CARA utility rules out wealth effects, and by Lemma £
the equilibrium is equivalent to one in which the uninformed do not condition on price, but
instead observe only the statistic Sy. It follows that aggregate demand is downward sloping
and the equilibrium is unique. As a corollary, this implies that the usual linear equilibrium in

[Grossman and Stiglit4 (198d) is unique among continuous equilibria.

4. DERIVATION OF EQUILIBRIUM IN EXAMPLE 1

For illustrative purposes, in this section, I walk through the equilibrium derivation for Example
[ I defer all technical details to Appendix[A3] along with the derivation for Example 2, and here
present only the essential details. Along with the assumption that the conditional distribution of
V follows a binomial distribution, suppose that the informed investor’s log-odds S; follows an
arbitrary continuous distribution with density fg/, and the supply shock Z follows an arbitrary
continuous distribution with continuously differentiable and log-concave density f5. These
smoothness assumptions will carry over to the price function. Furthermore, to avoid tedious
consideration of boundary behaviour, suppose that the log-odds S; has full support on R[S

To begin, one requires the informed investor’s demand function, which can be determined
using Lemma [[l Equations (33) and @&4) show klzﬁ and gy(krsp)=Vikrsy+log(1+
exp{(Vu — VL)kisr}), so the demand function follows after computing the price reaction function
Gi= (g})fl. We have

exp{(Vy — VL)kisr}
1+exp{(Vi — VL )kisr}

gikis) =V + (Ve — V1)

SO

Gi(p)=——1 (”_VL>
I = (0] .
Vi—vi S\ Vi —p

Lemma[Ildelivers the informed demand

77 p—VL
X’“”f”:m(S"“’g(vﬂ—p))'

The market-clearing condition is

i P()-VL -
e U Crer o AEEC R

and rearranging to isolate terms involving P(-) implies that the statistic inferred by the uninformed
investor is

~ ~ Vg=Vi~
SUZSI—MZ.
7

15. Another way to avoid the possibility of full revelation of the signal at the boundaries is to assume that the supply
shock Z has full support.
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Let f‘7|§U denote the uninformed investor’s conditional pdf, which I characterize explicitly

in equation (AI3) in Appendix B3l Owing to the binomial distribution for V, this conditional
distribution remains binomial but with log-odds

foz, (VHlsv) )

4.1
1=fy5,(Valsv) @D

bU(SU)ElOg<

Since the uninformed investor also faces a binomially distributed asset, his/her demand is linear
in his/her log-odds

1144 p—VL
XU(SU’P)Zm <bU(SU)—108<VH_p))-

The market-clearing condition requires that in equilibrium, the price P(sy/) satisfies

P \% P V -
VHZIVL< 10g< (SU;J(SUL))>+VH 173 (bU(SU) 10g(%))=z+z.

Rearranging this equation produces an explicit expression for P(sy)

VL
CXP{ U sy + by (sy) — Lz z}
P(sy)=VL+(Vig = Vo) —— -

4.2)

Vi
1+€Xp{ TI+TU su+ f1+‘L’U bU(SU) - TI+TULZ}

5. APPLICATIONS

In this section, I briefly illustrate a few novel implications of the non-normal model in the context
of the binomial example developed above. In all applications, I continue to assume that Sy has full
support and that the density of 7 is continuously differentiable. This implies that the uninformed
investor’s log-odds by (sy) is a differentiable function of sy and therefore that the price function
(equation (@2)) is also differentiable. Though a full consideration of any of the applications is
beyond the scope of this article, they suggest some directions in which one could further develop
the model.

5.1.  Price reaction to information

Motivated by the fact that asset prices seem often to be subject to movements that cannot

be easily explained by news (Roll, [1988; ICutler er gll, [1989), a number of researchers have
attempted to generate large price movements via learning from prices (Gennotte and Leland,
(1990; Romed, [1993; [Barlevy and Veronesi, 2003; [Yuar,[2003). While learning from endogenous

variables provides a plausible explanation for price movements without public news, it turns
out to be somewhat difficult to capture such effects in standard models without introducing

additional frictions. As shown by [Gennotte and Leland (1990) and [Yuad (2009), in a standard
[Grossman and Stiglita (1980) model investor demand curves are everywhere downward sloping,

and hence no investors act as “feedback traders”, trading in the same direction as a price
movement. It follows that prices never react more strongly than in an otherwise-identical setting
with only informed investors[d

16. m m) shows in a multiple-asset setting andm (@) in a dynamic setting that demand curves for
some assets may be upward-sloping when pay-offs are normally distributed. However, since linear demand curves never
bend backward over themselves it is not possible to generate large price movements of the sort considered here.
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It turns out that in the binomial model, uninformed investor demand may be upward sloping in
some regions, even in the absence of frictions, leading to amplified price reactions[7]In a rational
expectations setting, price changes generally have three effects on asset demand. The first two
effects are standard substitution and income effects. CARA utility rules out any income effect,
and the substitution effect tends to make demand curves slope down. The third effect, which is
novel to settings with asymmetric information, is an information effect m, @). All else
equal, if a lower price signals that the asset pay-off is likely to be lower, agents want to buy less of
the asset as its price decreases. This effect tends to make demand curves slope up. Taken together,
in a model in which agents have CARA utility, demand can slope upward only in situations in
which the information effect is sufficiently strong to swamp the substitution effect. The following
Proposition provides a characterization of such situations.

~ 3z ()
Proposition 4. If the distribution of the informed investor’s log-odds Sy satisfies 3% f? o =
1

%W, for all xS, then uninformed investor demand slopes down at all prices p.

f§/1 ™) exp{x} 1

B, 7 Texplx} Texplx]’
then there exists a log-concave distribution for the supply shock and a non-empty open interval
(p,p) such that for for prices p € (p,p), uninformed investor demand slopes up.

Conversely, if there exists a non-empty open interval (a,b) on which %

This Proposition shows that uninformed investor demand may slope upward purely due to
learning effects, even without any additional frictions or constraints. The condition on the elasticity

A . . . . . .
of the pdf, % ffl_(x)’ is essentially a requirement that in some region the information conveyed by
S

a price change must be sufficiently large to overcome the substitution effect.
A simple distribution for Sy that captures both cases in the Proposition is a power distribution
with exponent a > 0 and support parameter k > 0:

a ,_
f5, (0= k—ax“ {xe(0,k]}
It follows that for any x € (0, k),

ifél(x)_ 1—a
Ixfs () x2

Hence, if a > 1, uninformed demand slopes down, regardless of the supply distribution, since
for all x€(0,k),

9 fél(x) 1—a exp{x} 1
— = <0<
dx f5,(x) x2 1 +expf{x} 14+expix}

Conversely, if a < 1, then there exist an interval of x’s close to zero such that

5@ 1-4 1_ explx) 1

dx f5,(x) T2 T4 1 +exp{x} 1+expfx}’

17. The models mentioned above consider frictions that cause aggregate demand to bend backward which generates
a discontinuous price function. As shown in Section H] the price function is continuous in the binomial model, so true
“crashes” of this sort do not arise here.
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(a) Uninformed demand curve for a = 1/2, k = 4. (b) Uninformed demand curve for a = 2, k = 4.

FIGURE 1
Panel (a): Uninformed demand curve when log-odds S; follow a power distribution with a=1/2, k=4 and the supply
shock is distributed N(0,0.05). Panel (b): Uninformed demand curve when log-odds §1 follow a power distribution with
a=2, k=4 and the supply shock is distributed N(0,0.05). Other parameters: 77 =0.2,7y=0.8,V;, =0,Vg=1,z=1.

and hence there exist supply distributions such that unformed demand is upward sloping over
some region of prices. Figure[illustrates both possibilities in a setting with a normally-distributed
supply shock

5.2.  Other applications

In this section, I briefly consider two other applications concerning price drifts and the relation
between returns and investor disagreement.

5.2.1. Price drifts. Post-announcement drift (IB_QmaLd_and_"thmad, (1984, 11_9%1) and
time-series momentum effects (]Mgs_]mm'_[z_gmﬂ, |2Q]_j) are well documented, and have been
argued by some to be evidence of irrationality among market participants (Daniel ez afl, [1998;
|H9_n_g_and§1c;i.ﬂ, U_Q‘H). However, there has been recent interest in rationalizing such effects in
noisy RE models M,M). However,IB_anmj_Qe_eLalJ show that in standard one-
period CARA-Normal models asset prices always exhibit reversals{] It turns out that once one
entertains the possibility of alternative pay-off distributions, this is no longer true.

To formulate a notion of drifts and reversals in the model, I use a definition that is similar to

that used in the static section of |B_a.nggf£_aLa_L| 2009).

Definition 2. Prices exhibit price drift (reversals) at price p if E[v — P|P=p] is an increasing
(decreasing) function of p at p=p.

This definition is meant as a reduced form for a three date model in which the final price is Pp = V
the time one equilibrium price is P; =P(sy), and the price before any information is revealed

18. Note that for this illustration the fact that the power distribution places zero probability on log-odds less
than zero (success probabilities less than 1/2) is without loss of generality. One can always translate and rescale the
distribution to arrange for an arbitrary support. Another remedy is to consider a symmetric power distribution with
density fg] x)= ﬁ |x|*~'I{x € [k, k]}, though this density is not differentiable at zero for all choices of a.

19. Strictly speaking,w )) consider a Hellwif—stﬁle model m) with dispersed information, but

it is easy to show that the absence of drifts carries over to a @) model.
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is normalized to a constant value Pyp= w consistent with a setting, in which there is no
asymmetric information nor noise shock (though the exact value of this constant is immaterial for
the result). The definition then refers to whether E[P, — P{|P1 — Py] is increasing or decreasing
in Py — Py.

As shown by [Banerjee e al] (2009), in static CARA-Normal models asset prices exhibit
reversals at all p. The intuition for this is quite simple—when random variables are jointly
normally distributed and noise is present traders are cautious to adjust their expectations about
the pay-off less than one-for-one with changes in the price. While it is difficult to formulate
conditions which guarantee either drifts or reversals in the general version of the binomial model,
the following Proposition shows that both can arise naturally, even when all random variables
follow symmetric distributions and uninformed log-odds by (sy) are “well-behaved”.

Proposition 5. Suppose that both Sy and Z are symmetrically distributed with mean zero and
that the fixed component of supply is 7=0. Suppose further that the derivative of the uninformed
investor’s log-odds, b’U(sU), is uniformly strictly bounded between 0 and 1. Then,

e Prices exhibit reversals in a neighbourhood of p= #
e There exist p <p such that prices exhibit drifts at p <p and p >p.

This Proposition shows that the unconditional relation between prices and future returns is
generally ambiguous. More precisely, the result implies that if an econometrician conditions on
“large” price movements, they should tend to find evidence of drifts, whereas if they condition
on “small” price movements they should tend to find evidence of reversals.

5.2.2. The relation between disagreement and returns. A number of empirical papers
document a negative relation between investor disagreement and future returns (e.g. mﬁ
2002 [Goetzmann and Massd, |2£)Qj) The difference of opinions (DO) theory of m (@)
implies that when investors agree to disagree and there are short-sale constraints, stocks about
which there is more disagreement will tend to have higher valuations and hence lower returns.
On the contrary, in CARA-Normal models, there is a positive relation between disagreement
and returns—high disagreement is associated with high risk and hence high returns. Thus, one
interpretation of the existing empirical evidence is that investors agree to disagree and do not
fully condition on prlces. However, I show below that the above predictions may be clouded
in settings when uncertainty is not normally distributed. The reason is that return skewness also
plays a role in the disagreement—return relation. The economic intuition for this effect is quite
simple. If returns are, for example negatively skewed, then a large amount of disagreement also
tends to be associated with a below average return.

Consider a slight reinterpretation of the binomial model in which there is a unit mass of agents
with identical risk tolerance 7. Let A denote the proportion of investors who are informed. This
setup can be accommodated by setting the aggregate risk tolerances of each group to t;=At
and Ty =(1—A)7. In this simple setting, disagreement is given by the cross-sectional variance in
expectations about V which, up to multiplication by the constant A(1 —21), is

)

20. m M) points out the difficulty of distinguishing RE and DO models in a static setting. To distinguish
the hypotheses, he considers how disagreement relates to the dynamic properties of returns and trading volume and finds
evidence largely consistent with conditioning on prices.
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The following proposition characterizes the covariance between (dollar) returns, 1% —P(EU),
and investor disagreement.
Proposition 6. Let r7(s;) = li’;ﬂ—{;{’;}
a high pay-off. Then,

denote the informed investor’s conditional probability of

Cov (V —PGSy). (E[V[3]] —E[VGU])Z)
= (Vi — V1)*{Cov (E[V — P(Sy)|Su1. Var(z;(SD)ISv))

+(Vi = VO [ Skew(m GiSu)] |

:q‘U}

The proposition says that the relation between disagreement and returns is driven by two
forces, the covariance between the conditional risk premium and the conditional variance of the
probability of a high pay-off, and the (unnormalized) conditional skewnessP] The first effect
is intuitive and appears in earlier work. In a rational expectations setting, high disagreement is
associated with high risk and hence high returns. The second effect is also intuitive but has not
appeared before given the exclusive focus on linear normal models. Hence, Proposition[@suggests
anovel role for return skewness in determining the sign of the disagreement return relation, which
may be important if the sign of this relation is to be interpreted as evidence as to whether investors
rationally learn from prices.

where

S/k5v<m<"s})|§u)=E[(mﬁn—E[m(E)ﬁulf

is the unnormalized conditional skewness (third central moment).

6. INFORMATION AGGREGATION

In this section, I consider the aggregation of dispersed information. Perhaps surprisingly, one
can still characterize the equilibrium price in certain cases, sometimes explicitly. My main goal
in this section is to write down an equation for the price—a multidimensional analogue of the
characterization in Proposition [[l—rather than provide the most general possible existence result.
The technical conditions that are sufficient to guarantee existence are analogous to those in
Assumptions FH7] above. Nevertheless, to demonstrate that the characterization results are not
vacuous, in Appendix [A:8 I provide full existence proofs for a special case of the binomial
economy from Example[[lwhen traders receive additive signals about the log-odds of the pay-off
and the general case of Example [2lin which traders receive conditionally iid signals about the
pay-off itself.

The results in the two-types setting in Section [3] indicated that the key ingredient for the
tractability of standard CARA-normal models is not the linearity of the price function itself, but
rather the fact that the equilibrium price is informationally equivalent to a linear statistic of the
signal and supply. In that vein, I make the following definition.

21. Strictly speaking, the second term involves the conditional third moment, under the uninformed investors’
information set, of the informed investors’ expectation of the pay-off. In a setting in which investors learn about the
pay-off itself rather than a parameter governing the pay-off, this term is truly equal to the conditional third moment of
the pay-off. See the earlier manuscriptm ) for details.
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Definition 3. An equilibrium is a generalized linear equilibrium and the associated equilibrium
price function is a generalized linear price function if the equilibrium price can be written in
the form P(L(s,z)) for some linear function L:SN x Z— R and some monotone function P:
LSV x Z2)—>R.

By restricting attention to generalized linear equilibria, one is essentially generalizing the
“conjecture and verify” method from conjecturing a price function to conjecturing the information
content of the price function. Thus, the results below are silent about price functions that are not of
the generalized linear form. Similar conjectures about the information content of price also appear
in some models with trading constraints (e.g. [Yuarl, 2003; [Bai ez all, 2006 [Marin and Oliviei,

). However, I show in Section 2 of the online Appendix available as Supplementary Material
and sketch briefly below that if one is willing to entertain an additive signal structure, as in
Example 2] and a continuum of informed investors, as is often the case in applied work, then
generalized linear equilibria are unique within the class of continuous equilibria.

Consider the full ver~sion of the model in whifh there are N informed investors, each of
whom observes a signal S; jointly distributed with V, along with an uninformed investor U. In a
generalized linear equilibrium, observation of the equilibrium price is equivalent to observation
of some linear statistic of the form L(S,Z)= ZJNZ lajTS'} -7 Supposing for a moment that a
generalized linear equilibrium exists, the difficulty lies in determining the coefficients of the
function L. With a single informed investor, the market-clearing condition uniquely pins down
the coefficients, but introducing multiple informed investors complicates this step. Each investor
would like to use the price to learn about the others’ signals, hence L must be solved for as part
of the equilibrium.

The following assumption is the natural multiple-investor analogue of Assumption [l and
allows one to identify the statistic L that must be revealed by any generalized linear price function.

Assumption 10 (Exponential family, conditional on S, and L(-)). Forany i€{l,...,N} and
any linear statistic of the form L(S Z) ZJ la]S] Z, the conditional distribution of 1% given

S, =s; and L(S,Z)_Z can be written
dFy 5 7Ovlsi, ©) =explLisi, Ov—gi(Li(si, 0); @)} dHi(v; @), 6.1)

for some function i,i(si, 0)=k;1(a)si+kip(a)b;i(L;a), where kj1,kip : RN SR, bi(-;a) is increasing
in its first argument, g;(-;a) is twice continuously differentiable with gg/ (-;a)>0, and H;(-;a) is
(weakly) increasing.

Assumption [10l may appear rather dense and intimidating. However, it simply requires that
the conditional distribution of the pay-off given (5;, L(-)) lies in an exponential family. Here, the
“constants” k;1 (@) and kj»> (a) as well as the functions b;, g;, and H; that characterize the distribution
may depend on the coefficients a in the linear statistic. Returning to the earlier interpretation of
exponential family beliefs from Section[3] the functions ki1(a) and kj>(a) are like coefficients on
the investor’s private signal S, and the “public” signal L(S Z) when she fits a generalized linear
model to predict the asset’s pay-off.

With Assumption in place, one can pin down the statistic L on which the price must
depend. Suppose that a generalized linear equilibrium exists and conditional beliefs are as in

22. The assumption that the coefficient on on 7 is —1 is without loss of generality. One can always rescale L by
dividing by a constant and absorb the constant into the function P.
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Assumption[[Q} By computing expected utilities and differentiating, the demand of investor i can
be written in closed form as a weighted sum of private information and public information

Xi(si,€,p) =7 (kj1(a)s; +kip(a)bi(€; a) — Gi(p; a)),

where Gi(p;a)= (g;.)*l(-; a) is the price reaction function.
In equilibrium, the market-clearing holds

N
Zfi (kit(@)si +kip(a)bi(£;a) — Gi(P(€); a)) + Xy (P(£)) —z—2=0,

i=1

which can be rearranged as

N N N
> wGi(P();a) = Xy(P() = Y _tikin(@)bi(t:; a)+Z=)_tikit(@)si—z. (6.2)

Equation (@2) says that the left-hand side, a function of ¢ =Z]N: 14aj8j—2, equals
Z?’thik,-l(a)si—z. For this to be true globally in (s,z), it must be the case that £ also equals

Zivz 1 Tiki1(a)s; — z. Thus, the coefficients must satisfy a; = 7;k;1 (a) for all i. The following Lemma
records this fact.

Lemma 5 (Price-information equations). Suppose that Assumptions [l and [[Q hold and that
P(L(")) is a generalized linear price function. The coefficients a* =(aj,...,ay) of the function L
solve the following system of N “price-information” equations

a?‘:rikil(a*) ie{l,...,N}. (6.3)
Hence, in equilibrium the function L is given by L*(s,z)= vazl a’si—z.

The price information equations are similar to the usual system defining the price coefficients
in them ) model. Examining the equations shows that prices aggregate information
in an intuitive way. The coefficient a; on each investor’s signal is equal to his/her responsiveness
to private information, weighted by his/her risk tolerance. Thus, investors whose beliefs respond
more strongly to their signals (high k;1) or who are more risk tolerant (high 7;) will see their
signals weighted more heavily in the price. While it is difficult to formulate general conditions
on the functions k;; that guarantee existence of a solution to the price information equations, it is
straightforward to use a fixed-point argument based on Lemma 3.1 of m ) to prove
existence in particular cases. I do this for the Example economies in Appendix [A.6

Having pinned down L*, the construction of the price function proceeds as in the two-types
case. However, it is worth pointing out that, depending on whether there are multiple solutions
to the price information equations, there may exist multiple generalized linear equilibria. Given
a particular solution to the price-information equations, the following Proposition provides an
implicit characterization of the asset price.

Proposition 7. Suppose that Assumptions [l and [IQ hold, and suppose that there exists a
solution a* =(aj, ...,ay,) to the price-information equations from LemmalB] with corresponding
function L*.
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Define b as the aggregate (risk-tolerance-weighted) version of kip(a*)b;(-; a*)

N
bt;a*)=y " Tikip(a*)bi(e; a*)

i=1

and let G be the aggregate (risk-tolerance-weighted) price reaction function

N
G(P;a*)EZTiGi(P§a*)~

i=1

If the function P(-) characterized implicitly by the following equation exists and is monotone
in L*

/ (v—P(L*(s.2)))exp { - [L*(5,2)+b(L*(s,2); a*) — G(P(L*(s,2)); a¥) —Z]V}
%

x dF;lz*(v|L*(s,z)):O,
then a generalized linear equilibrium exists, with price function P(L*(s,z)).

Proposition[Zlis the multiple-investor analogue of the implicit characterization in Proposition[I]
Having determined L*, investor demand functions are known, and to characterize the price one
simply imposes market clearing by substituting the residual supply of the asset into the uninformed
investor’s FOC. As in the two-investor case, a drawback of Proposition [J]is that without further
assumptions the price can only be characterized implicitly. However, if one also requires for the
uninformed investor an exponential family condition on beliefs, or considers a setting with only
informed investors, an explicit solution is available.

Assumptlon 11 (Exponentlal family, conditional on L()). For any linear statistic of the form
L(S Z) Z la]Sj Z, the conditional distribution of 1% given L(S Z) £ can be written

dFyz(v10) =exp{Ly()v—gi(Ly(0); a)}dHy (v; a), (6.4)

for some function iU(E)kuZ(a)bU(ﬁg a), where kg ‘RN SR, by(-;a) is increasing in its first
argument, gy(-;a) is twice continuously differentiable with g’l’] >0, and Hy(-;a) is (weakly)
increasing.

Assumption [T holds holds in the N > 1 cases of Examples [[l and Pl considered in Appendix [A.6]
if the supply shock follows a normal distribution. See equation (A38) for Example [l and
equation (A&4Q) and the immediately following discussion for Example Bl Those equations
characterize the beliefs of an arbitrary informed investor, of which an uninformed investor is
a limiting case when the private signal becomes infinitely noisy.

If Assumption [[T] holds or if there are no uninformed investors (tyy =0) then Proposition [7]
produces an explicit function for the price, which I record in the following Corollary.

Corollary 2. Suppose that Assumptionll holds, and that either (i) Assumptions [Q and[I 1 hold
or (ii) Assumption [[Q holds and there are no uninformed investors (ty =0). Suppose that there
exists a solution a* = (a’f, ...,ay) to the price-information equations from Lemma Q@
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Define b as the aggregate (risk-tolerance-weighted) version of kip(a*)b;(-; a*)

N
b(t;a*) =) tikip(a*)bi(t; a*) +Tukya(a*)by (€ a®),
i=1

and let G be the aggregate (risk-tolerance-weighted) price reaction function

N
G(p;a®)= ZtiGi(p; a*)+tyGy(p;a®).
i=1

Then if the function G 1(-;a*) is well defined on {L+b(L;a*)—7: L€ support(Z)}, there exists a
generalized linear equilibrium with price function

P(L*(5,2) =G (L*(s,2)+b(L*(s,2);a%) —Z; a¥).

Assumption [[(] and [Tl may appear to be restrictive to the point of requiring that the pay-off
and signals be jointly normally distributed. That is not the case. There are other natural pay-off
and signal structures that satisfy the assumptions, including a special case of Example[Iland all
cases of Example2l I compute the equilibria in these economies in Appendix [A.6]

6.1. Uniqueness in a continuum case of Example[D]

While I have been unable to discover any general uniqueness results for the finite-
investor model with dispersed information, in Section 2 of the online Appendix available as
Supplementary Material I consider a version of the model with a continuum of investors who
receive additive signals with normally distributed errors (Example ). In this setting, uniqueness
within the class of continuous equilibria re-emerges under an additional economically innocuous
restriction that rules out certain singularly continuous (Cantor-like) functions. I briefly sketch the
derivation here. o

In this model, each investor i € [0, 1] receives a signal S; =V +¢;, where g; follow independent
normal distributions N (0,0'l-z). The key difference with the finite-investor version of Example P
is that with a continuum of investors no individual ¢;’s enter the price. When that is true, each
investor’s optimal portfolio is additively separable in s; and p for any continuous price function.
This allows one to bring to bear the techniques from the two-types case in Section[Bwhich relied
heavily on additive separability.

Here I briefly sketch the proof of additive separability and refer the interested reader to the
details in the online Appendix available as Supplementary Material. Note that because S, and Z
are conditionally independent given V one can use Bayes’ rule to write the joint distribution of
(V,S;,P(V,Z)) as

1
dFy; 5. p((V,Si,p) Xexp { —20—2(&' —V)z} dsi fpey v pv)dp fy(v)dv.

i

This expression is proportional to the conditional density that the investor uses when forming
his/her portfolio, where the constant of proportionality depends only on (s;,p), and therefore
divides out of the FOC.
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Plugging into investor i’s FOC and dividing out terms that are constant with respect to v yields

v—p)expl —| —Xi(si,p)——= |v Nio(plv)expy ———= v tfo(v)dv=0,
/V J228% o i(si,p 01-2 fp()|v(P| p 2(7,-2 Sy ()
which implies that %Xi(s,-, p)— ;—’2 can be written purely as a function, h; p.)(p), of the realized

i

price. Rearranging yields

1

5
Xi(si,p)=T1; 6—12 +hi,P(-)(P)) .

Plugging into the market-clearing condition and using the same argument as in LemmaM]in the
hierarchical information case implies that any continuous price function must reveal only a linear
combination of signals and supply shock. Uniqueness of equilibrium then follows directly.

7. CONCLUSION

In this article, I have presented a class of noisy RE economies that nests the standard CARA-
Normal setting of [Grossman and Stiglitd (198) and [Hellwig (198d). I provided a constructive
proof of existence of equilibrium and in the two-types and continuum-of-investors settings have
given sufficient conditions for uniqueness of this equilibrium within the class of continuous
equilibria. I have also exhibited some examples in which explicit solutions are available. The
results presented here open up a broad class of models for applications, a few of which I have
given a brief treatment, including price reaction to information, price drifts and reversals, and
the disagreement-return relation. The model could be generalized in a straightforward way
to incorporate multiple assets (thus extending [Admad )) by appealing to multivariate
exponential families for pay-off distributions and/or to include trading constraints by following
the method of [Yuad ). I leave these problems for future work.

APPENDIX
A. PROOFS

A.1. Properties of the exponential family conditional distribution

In this section, I collect a few properties of the exponential family conditional distribution from Assumption[3]
dFy5,vlsn =expikrsiv—gr(kispYdH (v), veV,si €S,
where G; denotes the support of g; and satisfies k;S C G;.

Lemma A6 (mgf). Fix s;€S and let M;@(ulsI)EE[exp{u\N/}\g[=sl] denote the conditional mgf. Then, {ueR:
My, (ulsy) <oo}={ueR:u+kis; G}, and
M5, (ulsp) =exp{gru+kysp) —gr(krsp)}-

Proof The density must integrate to 1

/Vexp{klslV_gl(klsl)}dHl(V) =1

= /Vexp{klslv}dHI(V)=CXP{g1(k151)},
Therefore,
/CXP{MV}SXP{k1S1V—81(k1Sl)}dHl(V)=6XP{gl(u+k1‘Yl)—g1(k1S1)},
v

which is well defined and finite as long as u-+k;sy lies in Gy, the domain of g;. ||
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Lemma A7 (Differentiability of g;). The function g; is infinitely continuously differentiable in the interior of Gy and is
strictly convex.

Proof From Lemma[A@ the conditional mgf of V is defined for any u such that u+k;s; € Gy and one can write

81(u+kysp)=logMy 5, (ulsr)+gr(krsp) A
Itis well known that mgfs are analytic in the interior of their domain of existence m,m, p-278). Since u+kysy
ranges over the interior of G; as u ranges over the interior of the interval of convergence of the mgf, it follows from
equation (&) that the function g; is analytic in the interior of Gy, and therefore is infinitely continuously differentiable.
To show convexity, use the previous expression for g;(u-+k;s;) and differentiate both sides twice with respect to u

My, uls)M s (ulsr) — (M Gulsp))?

(M5, (ulsn)?

gy (u+kpsp)=

~o ~ ~o ~ ~o 2
E[exp{uV}[S; =s;|E[VZexp{uV}IS; =s;]— (E[Vexp{uV}IS; =s51])
(M5, (ulsp)? '
Positivity of this expression follows from the Cauchy—Schwarz inequality, which states ]E[l)N( IN/l] <\ /]E[)Nfz], /]E[I?z] for

any random :/ariables X and Y, with equality if and only if X and Y are linearly dependent. Taking X :exp{u%} and

Y =Vexplu ¥}, and squaring both sides of the inequality shows that g} (u+ks;)>0. |

Lemma A8 (Moments). The conditional moments of Vare given by the derivatives of the mgf from Lemmal&0) evaluated
atu=0

~ o~ d"
E[V"|S;=s/]= mexp{g,(u+k1s1)fg1(k,s1)}

u=0
The first four moments are

Il
oo
~3
=
Z

>3
=z
<
+
~
&o
20
=
o

%]
R
=
=

[

)" s +4g) (kispg) (kisp) +3(g] (kis)?
+6g] (ks tkrsp)? +(g) (ks

Proof Recall that the n-th derivative of the mgf, evaluated at u =0, delivers the n-th raw moment of the distribution
(Theorem 2.3.7,m, M). Hence, the general expression follows immediately from the expression for
the mgf from Lemma[A6&

For the first moment, one has

=~ d
E[VIS;=s/]= < My, s

u=0

d
= expl{gr(u+kysp)—gi(krsy)}

u=0

=g (u+krsp)exp{g(u+kisp)—grlkisr)}

u=0

=g, (kpsp).
Repeating this for higher derivatives of the mgf gives the explicit results for the remaining raw moments. ||

A.2.  Proofs of results in Section[3]

This Appendix presents proofs of all results found in SectionB] For clarity, it is divided into three parts. The first part
derives some preliminary results that relate to the portfolio optimization problem faced by a CARA investor. These
results will be used in later proofs. The second part provides proofs for the results from the text that relate to the partial
equilibrium demand functions of informed and uninformed investors. Finally, the last part provides proofs of the existence
and uniqueness results.
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A.2.1. Some preliminaries. Before beginning the proofs of the main results in the article, I present two
preliminary Lemmas on investors’ partial equilibrium portfolio problem. The following Lemma establishes that for a
CARA investor facing an asset whose pay-off has an mgf that converges on an open set, the investor’s FOC is necessary
and sufficient for an optimum, and there is a finite solution to the FOC if and only if there are no arbitrage opportunities
in the market.

Lemma A9. Consider an investor with CARA utility with risk tolerance t. Suppose that conditional on his/her
information set F, the asset pay-off V €V is distributed according to a non-degenerate distribution with mgf that is
finite only on a (potentially infinite) non-empty open interval (—8,n), §,n> OE Then

o The investor’s FOC is necessary and sufficient for the optimal portfolio, which is unique when it exists.
o An optimal portfolio exists if and only if the asset price p lies in (V, V), the interior of the convex hull of V.

Proof To begin, I establish that the investor’s problem has a finite maximum if and only if there exists a portfolio x that
satisfies the FOC. Consider the investor’s problem

maxE [—exp{—%x(?—p)} |]-'] :max/ —exp{—%x(v—p)}dFVu_—(v)
X X V

This objective function is an mgf evaluated at — %x. Assuming that the mgf of V is finite on (—38,n), the investor’s objective
function is finite for portfolios x in the interval {x: — %x e€(—=8,n)}=(—1n, ), andis equal to —oo outside of this interval.
Since mgf are analytic m, m, p-278), his/her objective function is (infinitely) continuously differentiable,
and since the pay-off distribution is non-degenerate it is also strictly concave. It is well known that for a differentiable
and strictly concave objective function defined on an open set, the optimization has a well-defined maximizer x* if and
only if there exists an x* satisfying the rFodH

1
/ (V—p)exp{—7x*(v—p)}dF‘~,‘f(v):0,
v T

Moreover, due to the strict concavity of the objective function, the optimum is unique when it exists.

It remains to demonstrate that the given restrictions on p are necessary and sufficient for the existence of a solution to
the FOC. To show that the existence of a finite optimal portfolio implies p € (V, V), suppose that the investor has a finite
optimal portfolio but that p ¢ (V, V). Without loss of generality, suppose that p lies below (V, V). Then, with probability
1, the asset pay-off is greater than or equal to the price

P(V=plF)= / Ty=p dF () =1,
%
and with strictly positive probability the pay-off is strictly greater than the price
P(V>plF)= / Ly p)dFy £ (V) = / Liysv)dFy £(v) > 0.
% %

Due to these facts, it follows that for all candidate portfolios x € (—tn,7§), we have

1 1
/(v—p)eXp{—*X(v—p)}dme(V):/(v—p)eXp{—*X(v—p)}H(vzp)dFv‘f(V)>0,
v T v T

from which it follows that the FOC cannot be satisfied. This contradicts the assumption that the investor has a finite
optimal portfolio. Hence, if the investor has an optimal portfolio, it must be the case that pe (V,V).

Conversely, suppose that p € (V, V). To show that the investor has a finite optimal portfolio, it suffices to show that
there exists an x* € (—t 1, t8) that satisfies the FOC

1
f (v—p)exp{—7x*(v—p)}dF\7‘]_-(v):0.
Y T

To prove that such an x* exists, I employ an intermediate value theorem argument. Because the integral that appears in the
FOC is the derivative of the mgf of V —p and mgfs are infinitely continuously differentiable in their domain of existence,
the integral is a continuous function of x.

23. At this level of generality, both the support V and the interval (—8, ) are allowed to depend on the information
set F.
24. See any text on convex analysis (e.g. IB_Q;Ld_a,n_dla,n_dznhc:ghd, 4, Ch. 4)
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Parameterize x(w) = —1w, for w € (—§,n). This parameterization captures all portfolios x € (—t 7, t§) for which the
objective function is finite. With this expression for the portfolio, one can write the FOC as

1
/V(v —Dp)exp { - ;X(w)(v —p)}dme(V) = /v(v —p)exp{w(v—p)}dFy, £(v).
Since p e (V, V), this integral can be divided into positive and negative parts, both of which are non-zero.
/ (v—p)exp{w(v _p)}dF'\;\f(V):/ Ly <v<py(v —pexp{w(v —p)}dFy, £(v)
% %

+ fv L, <y <7y (v —plexplo(v—p)}dFy #(v).

Note that the set {v=p} contributes zero to the integral and so can be omitted.
I now show that as w1 n, the negative integral over {v:V <v <p} remains bounded, whereas the integral over
{v:p <v <V} becomes unboundedly large. Consider first the negative integral. Note that for w € (0, 7),

'AH(stq;)(V_P)eXP{W(V_P)}dFVu:(V)

< /V Ty <v<p) Iy —plexplo®v—pdFy,z(v)

< / Ty <v<py Iv—pldFy 7 ()
%
<00,
where the first inequality follows from the triangle inequality, the second inequality follows because exp{w(v—p)} <1
on {v <p}N{w> 0}, and the final inequality follows because V has a finite mgf, and therefore V has finite moments of
all orders. This shows that the integral over {v:V <v <p} remains bounded as w tends to its upper boundary.

Now, consider the positive integral over {v:p <v<V}. Note that because pe(V,V), there exists some k > p such
that there is a strictly positive probability that the pay-off exceeds k

JP(\7zk\f):/vﬂ(miv,dmf(v)>0. (A2
The integral over {v:p <v <V} can be bounded below using:
/vH(pGSV)(v—p)exp{w(v—p)}dFr,u_—(v)=/V]I{p<v<k}(v—p)eXp{w(V—P)}dFVu:(V)
+ /v Ly 7y (V= P)eXple(v—p)}dFy, 2 (1)
> fv Ty 7y (= P)exp (v — p}dFy £ ()
>(k—p) /V Lz <7 €XP{@(v —p)}dFy; £(v) (A3)

where the first equality splits up the integral, the first inequality disregards one of the integrals, which is positive, and
the second inequality uses the fact that v—p>k—p>0 for v> k. Now, consider the limiting value of the integral in
equation (&3 as w tends to 1. There are two cases to consider, n =00 and 7 < co. If n =00, then it follows from Fatou’s
lemma that

liminf/ ]I(k<v<7)exp{w(v—p)}dF;,u_—(v)z/ ]I(k<v<7)liminfexp{w(v—p)}dF;,u_—(v):oo,
oty Jy W= y K==V

and, therefore, integral over {v:p <v <V} becomes unboundedly large as w tends to the upper boundary. If < 0o, then
since the mgf converges only on an open set, it follows that the mgf must diverge as @ approaches n

lim/ exp{w(vfp)}del}-(v)=oo. (A4)
wtnJy
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To apply this fact to demonstrate the limiting behaviour of the integral equation @&J), split up the integral in
equation (&) to write it as

/v expla(v—p)}dFy #(v) AS)
= [ Tosmexplot—pldryz+ [ Tporesplot—pldry s
=/V]I{vﬂ,;exp{a)(vfp)}dF;,l]_-(v)+/V]Im@d{}exp{a)(vfp)}dF;,l]_-(v)

+ f Tz exp((v—p)}dF 2 (0), A6)
\%
The first two integrals in equation (A=) remain bounded as w — 1, since for w >0,

/;;]I(VS,,)exp{w(v—p)}ng;‘f_(v)f/\}H(‘,Sp)dFvlf(v)<oo,

/ Iy <y exple(v—p) dFy, () < exp ik —p)) fv Typev iy dFiy 2 (v) < .

Given that equation (&) is true, it must, therefore, be the case that
lim/ ]I(‘,Zk;exp{w(v—p)}dFr,u_-(v) =00.
otnJy
Returning to equation (&3), one concludes that the integral over {v:p <v <V} becomes unboundedly large as w 1 1 since

lim/ ]I(]Kvgv)(v—p)exp{w(v—p)}dFVlf(v)Z(k—p)lim/ H(kivsv}exp{w(v—p)}dFVlf(v)
otnJy otn )y

=0Q.

Summarizing the above, it has been shown that for sufficiently large w € (0, 7), the portfolio x(w) = —Tw satisfies

/(v p)exp{—fx(w)(v p)}dFV‘T_(v)>O.

Running through the same sequence of steps above for @ | —§, it follows that for sufficiently small w € (—§,0), the
portfolio x(w) satisfies

1
[V(v —p)exp { — ;x(w)(v—p) } dF\N,‘]_-(v) <0.

Combining these results, the intermediate value theorem implies that there exists some finite portfolio x* that satisfies
the FOC

1
/ (v—p)exp{—7x*(v—p)}dF‘7‘f(v):0,
V T

The next Lemma applies Lemma[AQ]to the partial equilibrium portfolio problems of the informed and uninformed
investors and establishes an equivalence between (V,V), and the range of the function g7 that appears in the informed
investor’s beliefs.

Lemma A10. Suppose thatAssumptwnsm-ﬂhold and that the uninformed investor observes K v. Fix any realization of
(S T, Z) (s1,z) and the associated realization S U=Sy=sS1— k—z The following statements are equivalent.

(a) The informed investor’s portfolio problem has a finite optimum and a well defined, unique optimal portfolio
given by the solution to his/her FOC.

(b) The uninformed investor’s portfolio problem has a finite optimum and a well defined, unique optimal portfolio
given by the solution to his/her FOC.

(c) The price p lies in the interior of the convex hull of V, pe(V,V).

(d) The price p lies in the range of the function g;(-), p € g;(Gp).
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Proof 1 begin by proving (a) <= (c). Under Assumptions PHJ] there is a single informed investor, whose conditional
beliefs are of the exponential family form. Lemma &A@ shows that his/her conditional mgf of V is finite only on the set
{w:w+k;s; € G}, which under AssumptionHlis an open interval. From Lemmal[&9] it follows that statements (a) and (c)
are equivalent.

To show (b) <= (c), I again will invoke Lemma[A9] Under Assumption[3] the mgf of V conditional on EU is finite
only in a non-empty open interval. From Lemma[A%it follows that statements (b) and (c) are equivalent.

To conclude, I show (a) <=> (d). I showed in the first part of the proof that all of the assumptions of Lemma[&A9]are
satisfied for the informed investor. Hence, he/she has a finite optimal portfolio if and only if there is a portfolio x* that
satisfies his/her FOC. His/her objective function is

xeR

1 ~ ~ 1 1
maxE| —exp{ ——x(V—p)t|Sr=s; |=max —exp{ —xp+gr| kisi——x | —grlkisp) ¢,
T xeR T T

where the equality uses Lemmal[&@lto write out the expectation explicitly.
There is a unique, finite x* that achieves this maximum if and only if there exists a unique, finite x* that solves the

FOC
g\ Kist——x" | =p.
7

An x* that satisfies the FOC exists if and only if p € g;(Gy) — that is, if and only if (g})~ 1(p) exists. Lemma[A7lguarantees
that g} is strictly increasing and therefore that this x* is unique when it exists. ||
A.2.2. Proofs of results on investors’ partial equilibrium demand functions.

Proof (Lemmal[l). It was shown in the proof of Lemma [AT0] that as long as p € (V, V) the informed investor’s optimal
portfolio is characterized by the FOC

1
g (km - ;XI(SI,P)) =p

= XiGsr.p)=ulksi— ()~ ),

Defining the price reaction function, G; :(g})", produces the expression in the Lemma. ||

Proof (Lemmall). Itsuffices to show that P(s;,z)=P(8;,2) implies that s; — 5= =3, — ﬁ Suppose that (s7,z) and (57,7)
satisfy P(s7,z)=P(5;,%). Lemma[lldemonstrated that under Assumptions the informed investor’s demand function
is 77(k;s; — Gr(p)). Hence, the market-clearing condition requires

Z+z—1 ks — Gr(P(s1,2)) =Xy (P(s1,2))
=Xu(P(51,2))
=7+2—1 (k81 — G1(P(51,2)))
=Z+Z—1(ki81 — G1(P(s1,2))),

where the first equality follows from the market-clearing condition in the state (s7,z), the second equality uses the fact
that P(s7,z)=P(51,2), the third equality follows from market clearing in the state (57,z), and the last equality again uses
P(S[,Z)ZP(S‘[,E).

The above chain of equalities implies that

< A Z
Sj———=85——.
k[‘[[ k[‘L’]

The following Lemma presents an expression for the uninformed investor’s conditional beliefs.

Lemma All. The conditional distribution of’\7 given EU =5y, F\7|§U v|sv), is given by

dFy 5, 0lsy) =K, sy)dH(v), A7)
where
Sstvesu+ gl 2 atkimte—suexplhirv—gi ki) dFs, (x)

Jstresu+ gk 2 tkimte—sundFs o)

K(v,sy)=

020Z Yo.Je|\l Z| Uo Jesn suuesneT] 443 pue ausiaAlun Aq €61 2/51/898/S/Z810BNSE-8]011IE/pNISal/Ww0o0 dno-olwapeoe//:sdiy Wwol) papeojumo



898 REVIEW OF ECONOMIC STUDIES

Proof (Lemmal&I]). Since §U is a convolution of §1 and — ﬁ? , the conditional distribution of 3‘1 given EU is

H{SI €sut+ ﬁz}fz (kyTy (st —su))dFs, (sp)

Sstfresu+ ik 2l tmt—sunars o

ng] Sy (slsy)=

where the indicator function makes explicit the fact that depending on the support Z, observation of EU may reveal that
Sy lies in some proper subset of S.
Integrating the conditional cdf of V given Sy against this distribution produces the conditional cdf of V given Sy

Fyi5, (lsy)
=/SF‘7‘§’ (v\x)ngl‘gl/ (x|sy)

S L1ty =viexpthiy - gtk dH )] {x esu+ g Z 2 G (= sun dFs, (@)

fsﬂ{xesu-i- ﬁz}fZ(k”’(x_sU))ngl(x)

Solly=v) [sT{xesu+ g 2}z (= sunexplhiy — i kildFs, (0dH; )
Sstvesu+ gk 2z tante—su)dFs, (0

where the third equality holds because the integrand in the numerator is positive, and hence Fubini’s Theorem allows for
changing the order of integration.

This completes the proof since the expression in the Lemma is seen to be the Lebesgue—Stieltjes differential
corresponding to this conditional cdf. ||

)

Proof (Lemmal[3). The uninformed investor’s optimization problem is

1
mfx/v —exp { — EX(V_I)) } dF;,‘gU lsy),

where Fyj3,, is characterized in LemmaATT]
LemmaBT0implies that for p € (V, V) the optimal demand exists, is unique, and is characterized by the FOC

1
/ (vfp)exp{7—XU(SU,p)(vfp)}dFV‘gv(vaU):OA
v w

Dividing out exp { %X v(su, p)p} , which is constant with respect to v, produces equation 8. ||

At this point it will be useful to provide two results which characterize how informed and uninformed investor
demand depends on the signals s; and sy, and the price p.

Lemma A12. Suppose that Assumptions [IH3 hold and that the uninformed investor’s information set consists only of
Sv. Fix sy and sy . Both the informed and uninformed investors’ optimal portfolios are continuous and strictly decreasing
inp.

Proof (LemmalBIZ). Since investors have CARA utility, Proposition 1 of m @) implies that demand
functions are strictly decreasing in price. The intuition for the result is simple—holding information constant, a change
in price has both income and substitution effects. The assumption of CARA utility precludes income effects, and with
only a substitution effect, demand must decrease with price.

Continuity for the demand of the informed investor is immediate upon inspection of his/her optimal demand in
equation (T8). For the uninformed investor, recall that the FOC uniquely defines his/her demand function according to

1
/(v—p)eXp{—fXU(SU,p)(v—p)}dFr/@U(VISU)=0.
v L1
The FOC can be written in terms of conditional mgfs as
1 1
Mz, (—EXU(SU,P)‘SU> —PMy 3, <—5Xu(w,p)|sv) =0.

The conditional mgf and its derivative are continuous functions of their argument for fixed sy and the FOC is continuous
in p. Furthermore, demand is uniquely defined for fixed p. It follows from the implicit function theorem that the function
Xy (sy,p) defined implicitly by this expression is itself continuous in p. ||
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Lemma A13. Suppose that AssumptionsIHBlandhold and that the uninformed investor’s information set consists only
of Sy. Fix pe(V,V). The informed investor’s optimal portfolio X;(sy,p) is strictly increasing in sy, and the uninformed
investor’s optimal portfolio Xy(sy,p) is increasing in sy.

To prove Lemma[AT3 I introduce a new definition and establish a property of uninformed investor beliefs that is
needed for the result. The following definition follows Definition 1 of@%{ ) (or Definition 1.1 in Chap. 2 of]

(o6d)).

Definition 4 (Total positivity). A function K :X x ¥ CR? — R is totally positive of order 2 (TP;) if K (x,y) >0 and for
any choice of x1 <xy and y; <ya,

K(x1,y1) K(x1,y2) -0
K(x2,y1) K(x2,y2)| =

where |-| represents the determinanta

Total positivity of order 2 goes by several different names in the literature, including: the monotone likelihood ratio
property m,m), affiliation @) and log supermodulanty m M) The condition
captures a notion of good news (M @) If the conditional pdf of V given K v is TP; then increases in the realization
Sy=sy produce upward shifts in the conditional distribution of V under the likelihood ratio stochastic ordering, which
is essentially a stronger version of the first-degree stochastic dominance order.

The following Proposition records the fact that the 7P, property is preserved under composition.

Proposition 8 (Composition formula for totally positive functions). Let M:XxW —R and L:W xY — R be TP,
and suppose that h: W — R is non-decreasing. Then the function

K(x,y)=/M(x,W)L(w,y)dh(W)

is TP;.

The proof is provided in m M) so I omit it here. The intuition can be easily seen by conﬂdermg the case in
which M and L are conditional densities. Suppose that the conditional distributions of X given W and W given Y are
TP,—increases i in W are good news about X and increases in ¥ are good news about W.The composition formula 1mphe§
that increases in ¥ are also good news about X. In the context of the model, increases in the informed investor’s signal 51
are good news about the pay-off 1% and increases in the uninformed investor’s signal S v are good news about S;. Hence,
increases in SU are good news about V.

The following Corollary records the fact that the uninformed investor’s conditional distribution is 7P;.

Corollary 3 (Corollary to LemmalAT1). Under AssumptionQ the function K(v,sy) that appears in the conditional
distribution Fy5, (vlsy) in Lemma@TTis TP.

Proof (Corollary[B). Let
Jstresu+ g 2 thkime—suexptiv—gi (ki) dFs, ()

K(v,sy)= .
JsU{xesu+ g 2otk —sudFs, )

be the function in the integral in the uninformed investors’ beliefs.
Notice first that the denominator of K is positive and is a function only of sy and not v, so its behaviour does not affect

whether the function K is totally positive. Hence, it suffices to show that the numerator / shixesy+ ﬁ Z } fz (kT (x—
sU))exp{klxv—g(klx)}ngl (x) is TP, in (v,sy). The indicator function is 7P, in (x,sy) ), Lemma 3), and
under Assumption 7] the function fz(k;t;(x —sy)) is TP, in (x,sy). Hence, ]I{xesU+ ﬁZ}fZ(lqu(x—sU)) is TP; in

(x,sy). Furthermore, exp{k;xv—g(k;x)} is TP, in (v,x) because % logexp{krxv—g(k;x)} > 0. Hence, it follows from
the composition formula that the numerator is 7P in (v, sy) and therefore that K(v,sy) is TPy. ||

25. In the case that K is strictly positive and twice differentiable, then K is 7P; if and only if 3; ()y logK(x,y)>0.

See, e.g. {lewid, 1987 or[Karlid, ).
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I now finally return to the proof of Lemma&T3

Proof (Lemmal&T3). The result for the informed investor is immediate upon inspection of his/her portfolio in
equation (Z6). For the uninformed investor, Corollary B]shows that the function K(v,sy) that appears in his/her beliefs

in Lemma[&Ilis TP;. It, therefore, follows from Proposition 2 of [Landsberger and Meilijson (@) that uninformed

demand is increasing in syy. ||

A.2.3. Proofs of existence and uniqueness results.

Proof (Proposition). Fix realizations (E[,Z)Z(SI,Z) and the associated realization sy =s; — k 7 2 It suffices to show
that there exists some price p € (V, V) for which the market-clearing condition holds

Xi(s1,p)+Xu(su,p)—(z+2)=0.

I will use an intermediate value theorem argument to demonstrate existence of such a p. Define pg =E[V|§U =syl.
I claim that py € (V,V). When the price is po, the uninformed investor perceives the risky asset as having zero risk
premium and his/her optimal demand is equal to zero. Hence, Lemma [AI0 which showed the equivalence of finite
demand and prices lying in (V,V), establishes py € (V, V). Consider also p; :g}(k(sU — ﬁz)), which Would be the
equilibrium price if there were only informed investors in the economy@ Assumption[@ guarantees k;(sy — ——2) € G,
and hence p; € g(G). Lemmal[AT( therefore, implies p; € (V, V).

Let p=min{po,p;} and p=max{po,p;}. The interval [p,p] lies in (V, V) due to the fact that both pg and p; do. I will
show that there exists a market-clearing price in this interval. If pg=p;, then the proof is done since this price clears the
market. For pg # py, note that

Xi(s1,p)+Xu(su,p)—(z+2) = Xi(s1,pD)+Xu(sy,po) — (z+2)=0

/<l T

Xi(s1,p)+Xu(su,p)—(z2+2) =X (s1,pr)+Xu(su,po) — (z+2) =0,

where the first line follows because p <po,p; and demand functions are strictly decreasing in price by Lemma[AT2] The
second line follows similarly because D >Dpo,pi-

Since Lemma[ATJestablished that both investors’ demand functions are continuous in p, the existence of a p at which
the market-clearing condition holds now follows from the intermediate value theorem. Moreover, because aggregate
demand is strictly decreasing in p, this market-clearing price is in fact unique for each fixed sy.

To complete the proof of existence, it must be shown that the price function characterized here is one-to-one. Consider
the function on the left-hand side of the market-clearing condition

7 (ksy —G1(p))+Xu(sy,p) —z=0.

Under Assumption @l Xy is increasing in sy, therefore, this function is strictly increasing in sy. This function is also
strictly decreasing in p owing to Lemma[AT2] Hence, the equilibrium price function must be strictly increasing in s and
therefore one-to-one. This completes the proof of existence.

It remains to demonstrate continuity of the price function. The first part of the proof showed that there exists a price
function defined implicitly by

7y (kpsy — Gr(P(sp))+ Xy (sy,P(sy)) —z=0.

Lemma[AT ]established that the function in this expression is continuous and strictly decreasing in price, so that there is
a unique market-clearing price corresponding to each sy;. The desired conclusion will, therefore, follow from the implicit
function theorem if it can be shown that Xy, is jointly continuous in sy, p. Consider the FOC that defines the uninformed
investor’s optimal demand implicitly

1
/ (v—p)exp { ——Xy(sy ,p)v} K(v,sy)dH;(v)=0,
v 11%

where I substitute in for dFyz,, from Lemmal[ATT] Assumption [8] guarantees that K(v,sy) is continuous in sy for each
v, so the integrand is continuous in (sy/,p). Since the log concavity of 4 implies that the conditional distribution of 1%

26. In that case, the market clearing condition is

1
tr(krsy —G[@))=Z+Z:>p= Gl_l (k]Sl - ?(Z"FZ))
1

1
=g\ ki|sv——72)),
=P g,<1<vu kITIZ)>

where the second line follows because Gfl =gy and sy =57 — ﬁz.
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has tails that are at most exponential, an application of the dominated convergence theorem implies that passing limits
through the integral sign is allowed. It follows that the integral is a continuous function of (sy7,p). Therefore, from the
implicit function theorem applied to the FOC, the uninformed investor’s demand function is continuous in (sy,p). Again
applying the implicit function theorem, this time to the market-clearing condition, implies that the equilibrium price is
continuous in sy ||

Proof (Corollary[l). Under Assumptions[[HZlexistence is guaranteed, so it remains to verify the expression for the price.
The proof proceeds similarly to that of Proposition[[land could alternately be derived as a special case, so I omit some
detail.

From Lemma[Qthe informed investor’s demand function is

Xi(s1,p)=11(kisi —Gr(p)),

and since AssumptionBlrequires uninformed investor beliefs to have the exponential family form, his/her demand takes
a similar form

Xy(su,p)=ru (kuby(su)—Gu(p)).
Imposing market clearing gives
Ty krsi — Gr(p)+ Ty (kuby(sy) — Gu(p)) =7+2
=1 kisy —Gi(p)+tu kuby(su)— Gu(p) =2
=71kisy+tukyby(su) —z=G(p),

where the second line follows from grouping the terms involving s; and z into a single one involving sy and the third
line rearranges and uses the definition of the aggregate price reaction function, G=1;G;+tyGy. Applying G~ ! to both
sides of the final line produces the expression in the Corollary. ||

The following lemma is required for the proof of Lemma[]

Lemma Al4. Suppose that Assumptions IHA hold and that S and Z are intervals. Then any continuous equilibrium
price function is strictly monotone in sy for any fixed z and is strictly monotone in z for any fixed sj.

Proof (Lemmal&T3). 1 prove only the first statement in the proof. The proof of the second is analogous.

Fix any z € Z. Given that P(-, ), considered as a function of its first argument, is assumed to be continuous and defined
on an interval, it suffices to show that P(-,z) is one-to-one in the first argument. Assume that P(-,z) is not one-to-one.
Then, there exist distinct possible realizations s #§ of 3‘1 with P(s,z)=P(5,z).

Under Assumptions[[HA] the informed investor’s demand function takes the form from Lemma[ll Plugging into the
market-clearing condition implies that the existence of such s # 5§ would imply

0=Xy(P(s,2))+ 7 (kis—Gi(P(s5,2)) —z—Z

=Xy(PG,2)+ 7 (kis—G1(P(,2)) —z—2

#Xy (PG, 2)+ 17 (ki§—G1(P(,2) —z2—2

=0,
where the first equality follows from market clearing in state (s,z), the second equality holds because P(s,z)=P(5,z),
the inequality follows from s #S5, and the final equality is the market-clearing condition in state (5,z). ||
Proof (LemmaM). Let P(-) be an equilibrium price function. Assume to the contrary that there exists some S(L)/ €
Support(Sy) along which P is not constant. Let Q={P(s7,z):s57 — k;T, :s?]} be the set of values that P takes for states
along s?/. Take any p € Q. Then there exists (s?,zo) €Q with P(s?,zo) =p and by continuity of P there exists a sequence
(s7,2") € Q converging to (s?,zo) such that P(s},z") — P(s7,z). By the assumption that P is not constant along s?/ and is
continuous, the point (s? s zo) and this sequence can be chosen so that P(s},z") # P(s?, zo) for all n and P(s},z") converges
monotonically to P(s?,zo). Without loss of generality, assume P(s7,z") | P(s7,z). Since the Assumptions guarantee that

the informed investor’s demand takes the linear form in Lemmal[ll it follows from the market-clearing condition and the
n
fact that s7 — k;T, :s(l), for all n that

t(kisgy—Gr(P(s} .2 +Xu(P(s}, ) =2 V¥n, and (A8)

ks — Gr(P(s), 2*N) + Xu (P(s). %) =2Z. (A.9)
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Subtracting line (AJ) from line and rearranging yields
Xy(P(s}, 2N~ Xy (P}, 2" =1 [G;(P(s;',z"» - Gz(P(s?,zO))] vn. (A.10)

Now, keep 20 fixed and let 57 be any sequence such that § converges (strictly) monotonically to s? and P(S’,’,zo):
P(s;’,z") for all n sufficiently large, n>N. Such a sequence exists because LemmalKEimplies that P must be strictly
monotone and continuous in s; for fixed z°, and P(s},z") is decreasing in n by construction. For §} the market-clearing
condition implies that

0
~ Z ~ N _
T (kzs;’ - = —Gi(PG], z°))> +Xu(PG}.2")=2 Vn (A1)
1
Subtract line (&) from line XTI and use the fact that 59, =59 — % to yield
Xu(PG} 20 =X (P, = [ GrP G} ) = Gi (P, ) | =~ (B —s) - Vi, (A.12)
Now, use the fact that P(57,z%)=P(s",z") for n> N and plug into to produce
Xu(P(sf 2N =Xu(P(s], 2" )~ [Gz(P(S?’,z")) - Gz<P<s?,z°))} =—7u@—s}) Vn=N. (A.13)
Using equation to substitute for the left-hand side of equation (A3} gives
0=—73'—s9 Vn=N,
which is a contradiction because 57 ;ﬁs? foralln. |

Proof (PropositionB). It was established in Proposition [ that under Assumptions [[H8] the function P(sy/) defined by
equation exists and is continuous in sy It was also shown in the proof of that result that for fixed sy, there exists a
unique market-clearing price. This establishes that any price function that depends on (s7,z) only through sy is uniquely
defined by equation 3I0). It remains to establish that any continuous price function can depend only on s;. However,
since S and Z are intervals Lemma]guarantees this. Hence, the price function in equation (&I0) is the unique continuous
price function. ||

A.3.  Equilibrium derivation in N =1 case of Examplesland

Proof (Example[l). Before deriving the equilibrium, I will verify that Assumptions EHJ] are met. Assumption 3 was
verified in SectionBlin the text.

First, consider Assumption[d]l which requires that Gy, the support of g;, be an open set. From the derivation of the
informed investor beliefs in equation in the text, the support of g; is Gy =R, which is open.

Next, consider Assumption 8] which requires that the uninformed investor’s conditional mgf converge on an open
set. This assumption is also met since the uninformed investor’s conditional distribution is binomial, and any binomial
distribution has an mgf that converges on the ¢ entire real line (Casella ergell, ). To derive explicitly the
uninformed investor’s conditional beliefs about V note that because SU 51 7 ; VL7 is a convolution the conditional

distribution of S given Sy =sy follows easily from Bayes’ rule

S ulsnts o0 vtz (vt (s =sn)fs 60
f5,G0) B fs, (5v) ’

55y Grlsv)= (A.14)

where the marginal of EU is

® 7 .
N ( Vv, ‘”)’5 (.

It is helpful to keep track of the support of this conditional distribution explicitly. This support will typically vary with
the realization sy if the supply shock is distributed on any set other than the entire real line. Let Z and Z denote the endpoints
of the (potentially infinite) interval Z on which 7 is supported, and let s(sy)=sy + Vu T: Vi Z and 5(sy)=sy+ V”ri;vLZ
be the corresponding endpoints of the support of the conditional distribution of S

Integrating over the density for EI derived above, the uninformed investor’s conditional pdf for the pay-off V is thus

S(su)
Joz, Olsv)= Joz, 0S5, 5, (xlsv)dx

sGsu)

:/mm eXP{ VH_VVL } VHTivaZ ( VHZVL (su —X))f§1 ®

I{ve{Vy,Vg)dx A.15
sspy) 1 texp{x} ) eV, Vul} (A.15)
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BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 903

which is a binomial distribution with log-odds

s(sy)  expix}
fS(SLl/j) 1+exp(x)fz (ﬁ(SU —x))fg, (0)dx

s(sy) 1
fs(.w) TFopa/Z ( VHT—IVL (su 7x)>f§1 (x)dx

(A.16)

by(sy)=log

Therefore, as in equation for the informed investor, the pdf can be condensed into the form
Fois, Wlsor=exp | grlyrbu v =g butsu)Ve —log (1+exp| (Vi — Vi 722 )

x{ve{V., Vil (A.17)

To verify the remaining assumptions, first consider Assumption[8 which restricted the supports of the distributions.
This assumption is met because G; =R implies that k;S — 7'127 %Zg Gy, regardless of the values of S, Z, and Z.
Assumption [71 which restricted the distribution of the supply shock Z to have a log-concave density is satisfied by
assumption. Finally, Assumption [§] on the continuity of uninformed investor beliefs is met. From the expression in
equation (&A17), fmgu (v]sy) will be continuous in sy as long as the log-odds by (sy) are. Since the supply shock Z hasa
continuously differentiable density function, the integrands that appear in the log-odds are continuous, and because f7 is
log-concave, and therefore has tails that are at most exponential, the dominated convergence theorem allows us to pass
limits through the integrals in equation and conclude that fV|§u (v|sy) is in fact continuous in sy .

Since Assumptions [[Hg] are met, Proposition P guarantees that an equilibrium exists and that the price function is
continuous. Furthermore, since §1 and Z are continuously distributed on intervals, Proposition[{l guarantees that this
equilibrium is unique.

There are two ways to derive the price function. The first is to use the implicit characterization technique used in
Proposition[I] The second is to verify that AssumptionBlon uninformed investor beliefs is met and then use the explicit
characterization from Corollarlel I use the second method here.

By inspection of equation &T7), the uninformed pdf is in the form in Assumption@with

1
ky = ViV (A.18)
S 2885 (vt (s =) i, ()
s(sp) Trexpe Z \ Vig—vg, WU —X) )Jg, (X)dx
by(sy)=log o) 1 - (A.19)
fS(SU) 1+exp{x)f2 ( V-V, (sv _X)>f§1 (x)dx
gulkuby(sp))=Vrkyby(sy)+log(1+exp{(Vy — Vkuby(sy)}) (A.20)
1 v=Vp 0 v<Vp
dHy(v)=11 v=Vy or, equivalently, Hy(v)=11 Vi.<v<Vy (A.21)
0 ve¢{VeL,Vul}, 2 Vg=>v.

The support of the function gy is Gy =R, as it is clear by inspection that the function is defined on the entire real line.
Hence, kUbU(Suppon(Ey)) C Gy =R, as required.

The price can now be derived by writing down explicit expressions for each investor’s demand function and then
clearing the market. Lemma[Il delivers the informed investor’s demand function once his/her price reaction function is
characterized. Recalling the expression for the function g; from equation (&), the derivative follows immediately

exp{(Va — VL)krsr}
1+exp{(Vyg — Vp)kisi}

Hence, his/her price reaction function, which is the inverse of g}, is

log ,
Vu—Vi Vu—p
and according to Lemma [T his/her demand function is

T -V
Xi(s1,p)= 7VH—IVL (51—10g<1;/H _;))

Similarly, since the uninformed investor’s conditional beliefs are binomial but with log-odds by (sy/) as given in
equation (AIA), his/her optimal demand is linear in by (sy)

w r=Vi
X = sp) —1 .
u(su,p) Vir—V, (bU(AU) Og(VH 7p)>

gilkis) =V +Vy—Vr)

Gip=@)~ )=
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The market-clearing condition requires that in equilibrium

Xi (s, P(su))+Xuy(su, P(sy))=z+2
P(sy) -V,
LU <s1710g< (sv)—ViL ))
Ve —=VL Vi —P(sy)
U P(sy)—VL _
+—— | bulsv)—lo <7 =z+7,
VH—VL< #\Vi—PGo)
and some simple algebra delivers the explicit expression for the price
1%
exp{ T SU e bu(su) = r1+zuL z}

Vu-vi=1"
bu(su) — 2z

P(sy)=VL+Vy—VL)
Sy+——

1+exp{

1/+rU rl+ru

Proof (Examplelﬂ) Here I derive the equilibrium in the case of general pay-offs and addmve slgnals with normally
distributed errors, §; = V +/. Suppose further that the supply shock is normally distributed, Z~N 0,07 2). Before deriving
the equilibrium, I will verify that AssumptlonsB]—Elzu‘e met and therefore from Proposmonslandlﬂan equilibrium exists
and is unique. I will also show that Assumption[@is met and derive the explicit price function from Corollary[}
Assurnptionwas verified in Section[lin the text. Assumptionmon the openness of G; holds since it was shown in the
text that G; =R. Checking Assumption[Bl which requires that the uninformed investor’s conditional mgf converge on an
open set, necessitates computing his/her conditional beliefs. Note that because the supply shock is distributed N (0, JZZ),

~ 2
the variable Sy is equal to the sum of the true pay-off plus a normally distributed error with variance alz/ = 012 + (%) azz.

Hence, the conditional density of 1% given §U =sy can be derived using steps that are analogous to those used to derive
the informed investor beliefs in the text:

2
exp{# %V—a}dF‘N,(v)

dF‘N,lgU(vlsU):
fvexp{—lz’ j"—lz/}dFV(x)

1 x2 1v?
:exp[”iv—log(/ exp{svx—zxz]dF‘N,(x))}exp{—z‘)Q}dF(,(v). (A.22)
i v aU i o

This density is in the exponential family form with
= 1
U= )

by(sy)=su

sU 1 x2
gukysy)=log /GXP —x— 5 —5 (dFy(x)
v oy 20y

2
dHy(v)=exp {

dFy(x).

2 v

. 1x
2 — ) dFy(v), or, equivalently, Hy(v) :/(; exp { ) 0—2
The support of gy is Gy =R. As in the case of the function g; above, note that the —x? term in the exponential in the
integral implies that the integral that defines gy converges for any ky sy € R. The support of Sy is R due to the normally
distributed error. Hence, ky x Support(Sy) € Gy, as required. Using steps analogous to those in the proof of Lemma[&@]
it can be shown that

My, (ulsv) =exp{gu(u+kysv) —gukusu)},

and, therefore, Assumptionis met because gy is defined on the entire real line.

Assumption[@ which restricts the supports of random variables, is met since G; =R means that k; S — Z — fz cg,
for all choices of supports or parameter values. Assumption[Zlon the log concavity of f is met because the supply shock
is normally distributed. Finally, to verify Assumption [Blon the continuity of the uninformed’s conditional distribution
consider the expression in equation (&22). Clearly the numerator is continuous in sy, and since the integral in the
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o

ex 1y }dF T
denominator is proportional to the mgf of the distribution M evaluated at 24, it is also continuous in
fvexp{ %%}d}‘"g(}c) U

Sy-.

Given that Assumptions[[H8lare met, PropositionBlimplies that an equilibrium price function exists and is continuous
in sy. Since the supports S=R and Z =R are intervals, Proposition [ also implies that this price function is unique.
It remains to characterize the price function. Since the uninformed investor’s beliefs are in the exponential family form
from Assumption] Corollary [[lguarantees an explicit price function, which I now derive.

The informed investor demand function follows from Lemma[[after determining his/her price reaction function. Gy

is the inverse of the derivative of g;:

fvxexp {k1s1x 2 X—lz }dF;(x)

s

gikpsp)=
Jyexp :klslx }dFV(x)

where k; =1/ 0,2, and hence his/her demand function is
Xi(sr,p)=71 (krsi —G1(p)) =7 ( —GI([’))
1

Given his/her exponential family beliefs, the uninformed investor’s demand is similar to that of the informed investor.
His/Her price reaction function Gy = (g’U)*l is the inverse of

fvxexp{kysz/x 3 ‘—5 }dF\N,(x)

gukusy)=

s

IS exp{ky syx— }dF~ (x)

so that his/her demand function is

U

Xy(su.p)=tu ( —GU(I?))
The market-clearing condition requires that in equilibrium

Xi(s1, PGsu))+Xu(su, P(su))=z+2

1

1 2
=T ( 3 <Si - UZ) G/(P(SU))> +1U ( —GU(P(sU))) —z=0
oy T U

T T
= (’2 + Z)su ~2=1G(P(su)+twGu(P(sv)),
s

=17 (;’2 G;(P(sU») +ry ( GU(P(SU))) —74%
U

)
where the final line uses sy =s; — %z. Finally, let G(p)=1;G/(p)+ 1ty Gu(p) be the aggregate price reaction function

and apply to both sides to deliver
T
P(sy)=G~" [(’2 + ‘;)w —z] :
or 9y

A.4.  Proofs of results in Section[

Proof (Propositiond). Given that P(sy) is increasing in sy, it follows that uninformed demand is increasing in the
equilibrium price if and only if the total derivative of Xy (s, P(sy)) with respect to sy is positive. To see this, recall that
the uninformed investor demand function expressed purely as a function of p relates to the demand function expressed
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as a function of sy and p as Xy (p) =Xy (P~ !(p), p). Differentiating the equilibrium demand Xy (sy, P(sy)) totally with
respect to sy gives

d Xy(su. PGsw)) BXU+3XU aP
—Xy(sy,P(sy))=—
dsy v v asy ap dsy’

Recall that the demand function is linear in the log-odds

Xulep.) =10 1 log Fogy(Valsw)\ 1 log(;;va)
' V-V oz (Velsv) | Ve—Vi Vu—p/ )

Hence, the derivative of the equilibrium demand is

d ‘EU a f"7|'§U(VH|SU) 1194 P
= Xy(su, P(su))= S - =
dsy VP = T e (fm(vusu) (Vi —PGu)(P(su)— Vi) dsy

_ (144 ilo fV|§U(VH|SU) _ k144 ﬁ
C Vg —Vi osy Fig,Vilsw) | (V= V21 =7 (su) (su) dsu’

L7 10l . Vu-Vp -
eXp{ r,+rU su+t r,+rU byGsu)— Tty ¢
VE-VL -
1+exp{ TE=T sy+ =L t[JﬂU by(sy)— [FE=T7ad

equation 2. Differentiating the price function from equation @2} gives the partial derivative

= (Vs
BP:(VH—VL)fz(sU)(l—fr(sU))< U, w 310g<fvsv(”|‘”)>>,

dsy T+t utty dsy Sz, (VeLlsv)

where 7 (sy) =

} is the ‘risk-neutral probability’ that appears in the price function in

so that the previous expression can be simplified to
d TU T Gl fVS‘ (Valsu)
Xy sy Plsp)) = o golog| T ) <),
dsy Vu—=VL uy+ty \ dsy v, Velsu)

The sign of this expression depends on whether the derivative of the uninformed investor’s log-odds is greater or less
than 1.
The derivative of the log-odds is

oo (fsValso) | aun fos, (Vilsu)
FogyVelsw) | fis, Valso)d =fyz, (Valsy)

Figy Valsv)
m VLlsv)

asy

and therefore signing 3¢ o 10g< ) —1 is equivalent to signing

Ef‘N/fEU(VH Isv) =Fiz, Valsw) A —fyz, Valsv)).
From the derivation for Example[[lin Appendix [&3]the uninformed investor’s conditional pdf is

S(su) iy e f vy sy =) ) fi, ()
fog, lsy= [ ST ) i T (v —)fs dx, A23)
v gy Lexplx} f5,Gsu)

and, therefore, the derivative is

il
EfVﬁU(VHLYU)

_ [3Gsu) _explx} ffl(x)VHTlVL %fi(v,ﬂ‘@ (‘YU*X))
— Js(sy) THexplx} fs,60)

_ SGu) _expix} -fS,(X)thivaZ(vHrivL(“U_X))d a:Uf?U(YU)
s(sy) T+explx} fs, Gu) x fsy, Gu)

expte) Vi vpsz (v Gu=o)fs, @ [0
+exp( ] e

+1

x=s(sy)

_ Ssu)_expla) fs}(")v%w[*a%fi(v%mw*”)]dx (A24)
—Js(sy) T+expix} f5, Gu .

Ssv)

"S(sy) _explx} (’)A ﬁ Gu) expix
_/g(sy) T-+exp{x )fs'llsu(xlsU)dx fli (sv) +l+exp r}ﬁSl\SU(xlbU) y )’
x=s(sy

020Z Yo.Je|\l Z| Uo Jesn suuesneT] 443 pue ausiaAlun Aq €61 2/51/898/S/Z810BNSE-8]011IE/pNISal/Ww0o0 dno-olwapeoe//:sdiy Wwol) papeojumo



BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 907

where the first equality pulls the derivative inside the integral from equation (&23), and the second equality uses the

fact that ﬁfz (ﬁ(sv —x)) =— %fz (ﬁ(su —x)) to rewrite the expression in the first integral and the fact that
vk (v Gu—o)fs, 0
fg[ Sy (x|sp)= Vi VL Z(Vg XVLU) i ) 7 to simplify the other two terms.

Perform integration by parts on the first integral in equation (A.24)

ff(»?u) exply) 5@ VH?VL [7% Z( —VL (wfx))] dx
s(sy) T+expix} fs,6v)

7
_ SGsu) 8 | _expix} Vi - VL/L(V =7 (XU*X)>
—JsGsy) 2;7[I+exp fgl(x)j| ﬁ (sv) dx

S(su)

expl) 5@ VHri vz ( VHri v bu 7x))

 Ttexp(x) fEU(»"U) x=s(s)
=s(sy
_ SGsy) _expfx} 1 expix S
~ JsGsy) THexp{x} T+exp{x fgl‘su(xhu)d)('i‘fl 1+3XP I(X)fg”sl/(xlcl/)dx (A-23)
- s(su)
exp{x -
- l+exp(x}f§l|su(x|sl/) v)
x=s(sy
a5, u)
i i 3‘117
Now, differentiate Ty 00
d
S35, Gs0)
9 Stsu) T Ly
sy ;(su)fgl(x) VHiVLfZ(VHlVL (su —x))dx
S, Gv)
- / "ty 0wt g et 60 =) S5 vt et u ) [
s(su) FsyGv) fsyov) x=s(sv)
_ st J5, 0 v [~ el (v v )| dxt 5 vk (v u—0) [0V
= Jstsu) Ty G0 i, G
x=s(sy)
r(SU)jSI()VH V1r<VH v v X)) Ix
= Jstsv) J5, 6v)
B E(Su)fé) @) f, ) TZVLfZ(iVHzVL (su *X)) d
=Jstsv) @ Ty Gu) N
)5 g 5, Glsua, (A.26)
stsv) J, @118y X1sU '

9
x/zZ

integration by parts on the integral which produces a boundary term that cancels the existing boundary term, the next-
to-last equality multiplies and divides by fs, (x) in the integral, and the final line simplifies using the expression for
Fsy 5, @lsv).

Substituting equation (A23) and into equation (A2 gives

where the third equality again uses %fz(ﬁ(sy fx)) =— (ﬁ(su fx)>, the fourth equality performs

]
mfmy(Vylw)

S(sy) _exp{x} S(su) _explx
s(sy) T+exp{x} l+exp{,\)f§1\sl/(x|YU)dx-i_f(sy) l+exp (A)fgl\su(xlyl/)dx

S(sy) _expfx} N S(sy)” s
= Jits) Trepta/si By (s [y %, <x)f§1\5u (xlsu)dx
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Putting everything together, the goal is to sign

d
mf?/ﬁu Vulsv)=fyg, Valsu)L=fyz, Valsu)

S(sy)  expfx} 1 S(sy) exp{x} SL
s(sy) THexp(x] Ttexp(x ff]lsu(xlw)dx—i_f(su) TFexpix (t)fgllsu(xlw)dx

S(su) _exp{x} S(sy) 5
T Js(sy) THexplx fg{\SU(xl‘YU)dxf(iu) f-](x)fg'llsu(x‘"/)dx
S(sy)  expfx s(sy) 1 -
fr(su) T+expl. x)ﬁ[lSU(x‘sU)dx./:v(ru) T+exp{x }f:‘S:[\SU(XlSU)dx

exp(5)
Su=sv > Cov ( Trexn(31] s, G

F 5D |~
51 Sy=su |, (A.27)

— exp(Sy)
=Cov ( I+exp{Sr)’ 1+cxp(S,

. . 9 .
where the first equality plugs 1r{ f‘o~r a;T; fmgu( YH |sy) and f;,‘gu (Vg lsy)(1— fmgu( Vulsv)), and the second equality
rearranges terms and uses the definition of covariance.

To derive a sufficient condition for downward-sloping demand, note that the first covariance term can be written

SU—SU>
§U_w)

1+exp{Ss}’ ]+exp(S1

exp(Sy)
Cov ( 14+exp{Sr} 14+exp(Sr

Sy _sU> = Cov (LF"E” - el

3 } exp S,
=—Cov ( -2piS} _explS)
1+exp{Ss} "’ l+exp{S;}

so that equation (A27) is

d
mﬁ/ﬁu Valsv)—fyz, Valsv)( =[5, Vals)

S:U =Su).

is a decreasing function of Sy, then this covariance will be unambiguously negative, regardless

:C0V< ey 50 el

L+exp(S1} " f5, (S 1+expiSy}

vy ~
560 expiy)
B, G Texp(S7)
of the value of sy. Under the assumption that f§, (x) is twice continuously differentiable, this is true if and only if the
derivative is non-positive

ifél @) _ exp{x} 1 <0 (A.28)
ax f5,(x)  1+expix} 1+exp{x} ~ ’ ’

as stated in the Proposition.
I will now prove the converse result. Suppose that there exists a non-empty, bounded open interval (a, b) on whicHZ]

a fé[ ) exp{x} 1

— >0
Bxfgl(x) 1+exp{x} 1+exp{x}

Choose any supply shock distribution £ with support [Z, Z] satisfying VHI—;VL(Z—Z) < b—a. Without loss of generality,
suppose that the support is centered at zero and can thus be written [—Z, Z] for some Z > 0. If it were not, one could always

shift it by some constant and absorb the constant into the fixed component of supply. Hence, the previous condition on
the support can be written 2 VHTi_IVLZ <b—a.

27. The assumption that the interval is bounded is without loss of generality. If the inequality holds on an unbounded
interval, then one can simply restrict attention to some bounded subinterval for the construction that follows.
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Let§= h%” - ‘/”riij> 0. Conditional on EU =sy, the support of §1 is [sy — V”;,VL Z,sy+ V”ri;VLZ]. Hence, for

Sy € (# -3, # +6), the support of §1 is entirely contained in (a,b) because for such sy,

[Su— H LZ,SU“F H Lz]g(i_a_ H LZ’a—; +8+%Z>:((l,b),
1

T T T

where the set inclusion follows from taking the union of all of the supports as s/ ranges over (452 —3, -2 4-5), and the
equality follows after substituting in for §. _
This implies that for sy € (# -3, # +8 ) the support of S is contained in the set in which

9 fE,, (€9 exp{x} 1

——>0.
Bxfgl (x) 1+exp{x} 1+exp{x}

EU —sU) >0,

and, therefore, that uninformed demand is upward sloping at prices p € (P(# —9), P(# +8). |

It follows that for such sy,

el KD e
14exp{S;) ’fgl (S 1+exp{Sy)

Proof (Proposition[d). To save space, define the following function

T U

B(sy)= K
o) TH-TUU T+ty

by(sy),

which is a risk-tolerance-weighted average of sy and the uninformed investor’s log-odds by (sy ).
Under the uniform boundedness assumption there exist 0 <x <k <1 such that

Kk <by(sy)=k. (A.29)
Furthermore, this condition implies that by and B are strictly increasing functions and hence have strictly increasing
inverses, both of which will be used below.

. L . . oz, (Velsu)
Since the distributions are assumed symmetric, the functions sy and by (sy)=1log ( i Yisy

—Z ——— | cross once, and
*JVGU(VH\SU)> ’

this crossing is at sy =0. A crossing point must satisfy

—lo Svz, (Valsu)
U=\ T fys, (Varlso)

= fys, (Valsu)=explsy} (1 —fis, (Ve |SU))

s(su) _
— / exp{x} —exp{su}

T _
s(su) 1+exp{x} 1z < Vu—VL Gu 7X)>f§[ (=0,

where the second line rearranges the first, and the third line plugs in for the conditional pdf and rearranges. At sy =0, the
left-hand side of the most recent line is

VHJVLZ exp{x}—1 ~< 7 i
/VH_VL z 1 +exp{x}fz V=V (_X)>f§' (.

i

which is equal to zero because % is an odd function, the product f5 (ﬁ(—x)) f5,(x) is symmetric about zero by

assumption, and the support [V”ri;VLZ , V”TiijZ] is also centered around zero owing to symmetry. Combining the fact that
by is strictly increasing, the equality of sy and by (sy) at sy =0, and the fact that B'(sy) = Ui—’ru + Ui—”{yb’(su) >b'(sy)
it follows that

B(Su)<bU(Su)<0 for SU<0

0<by(sy)<B(sy) for sy > 0.
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910 REVIEW OF ECONOMIC STUDIES

I will now use the above results to show that in a neighbourhood of p=0, a E[VlP pl<1 and for sufficiently

extreme p, E[VlP pl> 1, which will establish the claim in the Proposition. Note that

p
E[VIP=p]=E[V|Sy=P"'(p)],

because P(sy) is simply a monotone transformation of SUE
Hence,

expibu(P~' ()}

]E[\~/|P:p]:VL+(VH—VL)m’

and differentiating with respect to p gives

explbuyP '@y ., .y P!
by (P~ (p))
[1+expibu (PG> 5

9~
(,TE[VIP=P]=(VH -VL)
4

enfeu (57 (0g($7%)))] Tt (g 2=
“Frenpole e )

(Bl [log(p_VL )] (Vi —Vp)?
Vi—p) ] (Vu—p)Xp—V1)’

where the second line inverts the price function from equation @2), P~ l(p) =B! <log (” VL )) and differentiates.

-
The inverse function theorem implies that

By [1og<’;;_;)] = oo (oe(15))]

Vi —p

so that the previous line can be written

O 2R ) A AT )
N IO R G ) R

28. Using the transformation of random variables formula, the conditional density of S given P=p is
f5, G0 (ﬁ(P_I(P)—S )) L‘(P)
S22t 0z (v P (=) L P
5,50z ( ity P () - SI))
s, 0 (v (PN ) ) )
=/ 5, (1P~ ),

.743'1|P(SI lp)=

where the second equality cancels the Jacobian term W from the fraction and the final equality follows from
equation (&T4). Multiplying by f3, (v|sy) and integrating over sy deliversfmp(wp)=f;‘§U(V|P*1(p)).
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BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 911

Prices exhibit reversals at p= % because

__exp{byB' O} by[BT )] (Vi = V1)?
=Y [14exp{by(B~ (O))]* B/ (B~1(0)) (vy— YLy Yefhe )

_1by[B O] (Vv
4 B/(B~'(0) {(Va—V0)?

—E[VIP=p]

_by[B71(0)]
T B (BN)
<1, (A.30)

where the second equality uses the fact that by (B~! (0))=by(0)=0, and the inequality follows from the fact that the
bounds in equation imply that for any x € R,

b, (x) b}, (x) [ K 3 }
= = , — [c,1). (A31)
B/()C) T[j»lty + T[TTU b, (x) I]j»l'ry + T[T‘L'Uf T[‘?‘L’U + T[TTU fe

By continuity, the inequality in equation (A.30) also holds for p near Vi ;VL , which establishes the first claim in the
Proposition.

Now, without loss of generality, consider p > YAL +VL (the case in which p < Y2YL +VL is symmetric). For p >

one has p VL > 1 so that 10g<f, KL,) > 0. Hence,

iE[ﬁPZP]— CXp{bU( (IOg<CHVII’>))} b [B_IO g(CHVIP»] (Vg —=V)?
ap

ool e fa T (25| 550
exp{bu (87" (102 75%)) )| £ (Vi—Vi

[l+exp{by( <1uE(P VL U (Vu—p)p—VL)

T 7 o
_ ol x5 ) .
e P Gl G ) e P e )

© (Vi =V)?
+ « VH—p)p—VL)

VH+VL

>

X

7]
Tty T +1U

1 1 4 Vu=V1)* (A32)
2 1+exp{hy( (log(VH p)))} r,iilrU*r,iUz « Va—p)p=VL)’
where the first line simply writes out the expression for -2 W E[VlP pl. the second line uses equation (A31) to bound
b (x)
B’(x)

bu(B~! (log ( p=VL ))) > by(0)> 0 for p> YiFL to bound the first term by 1/2.

from below, the third line splits the first fraction in the expression into a product, and the final line uses the fact that

To continue, I will bound by ( (log (’) VL ))) , which appears in the denominator in equation (&32)), from above.
Recall that the inverse function theorem 1mphes that
by [B~' )]
B (B~'(x)

Hence, since B~1(0)=by(0)=0, one can write by (B~ ! (x)) as the following integral, and use the bounds on b, to bound it

b(B‘<)>

* 9
by (B! ()= / by )y
0 9y

*by[B7' 0]
= wZ
/0 BB ()~

. _
K

<| —w———=d

/0 a1 _w Y

Tt+Ty T+Ty
K
o _w g
T+ty T+Tty

where the inequality follows from equation (A3T).
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912 REVIEW OF ECONOMIC STUDIES

Continuing from equation (A.32), this inequality implies

.~ 1 K 1 (Vg —V0)?
S EVIP=pl> S~ AT
P u+tty TI+TU£1+CXP{ K log(ipi‘/")} H=P L
LI A Vi—p
T+t Tty
1 K 1 Vi —=V1)*
T2 ——E ——~E— p-V
urw Ut )y T TS 4 (p— V) T T b=
— !
x (Vg —p) 770 " T+U
e strari e ‘
As p— Vg, the (Vg —p) 7+ " T+ term becomes arbitrarily large because —; T 1 <0, while the

Tty Tt
remaining terms remain bounded away from zero. Hence, for all p sufficiently large, %]E[V\P =pl> 1, which establishes
the second claim in the Proposition. ||

Proof (Proposition8). The fact that the covariance is a bilinear operator allows one to pull constants out of the covariance

Cov (V—PGU), (EIV[31) —]E[‘7|§U])2)

~ ~ =~ S~ a2
=Cov (V—P(SU), (ELVISII—E[VISy]) )
Using the law of total covariance the covariance in the previous line can be written

Cov(\N/—P(EU), (EIVIS/] —E[\7|§U])2)

=Cov (IE[\N/fPéy)ﬁU],E[(IE[VG;]flEn7|§U])2

gU])

—HE[COV (T/—P(EU), (ELV|S)1-E[V[Sy1)* |§U)] (A33)

Recall that S; is the log-odds of the informed investor, hence his/her conditional probability of the ‘up’ state is

nSH= 123{;{13),} . Hence, the conditional expected values are
E[V[S11=VL+(Vi — VL) (Sp)
E[V|Su]=VL+ (Vi = VOEIT SISy ]
so that the second term in equation (A33) is

E[(JE[\N/\E,] ~E[V3y1)*

Eu] Z(VH—VL)Z]E[(ﬂl(gl)—E[”1(§1)|§U])2

5

= (Vi — VL) Var(r;(Sp)ISv).- (A.34)
Furthermore, the first term in equation &33) is
2 EU)

=Cov (V—E[T/GU], EIVISN-EV[Sy1)’

Cov (V—P(’S‘U), (ELV|S1—EL[V|Sy])

5 )
ZJE[(V_Emiu])(E[V|§,]—E[‘7l§ul)2 §u}

§U]

=(Vy— vL)3E[(m(s})—E[m(ﬁnﬁy]f

:uz[(JE[VG,]—IE[‘N/IE/])3

“S'U], (A.35)

where the first equality follows because P(EU) and ]E[Vlgul are both EU—measurable, and hence do not affect the value
of the conditional covariance, the second equality follows from the definition of covariance, the third line from the law
of iterated expectations, and the final line from the expressions above for the conditional expectation of V.

Substituting eqs. (A34) and into equation (A&33) delivers the expression in the Proposition. ||
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BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 913

A.5.  Proofs of results in Sectionld

Proof (Lemma[). Ina generalized linear equilibrium, (§,~ s P(L(E, 2))) isinformationally equivalent to (§,~ s L(§, Z)). Hence,
informed investor i’s conditional beliefs are given by equation (&I). Maximizing utility using the expression for the mgf
of an exponential family distribution as in Lemmal&8] it is straightforward to show that given (E; s L(§, 2)) =(s;,£) investor
i’s demand function is given by

XiGsi, 6.0y =7i (LiGsi. 0 Gi(p: )
=1, (kit(@)si +kip(@)bi(¢;a) — Gi(p; a)),
where his/her price reaction function, G;(p;a)= (gg)’l( -;a), exists because g7 > 0.

In equilibrium, the market-clearing condition must hold

N
Zfi (ki1 (a)si +kip(a)bi(L;a)—Gi(P;a)) + Xy (£, P)—z—7=0,
i=1

which can be rearranged to obtain

N N N
D mkin(@si—z— Y _nGi(P;a)—Z=—Xy(L,P)= Y _tikn(a)bi(t; ).

i=1 i=1 i=1
Define v({;a)= Zivzl tikio(a)bi(£; a), and the weighted price reaction function G(P;a)= Zﬁvzl 7;G;(P;a). Using the fact
that £ =L(s,2)= Zfl:] a;s; —z one obtains

N
> ki (@)si—z2=G(P;a) — Xy (L(s,2), P) = v(L(s,2); @)+ Z.
i=1

For this to be consistent with the generalized linear equilibrium, it must be the case that the coefficients g; in the statistic

L(-) equal tjk;1(a) forall i. ||

Proof (Proposition[). From the proof of Lemma[g the informed investor demand in a generalized linear equilibrium is
Xi(si, £,p) =1 (ki (a*)si +kio(a*)bi(€; a*) — Gi(p; a*))

where a* =(aj, .. aN) are | the equilibrium coefficients pinned down in Lemma[3]
Similarly, given LGS, Z)) £, the uninformed investor’s demand, as a function of ¢ and the numerical value of the
price, p, is characterized by

1
/ (v—p)exp { - *XU(E,p)V} dFyp(v10).
\% Ty

In equilibrium, the market-clearing condition must hold

N
Zfi (kit(a®)si+kia(a®)bi(L: a*) — Gi(P; a*)) + Xy (£, P) —z—Z=0,
i=1
and under the assumption that the price information equations hold we can substitute 7;k;; (a*) =a;}
N

> aisi—z4v(L(s,2):a") — G(P;a*)—Z=—Xy(L(s.2). P).
i=1

Substituting this expression for Xy () into the integral that characterizes uninformed investor demand produces an
equation that defines the price function implicitly

/(v P)exp[ |:Za si—z+Vv(L(s,2);a*)—G(P;a)— i| ] Fyz(IL(s,2)). (A.36)
Hence, as long as a solution a* to the price information exists and the function defined in equation (A exists and is
monotone (and hence one-to-one) it defines an equilibrium price P. ||

Proof (CorollaryD). The proof proceeds similarly to that of Proposition Zland could alternately be derived as a special
case, therefore, I omit most details.
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914 REVIEW OF ECONOMIC STUDIES

In a generalized linear equilibrium, informed investor i’s demand functions are given by the expressions in the proof
of Lemma[8] Similarly, the uninformed investor’s demand is

Xu(l.p)=1v (iu(z)—GU(p; a*))
=1y (kva(@)by(L:a*)— Gy(p:a®)),

where Gy(p;a*)= (g/U)‘1 (-;@*) is his/her price reaction function.

Imposing market clearing and rearranging the resulting expression produces the expressions in the text. Since the
price reaction functions are strictly increasing in p, so are their inverses, and therefore G~ is also strictly increasing.
Hence, as long as it exists the candidate price function will be monotone in L* as required. ||

A.6. Equilibrium derivation in N > 1 cases of Examplesland

Proof (Example[l). Here I maintain the binomial distribution for the pay-off V, but for tractability, I place more structure
on the informed investor’s signal. Suppose that agents have a prior distribution over the log-odds W—log Z~ given by

a so-called “tilted normal” dlstrlbutloﬂ

5 _ 14exp{w} _l 2 2
Twm= 1+exp{uw}¢<w‘“w 2"W"’W)'

Each informed investor receives a signal §,v = W+E;, where g; ~N (0,0'l-z) is independently distributed. For simplicity,
Ty =0, so that there is no uninformed investor, though there is no essential difficulty in including him/her by allowing
some of the criz to tend to co. The supply shock Z is distributed N O, rr%).

As there is no uninformed investor, if one can place the informed investor beliefs in the exponential family form
of Assumption Corollary Pl will deliver an explicit expression for the price. The derivation of the conditional pdf
of V given S; and L is straightforward but computationally intensive. Let L(S,Z)EZ;\L 1a;s; —z and compute the joint
distribution of (W,S;,L(5,2)):

Jw 3. 1w, 51,€)

=y Wifs, 7w (si- lw)

1+exp{w} ‘ a‘%, 2 ‘ w < o? a; 02 )
=——— " ¢|wlpw— =50 sin € A 0
1+3XP{MW}¢< pw = ow |\ (Z;V:I“J')V aio} ZJNla/G +o3

1+exp(w)
I+exp{uw}

2

o2

x¢ | w,sil nw— )
52
(ZX14) MW*TW>
o oW (ZLia)od
a&v a\%/+(ri2 (ZIN luj)(rvvarai 2 s

(Z}V:Mj)"tzv (Zﬁl“/‘)“&/*“iﬂf (Zjl‘vzlﬂr) o+ Ym afof oy

where the last equality follows from well-known results on the products of normal densities.

29. Using standard transformation of random variables formulae, it is straightforward to show that

this is equivalent to assuming that the probability 7 is distributed unconditionally according to fz(x)=

m e V)z ¢ (log ( i X) lpew — O‘W, JW) I{x €[0, 11}. The tilted normal prior on w may seem somewhat contrived

at first glance, but it leads to simple, intuitive conditional distributions for V.Itis straightforward to show by integrating that

Vis unconditionally binomially distributed with success probability % so uw =0 corresponds to an unconditional

distribution that places probability 1/2 on each state.
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BREON-DRISH EXISTENCE AND UNIQUENESS NOISY RE 915

To determine the conditional density fi5, 7. I will use the fact that fg3. 7 must be proportional to the joint density
Jiw 5,1 derived above, where the constant of proportionality will in general depend on s; and £.

Sz g Wlsi, ) o fiy 5, 7w, 5i,0)

M (A.37)
$(si-€])
where the second line uses the expression from the joint density from the previous displayed equation and divides by a

function, ¢(s;,¢|-), that depends only on s; and ¢, and hence does not affect the proportionality.

While (VV,'S‘,-,Z) are not jointly normally distributed, the ratio of the two normal density functions in equation (A37)
coincides with the ratio that would occur when using Bayes’ rule to update beliefs about the first element of a jointly
normal random vector with the given means and covariance matrix. Hence, the expression in equation (A37) can be
written

o (14exp{w})

(1+exp{w)) (w‘fu(si, ta)— % Via), V,(a)) ,
where
Qilsi, 6 @) =ag1 (a)si +ap(a)l+ap(@pmw
i@ of02 (DL, ot +o3—alo?) .
oy +oP) [T o tod—a2o? [ +opo? (L) a)—ai)
with
a1 (a)= o (S +oi—a(Ei )7

2
2 2
(zrvvardiz)[E ;V:]ujfaj~+n7%—u‘?(r,.2]+aalai2((§ j.\'zlaj)—a,)

ool (D) -a1)

2
N N
o [ a3 ot o (i o) o)

app(a)=

2 N 2 2 2_,2.2
o (Zj:] a;o; +oz—a;of )

5.
2 2 N 2.2 2_,2.2 2.2 N
(o +of )[ j=14;07 +0;—a; o] ]‘FGWD'i ((E f:]a/->—a;)

aiz(a)=

Sincefﬁ,‘gi,z(wlsi,f) o« (14exp{w})¢ (w i(si, ) — %Vi(a), \Z(a)) , it follows from integrating that the normalizing

constant must be 1/ [l +exp{i(si, ¢; a)}]. The conditional density is, therefore,

L N 1+exp{w}
Fins, L lsi. = 1+exp{ﬂi(3i,5;a)}¢(w

Integrating against f3; i delivers the conditional pdf of v

1A N
i(si ) — EVi(a), Vl(“)) .

fr/@i,z(VIs,-,i)=/ S O3, 7 (xelsi, Odx

v—=Vp . o
=exp{ ———ui(si, £;a)—log (1+expliti(si, & )}) (v e VL, Vir}),
V-V
which is a binomial distribution with log-odds ratio
ilsi, € a)=ag1(a)si +an(a)l+as(a)uw

that is linear in the private signal, the linear statistic, and the prior mean.

To place the pdf in the form from Assumption[IQ} define k;(a) = ﬁail (a), kip(a)= ap(a), and ki3(a)=

ﬁ
Vv @i3(@), bi(L;@)=€ and write
fx~/\§i,Z(V|Sive):eXP{(V_VL)(kil(a)Si‘f‘kiZ(a)g +kiz(@pw)
—log(1+exp{(Vy — VL) (ki1 (@)s; +kin(a)+kiz(@)pw)}) } Kve{VeL,Vul}

=exp {E(si,e)v—vL (Litsi.0r+hiz(@mw )

—tog(1-+exp| (Vi —V2) (Litsi.O-+kis @paw ) | ) +vkia @ } I{ve{VL, Val} (A38)
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916 REVIEW OF ECONOMIC STUDIES

where the first line uses the expression for ;(-) and cancels the resulting Vi — V. terms from the o;;’s, and the second
line writes L;(s;, £) =ki1(a)s; +kix(a)? and rearranges.
This is in the desired form with &;; (@), ki>(a), and b;(£,a) as given above, and

gLy =V (Litsi. O+ka@puw ) +log (1+exp { (Vi = Vo) (LiGsi. O+k@yw ) })

ki Vi,V .
dH;(v;a)= exp{vkis(@pw} velVL, Vi) or, equivalently,
0 veé{VL,Vu}
0 v< VL
Hi(v;a)={ exp{Vikiz(@)puw} Vi <v<Vy

exp{Viki(@puw}+exp{Vukiz(@uw} Vi >v.

With the conditional distribution in the desired form, it remains to demonstrate existence of a solution to the price
information equations and then characterize the price function. Given the expression for k;j(a), the price information
equations are

N 22, 2 (N 2
7 op Y jmia;oi +oz—a; (Zj:l“./)“i )
= g e S, ie{l,..,N). (A.39)
H—VL O o 2 2 2 2 2 A . .
W [Zj:l“jcj +GZ_aiUi:|+g‘%,+(;? ((Z,‘:l%)“l')
;

The following Lemma demonstrates the existence of a solution to this system of equations.

Lemma A15. There exists a solution a* = (aT, ey a}*v) to the price-information equations in equation (A.39). The solution
satisfies

Ti 0, VZV

O<af< — — 4
" Ve-VL ovvaraiz’

iefl,...,N}.

Proof The proof closely follows that of Lemma 3.1 inm (M). I begin by showing that any solution must satisfy
the given inequality. Let a be any solution and let Io = {i: a; <0} be the set of investors for which the lower inequality is
violated. Suppose that this set is non-empty. Then since I is finite, there exists some i € Iy such that for all k € Iy, one has
@iy o*,% > akokz. Therefore, the numerator of the fraction involving the a’s in the price-information equation corresponding
to i satisfies

N N N N

2 2 2 . ) 2 2.2 . . 2
E ajo; +oz —aj E a;j | o >E a;oj —aj E a;j | o
j=1 j=1 j=1 j=1

> Za%akz —a; (Zak> a,-z

kel kel

2 2
= Zak (axoy —a;iof)

kel

>0.

Therefore, the numerator and the denominator of the price-information equation for iy are strictly positive, which implies
aj, > 0. This contradicts ip € lp. It follows that ¢; >0 for all i€ {1,...,N}. Therefore, returning to equation (A.39), it is

2

immediate that g; < V#V % since the previous result implies a; (ZN, 1 aj) > a?, which means that the numerator
H—VL o, +U‘- J= i

in the fraction in equation dﬁ% is strictly less than the denominator.

To complete the proof, I will use Brouwer’s fixed point theorem to demonstrate the existence of a solution to
2

equation (A39). Let the set ¥ = 1—[5\;1 [O, ﬁ a;’#] be the product of the intervals within which any solution must
w i

lie. Define a function Tp: Y — RN by

N 2.2 2 N \;2
a%, =145 +027“i(z/':1 c{,)a,-

7., 7 7 3 B
+o; N 5 9 o007
WO N 262462 —d’e? Wi N _ )
[ =195 9 +oz—a;o; :|+”3V+“,‘2 ((Zj:l“_/) a;

(TolaDi= VHTiVL 5 ie{l,...,N},
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and define a function 77 : Y — Y, to which I will apply Brouwer’s theorem, by
0 if (Tolal)i <0

02
(Th[a)); = { Tolal if 0= (Tolal)i Snﬁ

2
T Tw i . W
Vi —VL U&V'Hyiz if (TolaD)i > 7 (r%,+(r,-2 .

The set Y is the product of compact sets and is, therefore, itself compact, and by construction the function 77 is
continuous and maps Y into itself. By Brouwer’s theorem, 7 has a fixed point in Y. It remains to verify that the fixed point

2
G- W which implies af = (T} [a*]); =

fag i ; : * P *7), —
lies in the interior of Y. Suppose that a =0 for some i. Then, (To[a*])i = VAV 53407’

2
T iy

2
i —W_ which contradicts a¥ =0. It follows that a} > 0 for all i. This in turn implies that (To[a*]); < 72 ki
Vi=VL o} +0? i i

— 2 2
Vu-VL aw+ai

2 2
H ans 7Y, T W * caticfie * _ *7Y. 7] W
which means (T [a*]); < VH*IVL o Therefore, af satisfies 0 <a} =(T1[a*]); < VH*IVL v Il

To complete the derivation of the equilibrium price function, one requires the investors’ demand functions. The price
reaction function G; is the inverse of

exp| (Vi = Vi) (Licsi. O+ k(@) |

gl a)y=VL+ (Vi —Vy) ~ ,
1exp{ (Vi = Vo) (Litsis O+ ki@ )|

Hence,

Gi(p;a)=

-V
log (%) —kiz(@)pw.

Vu—-VL Vu

Therefore, the demand function of investor i is

1 -V
Xi(si, £, p)="1; (kil(a)si-i-kiz(a)‘f +kiz(@puw — 108<p = ))
Vu—VL Vu—p

Let T=Z§v=] 7; be the aggregate risk tolerance. The market-clearing condition requires that when the demand
functions are evaluated at an equilibrium price P(-),
N

D (ki1<a)si+k,-z(a>e U — log<P(')_ L )) =242
pa ) V-V Vi —P(-)

N N N
T
=Y wkn(@)si—z+L)_Tikn(@) +pw Y _tikia(@)—z= Vi Vi log<

i=1 i=1 i=1

P(‘)—VL)
Vi —P()

ViV, &
exp{ HL [vazl kit (@si—z N Tikip(@)+uw YN fik/'}(“)*z]}
Vi —V >
+€XP{ HL [vazl kit (@si—zHC YN tikip(@)+uw YN ki3 (a)—z]}

where the second line pulls the summation inside the parentheses, and the final line rearranges to solve for P(-).
Since the solution a* to the price-information equations satisfies 7;k;1 (a*)=a, one can substitute to write the price
function explicitly in terms of the equilibrium statistic L*

e M52 100 (14 28 ko) i o))
1+exp{@ [L*(S’Z)OJFZLT"k"z(“*))JWWZﬁV:lr,-k,-g(a*)_g]}'

Defining k; as the aggregate (risk-tolerance-weighted) responsiveness to public information

:>P(')=VL+(VH—VL)1

P()=VL+(Vg—VL)

N
ka(a*)=) " tikin(a®),
i=1
and k3 as the aggregate responsiveness to prior information

N
ka(a*)=) " Tikia(a®),
i=1

the price function is in the form of the general expression in Proposition[Z]

exp] YL [L(5,2) (1 +ha(a) +puwks(a) =71

P(L* (5,2)= Vi +(Vig = V1) :
exp | Y [L2(5,2) (1 k(@) + pvka(@) =21

Clearly this function is well defined and increasing for any L* € R, as required. ||
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Proof (Example). Each informed investor recelves an additive signal S;=V+%;, where 3 ~N(0, 02) are independently
distributed. The supply shock is distributed Z~N 0,07 ) For simplicity, there are no uninformed investors, though they
can be easily accommodated by allowing some of the O‘l to tend to co.

To begin the derivation of equilibrium, I place the investors’ beliefs in the exponential family form from
Assumptionﬂﬂ Let L(s,z)= Zszl a;s; —z. The joint distribution of (V,E-,L(ﬁ?)) is

dFr,_g/_vz(v,si,E)

=dFy(Wfs, 77 (i, £Iv)dside

((ZNvl aj) v) s C,-(a)) ds;d?
j=

=dFy(v)¢ (s,-, 14

1
—dFy () ————
YO /G
10\ o (s N 1 N 1 2| e
xexp[—2<e> C; (Z + ZJN:laj C; ¢ v—2 Z;'v:ﬂj C; Z,l'v=1aj Ve rdsidl,

a,02

Jz
whereC(a)_<a 2 Zn 10 +a )
i0, Z

j
To determine the condmonal density of % given S =s; and L(S Z) £, 1 will use the fact that dF5; V(5,7 must be

proportional to the joint distribution dFy T 7 derived above, where the constant of proportionality will depend on s;
and £.

dFy5, 7 (Vlsi, ) <dFyy 5, 7(v,5i.€)

o« dFs (v)exp( ! )lcﬂ(“)v—l( o )lc.*( k >v2. (A.40)
Z/ VAN 2\Xhig) T\

Integrating this expression with respect to v gives the constant of proportionality as

|:/Vexp( (Z}Vll“j)/ci_l (Sé)x_ % (Z;Vlla),ci_l (Zil“./‘)xz]dFv(x}]

After computing the inverse of C;:

ZN111202+D'Z —a;
¢ ay= | LG ) roidor] (S P* :
(Z la )+GZ "202 ( le )+UZ alzalz

and substituting, it follows after some tedious algebra that the density is in the desired form, with

2,21 ;2 25N
| YLiaiol oy —aio? Y1

ktl(a)—i N
o (Z] 1a o; )+O’Z —ato?
Y iaj—a;
kiz(@)=—— > 2
(Zj 14505 >+O‘Z a;o;
bi(l,a)=¢

and

PN P LN 2| g
g,(L,,a)_log</vexp[L,x 2(211_\/:1%_) C; (ZJN:laj)x }dFV(x)>

var—eod T e (8 Vel
dH,(v,a)—exp{ 2<Z;V=|“j> C; (Zj‘iﬂj)t }dFV(v),

/

v 1 1 _1( 1 ) )
Hi(via)= - C: dF5(x).
i) /O“P{ z(z,ila) ANy } v

With the beliefs in hand, the following Lemma establishes existence of a solution to the price-information equations.
The proof is almost identical to that of LemmalAl3]above, so I omit it.

or, equivalently,
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Lemma A16. There exists a solution a* to the price information equations

)2 2 tgl o
. T @)l o7 —are? YL 1, .
at=— s A€l
9; Zj:l(aj) of +o;—(a;)0 7

The solution satisfies

Ti
0<af‘<—2,
o

iefl,...,N}.

To complete the derivation of equilibrium, one requires the price reaction functions. They are not available in closed
form without additional assumptions on F; but are characterized as the inverses of g/

!

[ _l 1 -1 1 2 3
A /Vxexp{L,x 5 <Z,N:1‘1j> C; (Z;V:IQJ))C }dFV(x)

gi(L;a)=

/ex I:-x—1< ! >/C71< ! >x2 dFN(x)’
v T2 \She) T\ e v

and the aggregate price reaction function G(p; a) = Zi\;l 7;Gi(p; a) is the risk-tolerance-weighted average of the individual
functions.

Corollary Blimplies that with a* defined by the price information equations, the price function, if it exists, must be
given by

N ¥
P()=G""! 1+Z (2 ) L*(s.0) %"

Pl I l(a*)za +02—(a})?c}

To guarantee that such a price function in fact exists, it suffices to show that G~'(-;a*) is monotone and maps the
entire real line onto (V, V). This guarantees that an equilibrium price will be well defined for any realization of L*. Because
investor beliefs are of the exponential family form, an argument identical to that used in Lemma[AT0limplies that each g/
(which is monotone) maps the entire real line onto the set (V, V). Hence, the inverses G; = (gl’-)’l are monotone functions
that map (V, V) onto R so that G= Zf\;l t,-(gl’.)*1 must also also be monotone and map (V, V) onto R. Inverting once
again, G~ is monotone and maps R onto (V, V) as required. ||
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