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Abstract: This study revisits the stability of hydromechanical gates for upstream water surface regulation, also known as AMIL gates. AMIL
gates are used in irrigation canals, where they are often installed in series. From the regulation perspective, instabilities are undesired because
they generate waves and fluctuations in the discharge. A mathematical model for an AMIL gate is described as a nonlinear dynamical system,
which permits analyzing the dynamic interaction between the local water level and the gate position. The feedback effect of the gate on the
water level is introduced by considering a storage volume of length l. In the derived model, waves are simplified to fluctuations of the flat
water surface of the storage volume. Although previous studies used the same model, none has clarified the sensitivity of the model to the
parameter l. The role of this parameter is investigated and it is calibrated with experimental measurements. The precision of the regulation is
described by the decrement, the range of the water level around the target level. Based on the mathematical model, a relationship for cal-
ibration of the gate and precision of regulation is presented. The subsequent stability analysis of the dynamical system focuses on five control
parameters and sheds light on their influence on the gate behavior. Hopf bifurcations are identified, which separate stable equilibrium
solutions from stable periodic solutions. Further work might consider the implications of the periodic solutions on gates that work in series,
as well as envision the innovative use of such gates outside of the domain of irrigation canals to obtain dynamic environmental flows in
hydropower systems. DOI: 10.1061/(ASCE)IR.1943-4774.0001209. © 2017 American Society of Civil Engineers.

Introduction

Hydromechanical gates for upstream water surface regulation, also
known as AMIL gates, are used in gravity irrigation systems to con-
trol water levels upstream of their location for varying flow rates in
the main canal (Rogers and Goussard 1998; Ramirez-Luna 1997;
Montañés 2005; GEC Alsthom 1992). This flow rate may vary if
the inflow upstream changes or as water is removed via lateral off-
takes from the main canal according to a varying demand.

AMIL gates are a specific type of radial gates, used as automatic
control structures in order to cope with these variations in flow rate
by opening or closing in response to the current water level. Their
objective is to maintain thewater level in a certain range around their
trunnion axis. This range is referred to as decrement (Ramirez-Luna
1997; GEC Alsthom 1992) and can be related to the gate properties
(calibration of mass and center of gravity).

A photo and an illustration of an AMIL gate are shown in Figs. 1
and 2. In addition to typical radial gates, they are equipped with a
toroidal float attached to the upstream side of the gate leaf, counter-
weights on the downstream side, and a damping device to reduce
oscillations. Because the gate is operated only by the water force,
AMIL gates are counted among the hydromechanical gates (Cassan
et al. 2011).

Through the interaction of the gate and the local water level,
oscillations are possible and are indeed observed, particularly when
the damping element is worn out (Ramirez-Luna 1997; Montañés
2005; Bernhard 2015). Fig. 1 and Videos S1 and S2 show an aged
experimental AMIL gate at École Polytechnique Fédérale de
Lausanne in Switzerland (EPFL) that exhibits an oscillating behav-
ior. This behavior was triggered by operation of the lateral offtake
structures in the foreground of the photo. Awave propagating in the
upstream direction can be seen. Waves, and thus oscillating behav-
ior in general, are undesired because they are likely to affect the
discharges in the main canal and the lateral offtakes.

A number of other authors have investigated instabilities related
to gate operation in irrigation canals in general or more specifically
instabilities of AMIL gates.

Litrico et al. (2007) developed a general method for stability
analysis of automatic gates in open channels. The Saint-Venant
equations (one-dimensional shallow water equations) for the
open-channel dynamics were combined with a model of the auto-
matic gate in order to derive the governing equations. The method
was based on linearization and Laplace transform of these governing
equations. To simplify, only a static relationship between the gate
opening and the water level was assumed, i.e., the gate is in equi-
librium with the water level at each instant. This was based on
the assumption that gate dynamics are negligible in front of the pools
dynamics. Litrico and Fromion (2009) used a similar approach also
throughout.

Stability of AMIL gates was specifically investigated in Corriga
et al. (1977, 1980) and Ramirez-Luna (1997). Corriga et al. (1977)
investigated an AMIL gate connected to a short, level pool and con-
sidered a dynamic interaction between the gate position and the
water level. A calibration of the gate that results in zero total dec-
rement was implicitly assumed. The model was linearized and the
step responses of the linear and the nonlinear systems were com-
pared. By means of the Laplace transform, a transfer function of the
linear system was derived. Instabilities were discovered and their
existence was related to the value of the damping parameter.
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However, no study on the influence of the choice of the level pool
length was done. This seems to be an important problem to address,
given that the level pool is a simplifying assumption based on a
model-related—not problem-related—parameter.

Corriga et al. (1980) considered two long canals connected
by an AMIL gate. The Saint-Venant equations were used for the
canals and the gate was modeled with an adaptation of the model
developed in Corriga et al. (1977). The adaptation included the
assumption of a static gate. The system was identified to be uncon-
ditionally stable for subcritical flows.

Ramirez-Luna (1997) applied the approach that was later de-
scribed in Litrico et al. (2007) to three different hydromechanical
gate types including AMIL gates. The findings for AMIL gates
were also reported in Ramirez-Luna et al. (1998). The angular mo-
ment exerted by the water on the gate was based on Corriga et al.
(1977), but it was refined by taking into account the decrement.
Canal hydrodynamics were then modeled using the Saint-Venant
equations. When connected to a canal, the gates were also assumed
to be in a static equilibrium, based on the different time scales of
the gates and canals considered in the study. Coupling of a single
canal to an AMIL gate was determined to be unconditionally stable,
while coupling of multiple canal reaches with AMIL gates were
identified to be possibly unstable. For the latter case, a stability
criterion was developed. These instabilities, however, were not
attributed to the coupling of a canal reach to an AMIL gate, but
rather to the interaction between canal reaches through waves.

The preceding overview shows that in most of the previous stud-
ies [apart from Corriga et al. (1977)], the gate was assumed to be in
static equilibrium with the current water level. The time scale of the
gate dynamics was assumed to be much shorter than the dynamics
of canal reaches in typical irrigation networks. The gate dynamics

were thus neglected and the gate’s purpose consisted only in de-
termining the boundary conditions for the water level and the dis-
charge based on the static equilibrium law (illustrated subsequently
by Fig. 4).

However, observed wave formation through gate oscillation
suggests that, on a local spatial scale of the order of the generated
surface perturbations, the dynamics of a gate and a canal can be of
similar time scales. (Wave formation was observed, for example, at
an experimental gate at EPFL and is shown in Fig. 1 and Videos S1
and S2.) A dynamic gate–water level relation seems required in
order to characterize the dynamics of the instability and to envision
the use of such gates outside of irrigation canals, e.g., to generate
nonproportional releases at water intakes (Razurel et al. 2015;
Gorla and Perona 2013). In this paper, an approach similar to
the one in Corriga et al. (1977) is adopted, but some basic aspects
differ. The present paper uses a model that allows for a decrement
[by considering an arbitrary position for the center of gravity as in
Ramirez-Luna (1997)] and also distinguishes between submerged
and free-flowing discharge of the gate. The gate response to per-
turbations depends on various gate parameters and can be investi-
gated with a stability analysis. The influence of the level pool
length l as well as the other model parameters (damping, discharge,
anddecrement) are investigated systematically. Lyapunovand asymp-
totic stability theory is used in order to determine the parameter do-
mains in which instabilities might occur. Besides using linearized
methods, a characterization of the nonlinear system is attempted.

This article can be outlined as follows. In “Technical Gate
Description and Dimensionless Geometry,” the technical descrip-
tion and the dimensionless gate parameters are presented. Then,
in “Mathematical Modeling,” the mathematical model describing
the dynamics is derived and the relationship between the decrement
and the calibration, which can be attained by altering the position of
the center of gravity using the counterweights, is exposed. In
“Stability Analysis and Nonlinear Effects of Control Parameters,”
the stability of the derived system with respect to various control
parameters is assessed. In “Practical Calibration of Model Param-
eter ~l to Measured Dynamics,” the model is calibrated to two ob-
served dynamic behaviors of the EPFL gate.

Technical Gate Description and Dimensionless
Geometry

An AMIL gate in a trapezoidal canal can be characterized by the
geometrical quantities shown in Fig. 2.

Gate dimensions are described by gate axis height Ya, gate ra-
dius R, float radius r, bottom width of gate leaf b, top width of gate
leaf D, and width of float bF.

Fig. 1. (Color) Experimental AMIL gate exhibiting oscillating beha-
vior and creating waves

Fig. 2. (Color) Longitudinal and cross-section illustration of gate giving the geometric parameters
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The float is of constant width and thickness and corresponds
thus to a toroid with a rectangular cross section of side lengths
bF and (r − R). The width of the float is assumed to be a fraction
of the canal width at the bottom (bF=b ¼ 0.8).

The gate position is given by θ, which is defined as the angle
between the horizontal line and the lower part of the float. Other
angles describe the extension of the gate leaf below float ωF, and
the position of center of gravity in polar coordinates ωCG and rCG.
The position of the closed gate can be expressed using the preced-
ing quantities as

θc ¼ arcsinðYa=RÞ − ωF ð1Þ

The canal is characterized by the bottom width b and side slope
of the trapezoidal canal wall α.

Vertical heights are defined as upstream, controlled water level
Y1, which is the target of the regulation; downstream water level
Y3; and vertical opening of gate Yg (not shown). The gate opening
can be expressed as

Yg ¼ Ya − R sinðθþ ωFÞ ð2Þ

Further quantities are needed to define the model that is devel-
oped in “Mathematical Modeling.” The conservation of angular
momentum refers to the angular damping coefficient cω and the
moment of inertia of the movable parts of the gate about the gate
axis I. Furthermore, a volume of water in front of the gate of length
l is considered. Inflow and outflow of this volume are designated
by Qi and Qg. To express the gate discharge Qg, a discharge co-
efficient μ is used, combining the effect of the contraction and
velocity coefficient (Cc and Cv). The slope of the canal bottom
at the gate is neglected.

Brochures by gate manufacturers indicate 21 typical gate sizes
with varying geometries (e.g., GEC Alsthom 1992). These 21 sizes
can be grouped into four classes with distinct dimensionless

characteristics. By using the top width of the gate leaf D as scaling,
dimensionless length parameters are defined as follows:

~Ya ¼
Ya

D
~b ¼ b

D
~R ¼ R

D
~r ¼ r

D
ð3Þ

The dimensionless gate parameters of these typical sizes are
shown in Fig. 3 and the group averages are shown in Table 1.
Table 1 also shows the values of the gate used in Corriga et al.
(1977). To facilitate comparison, the stability investigations of the
present paper are based on the same gate. The gate in Corriga
et al. (1977) is based on D ¼ 3.95 m, I ¼ 4,500 Nms2=rad,
cω ¼ 20,000 Nms=rad, and l ¼ 1 m.

Mathematical Modeling

AMIL Gate as a Dynamical System

In the following, the dynamical system description of an AMIL
gate in a trapezoidal canal is derived.

Gate Movement
To determine the gate movement, Corriga et al. (1977) and
Ramirez-Luna (1997) are closely followed and the moments on
the gate acting about the gate axis are considered

I
d2θ
dt2

þ cω
dθ
dt

¼ Mwðθ;Y1Þ þMgðθÞ ð4Þ

Mw and Mg = moments exerted by the water, respectively, by
gravity on the gate (the sign is defined by the direction of θ, i.e., pos-
itive sign of M in the direction of closing gate). As the third
moment, the effect of the angular damping coefficient cω is
considered.

The moment by gravity Mg depends on the position of the
center of gravity ðωCG; rCGÞ and the mass m of the movable parts
of the gate. Referring to Fig. 2, the moment by gravity can be
written as

MgðθÞ ¼ −mrCGg cosðθþ ωCGÞ ð5Þ

To compute the moment due to the water, a hydrostatic pressure
distribution along the gate leaf based on the water level Y1 is
assumed for simplification. In doing so, Corriga et al. (1977)
and Ramirez-Luna (1997) are followed. Preliminary investigations
(Bernhard 2015) compared the hydrostatic model to a model
based on conservation of momentum over a control volume.
The simpler hydrostatic model was able to reproduce more faith-
fully measured equilibrium positions of the EPFL gate as well
as computational fluid dynamics (CFD) simulations for three differ-
ent gate positions. Hence, nonhydrostatic effects are neglected.
Because AMIL gates are radial gates and have a radial float with
a curvature centered in the gate axis, the water pressure on the gate
leaf and curved float surface does not exert a moment about the gate
axis. Furthermore, it is assumed that any water mass on the down-
stream side of the gate does not exert any moment either. Thus, it is
sufficient to consider only the bottom part of the float for the mo-
ment due to the water. The hydrostatic pressure p can be expressed
as a function of θ and Y1 and the distance r̂ to the gate axis

pðr̂; θ;Y1Þ ¼ ρgfY1 − ½Ya − sinðθÞr̂�g ð6Þ
and the moment about the gate axis can be integrated over the float
bottom. This leads to the expression for the moment exerted by the
water [Eq. (7)]

Fig. 3. (Color) Dimensionless gate parameters for 21 typical gate sizes

Table 1. Mean Values of the Dimensionless Gate Parameters for the Four
Groups and the Values Used in Corriga et al. (1977)

Group
Number
of gates ~Ya

~b ~R ~r ωF (rad) θc (rad)

1 9 0.448 0.565 0.565 0.665 0.401 0.517
2 8 0.448 0.563 0.633 0.733 0.347 0.440
3 3 0.446 0.560 0.705 0.806 0.264 0.421
4 1 0.450 0.563 0.788 0.888 0.192 0.417
Corriga
et al. (1977)

1 0.430 0.567 0.633 0.658 0.314 0.434
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Mwðθ;Y1Þ ¼ −bF
Z

r

R
r̂pðr̂; θÞdr̂ ð7Þ

¼ −bFρg
�
r2 − R2

2
ðY1 − YaÞ þ

r3 − R3

3
sinðθÞ

�
ð8Þ

The angular damping coefficient is assumed to be constant,
although the elongation of the dashpot used for damping depends
on the current gate position. Ramirez-Luna (1997) further treats this
nonlinear effect. To include it, additional parameters describing the
exact attachment configuration would need to be defined. However,
when using the parameters given by Ramirez-Luna (1997), the non-
linear effect remains small (∼� 6%) as shown recently (Bernhard
2015) and it will therefore be neglected in this study by using a
constant angular damping coefficient.

Water Level Change
Modeling a level pool allows dynamic interaction between the gate
position and the water level. This level pool acts as a finite control
volume for mass conservation of an incompressible fluid (Munson
et al. 2009). It allows transformation of the effect of a change in the
gate position via a change in discharge into a change in the water
level. A level pool represents a simplification of reality and the
length chosen for this reservoir is a model parameter that can be
linked to reality, for example, through calibration.

Considering a length l, the level pool has a volume of

V ¼ blY1 þ tanðαÞlY2
1 ð9Þ

Only the volume in front of the gate is considered (between the
first two dashed, red lines in Fig. 2) and the volume below
the gate is approximated with a constant value regardless of the
gate position. Change in the level pool volume is related to the in-
flow and outflow by a simple reservoir volume balance equation

dV
dt

¼ Qi −Qg ð10Þ

or in terms of water level Y1 by using Eq. (9)

dY1

dt
¼ 1

l½bþ 2 tanðαÞY1�
ðQi −QgÞ ð11Þ

Discharge through the Gate
The flow rate or discharge through the gate needs to be expressed
as a function of Y1, θ, and Y3. Free and submerged flow can be
distinguished depending on the downstream water depth. In case
of free flow, Y3 is replaced with CcYg, which represents the depth
of the vena contracta.

The discharge law and coefficients used are based on Corriga
et al. (1977). The law computes the total discharge as a sum of an
orifice flow and free weir discharge by considering two distinct
areas σorifice and σfree. These areas are shown for the free-flowing
gate in Fig. 2 and they represent the unobstructed areas between the
canal bottom and the downstream depth Y3 (σorifice) respectively
between the downstream depth Y3 and the upstream depth Y1

(σfree). For simplicity, the same correction factor μ is used for both
these discharges, similar to Corriga et al. (1977). To express the
discharge over each area, the common assumptions of horizontal
flow and atmospheric pressure within the weir nappe, as well as
uniform and small approaching velocity upstream of the gate are
made (Munson et al. 2009). The discharge is written as

Q ¼
Z

Y1

0

uðŷÞbðŷÞdŷ ð12Þ

To express the discharges for the two distinct areas with the
problem parameters, the cases Y3 > Yg (submerged) and Y3 < Yg

(e.g., free flow) need to be distinguished, where Yg ¼ YgðθÞ
refers to the gate opening from Eq. (2).

For Y3 < Yg (e.g., for free flow Y3 ¼ CcYg), the total discharge
is decomposed in an orifice part, Q1; a free weir part through the
area below Yg, Q2; and a free weir part through the area on the side
of the gate, Q3. This leads to

Qg ¼ Qg;free ¼ Q1 þQ2 þQ3 ð13Þ
where

Q1 ¼ μ
ffiffiffiffiffi
2g

p
fY3½bþ tanðαÞY3�g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y1 − Y3

p
ð14aÞ

Q2 ¼ μ
ffiffiffiffiffi
2g

p �
2

3
b½ðY1 − Y3Þ3=2 − ðY1 − YgÞ3=2�

þ 4

15
tanðαÞ½ð3Y3 þ 2Y1ÞðY1 − Y3Þ3=2

− ð3Yg þ 2Y1ÞðY1 − YgÞ3=2�
�

ð14bÞ

Q3 ¼ μ
ffiffiffiffiffi
2g

p �
2

3
2 tanðαÞYgðY1 − YgÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y1 − Yg

p ð14cÞ

For Y3 > Yg (submerged case) Corriga et al. (1977) is followed
by writing

Qg ¼ Qg;submerged ¼ μ
ffiffiffiffiffi
2g

p �
σorifice þ

2

3
σfree

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y1 − Y3

p
ð15Þ

where

σorifice ¼ bYg þ Y2
g tanðαÞ þ 2Yg tanðαÞðY3 − YgÞ ð16aÞ

σfree ¼ 2Yg tanðαÞðY1 − Y3Þ ð16bÞ

Corriga et al. (1977) modeled submerged conditions with a
varying downstream depth, based on the discharge itself. The
applied formulation does not always yield physical solutions, es-
pecially for low discharges at an almost closed gate. For submerged
conditions, therefore, a fixed downstream depth, independent from
the flow rate, is imposed, and the free-flowing gate is considered
separately.

Next, the input discharge is normalized by introducing a hypo-
thetical nominal discharge Qn as a scaling

Q 0
i ¼

Qi

Qn
ð17Þ

For both free and submerged gates, the nominal discharge is
defined as the free discharge at completely open gate with the water
level at axis height, i.e.

Qn∶ ¼ Qg;freeðθ ¼ 0;Y1 ¼ Ya;Y3 ¼ CcYgÞ ð18Þ

Combined System and Nondimensionalization
Combining the derived models for the variation of the gate position
[Eq. (4)] and water level [Eq. (11)], a dynamical system governed
by the following basic equations can be derived:

© ASCE 04017039-4 J. Irrig. Drain Eng.
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d2θ
dt2

¼ − cω
I
dθ
dt

þ 1

I

�
−bFρg

�
r2 − R2

2
ðY1 − YaÞ þ

r3 − R3

3
sinðθÞ

�
−mrCGg cosðθþ ωCGÞ

�
ð19aÞ

dY1

dt
¼ 1

l½bþ 2 tanðαÞY1�
½QnQ 0

i −Qgðθ;Y1;Y3Þ� ð19bÞ

With basic algebraic manipulations, Eq. (19) can be reformu-
lated as

d2θ
dt2

¼ c1
dθ
dt

þ c2ðY1 − YaÞ þ c3 cosðθÞ þ c4 sinðθÞ ðrad=s2Þ
ð20aÞ

dY1

dt
¼ c6

1

bþ 2 tanðαÞY1

½QnQ 0
i −Qgðθ;Y1;Y3Þ� ðm=sÞ ð20bÞ

where the definitions of the constants c1 to c6 are reported in the
Appendix.

Now the dimensionless form of the basic Eq. (20) is derived
by introducing a length scale Λ and a time scale τ to scale all
the lengths (e.g., Y, l, R, r) and time

Y ¼ Λ ~Y t ¼ τ ~t

Based on the geometrical normalization it is straightforward to
choose Λ ¼ D. A time scale τ ¼ ffiffiffiffiffiffiffiffiffi

D=g
p

is assumed. Eq. (20) can
then be reformulated as

d2θ
d~t2

¼ C1

dθ
d~t

þ C2ð ~Y1 − ~YaÞ þ C3 cosðθÞ þ C4 sinðθÞ ðrad2Þ
ð21aÞ

d ~Y1

d~t
¼ C6

QnQ 0
i −Qgðθ; ~Y1; ~Y3Þ
~bþ 2 tanðαÞ ~Y1

ð21bÞ

where the constants C1 to C6 in Eq. (21) are given in the Appendix.
The system designated by Eq. (21) can be rewritten as three

first-order equations

d
d~t

θ1 ¼ θ2 ð22aÞ

d
d~t

θ2 ¼ C1θ2 þ C2ð ~Y1 − ~YaÞ þ C3 cosðθ1Þ þ C4 sinðθ1Þ ð22bÞ

d
d~t

~Y1 ¼
C6

~bþ 2 tanðαÞ ~Y1

fQnQ 0
i ð~tÞ −Qg½θ1; ~Y1; ~Y3ð~tÞ�g ð22cÞ

which is a system of the form

d
d~t

x ¼ Fðx; ~tÞ ð23Þ

with states x ¼ ðθ1; θ2; ~Y1ÞT ∶ ¼ ðθ; dθ=d~t ; ~Y1ÞT .
Eq. (22) characterizes a three-dimensional, nonautonomous,

nonlinear dynamical system. The inputs to the system are Q 0
i ð~tÞ

and ~Y3ð~tÞ (if submerged). By integrating system [Eq. (22)], it is
possible to simulate a transient response to time dependent inputs.

However, most of the stability analysis in this study is based on
the assumption that the inputs are constant in time. In that case, the
inputs can be regarded as parameters of a completely autonomous
system

d
d~t

x ¼ FðxÞ ð24Þ

Based on Eq. (24), an equilibrium point x� is defined such
that Fðx�Þ ¼ 0.

Calibration of the Gate and Control Parameters

In the following, it is shown how the mass of the gate and the po-
sition of the center of gravity can be related to the decrement in ~Y1.

The decrement is defined as the difference in the equilibrium
state ~Y�

1 between a completely closed gate θ1 ¼ θc (Q 0
i ¼ 0) and

a completely open gate θ1 ¼ 0. Fig. 4 shows the equilibrium states
~Y�
1 versus θ�1 for various Q 0

i .
The figure indicates the decomposition of the total decrement

into a decrement above ( ~dA) and a decrement below ( ~dB) the gate
axis. Given these definitions, an analytical expression for ωCG andfmrCG as a function of ~dA and ~dB can be derived by considering
the equilibrium points at these two positions. According to the
previous definition of the decrement, these gate positions are in
principle θ1A ¼ 0 and θ1B ¼ θc. However, one can remain more
general by using arbitrary positions x�

A ¼ ðθ1A; 0; ~Ya þ ~dAÞT and
x�
B ¼ ðθ1B; 0; ~Ya − ~dBÞT . Setting Eq. (22b) at these positions to

zero yields

8>>><>>>:
fmrCG ¼−ð~r2− ~R2Þ ~dA=2þð~r3− ~R3Þsinðθ1AÞ=3

cosðθ1AþωCGÞ

fmrCG ¼−ð~r2− ~R2Þð− ~dBÞ=2þð~r3− ~R3Þsinðθ1BÞ=3
cosðθ1BþωCGÞ

ð25Þ

Considering the specific positions θ1A ¼ 0 and θ1B ¼ θc,
Eq. (25) simplifies eventually to

tanðωCGÞ ¼ tanðωCG þ kπÞ ∀ k ∈ ℤ

¼ 1

tanðθcÞ
− 1

~dA

2ð~r3 − ~R3Þ
3ð~r2 − ~R2Þ þ

~dB
~dA

1

sinðθcÞ
ð26Þ

Fig. 4. (Color) Equilibrium position in the projected state space for
varyingQ 0

i : the two components ~dA and ~dB (above and below gate axis)
of the total decrement are shown

© ASCE 04017039-5 J. Irrig. Drain Eng.
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Thus, an analytical expression for ωCG and fmrCG is given by

ωCG ¼ π þ arctan

�
1

tanðθcÞ
− 1

~dA

2ð~r3 − ~R3Þ
3ð~r2 − ~R2Þ þ

~dB
~dA

1

sinðθcÞ
�

fmrCG ¼ 1

cosðωCGÞ
�
− ~r2 − ~R2

2
~dA

�
ð27Þ

Note that ~dA ≠ 0 was assumed to derive Eq. (25). If one im-
poses ~dA ¼ 0, the center of gravity comes to lie perpendicular
to the float bottom (ωCG ¼ π=2) in order to have a balanced gate
at complete opening θ1 ¼ 0. Corriga et al. (1977) assumed a per-
fectly calibrated gate, i.e., ~dA ¼ ~dB ¼ 0. This corresponds to the
ideal case, regulating the water level without any deviation from
~Ya. Given ~Y1 ¼ ~Ya, the gate is in equilibrium for any position
θ1. Under this assumption, it follows that ωCG ¼ π=2, and the
mass has to compensate precisely the immersed float, i.e., fmrCG ¼
ð~r3 − ~R3Þ=3. Therefore, the terms C3 and C4 become zero and the
system simplifies.

The information available in GEC Alsthom (1992) indicates a
typical total decrement ~dA þ ~dB of 0.02. The following analysis
assumes ~dB ¼ 0 and ~dA ¼ 0.02.

The typical functioning of the AMIL gate is illustrated by
Fig. 5. A free gate, subject to a steplike increasing input Q 0

i ð~tÞ,
is simulated starting at the equilibrium state. The simulation shown
in Figs. 5(a and d) shows that with the arrival of the increased dis-
charge the gate opens and the water level rises within the limits
defined by the decrement. By opening the gate the increase in water
level is mitigated. Furthermore, the behavior of the same gate can
be compared with different damping coefficients and different level
pool lengths [Figs. 5(b and e) and (c and f)]. While the strongly
damped gate [Figs. 5(a and d)] follows the equilibrium curve
closely, the less damped gate [Figs. 5(b and e)] oscillates during
the transition from one equilibrium point to the other. It can be
observed that the shorter level pool [Figs. 5(c and f)] influences
the trajectory of these oscillations as the water level rises more
quickly. The observed oscillations are possible due to the
assumption of a dynamic equilibrium between gate andwater level,
instead of a static relationship, which would simply follow the
equilibrium curve.

Once a gate geometry and size is chosen (i.e., α, ~b, ~bF, ~Ya, ~R, ~r,
ωF, ~I) and further constants are defined (μ ¼ CcCv), five control
parameters m remain to completely define the autonomous system
[Eq. (24)]. The function F can be recast to use these parameters m
as arguments and the system becomes

(a)
(d)

(e)

(f)

(b)

(c)

Fig. 5. (Color) (a–c) Time evolution; (d–f) projected state space trajectory of the free gate system as response to a steplike input Q 0
i ð~tÞ for various

damping values and level pool lengths: the red, dashed equilibrium curve is superimposed onto the state space plot; parameters ~dA ¼ 0.08; (a and d)
~cω ¼ 2.25, ~l ¼ 0.25; (b and e) ~cω ¼ 1.75, ~l ¼ 0.25; (c and f) ~cω ¼ 2.25, ~l ¼ 0.1; otherwise base parameters are from Eq. (30)

© ASCE 04017039-6 J. Irrig. Drain Eng.
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d
d~t

x ¼ Fðx;mÞ m ¼

266666664

~cω

Q 0
i

~dA
~l

~Y3

377777775 ð28Þ

which is the form analyzed in the following.

Stability Analysis and Nonlinear Effects of Control
Parameters

Preliminary Consideration

First, the two limit cases are investigated, in which the level pool
dynamics happen on a much faster (~l ≪ 1) or slower scale (~l ≫ 1)
than the gate dynamics. The constants C1, C2, and C4 are of order
Oð1Þ, C3 is of order Oð10−2Þ, and C6 is of order Oð~l−1Þ.

For ~l ≫ 1 (C6 → 0) one can infer from Eq. (21) [or Eq. (20)]
that oscillations of ~Y1 are slow and ~Y1 can be considered constant.
Eq. (21a) describes the gate movement, during which a constant
value for ~Y1 can be assumed. The eigenfrequency of this subsystem
is given by linearizing Eq. (21a) around an equilibrium point x�

(i.e., ~Y�
1 and θ�) which yields

ω0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C3 sinðθ�Þ − C4 cosðθ�Þ

p
ð29aÞ

ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 −

�
C1

2

�
2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 −

�
~cω
2

�
2

s
ð29bÞ

for both the undamped (ω0) and the damped (ω) subsystem. A critical
damping ~cω;crit separates underdamped from overdamped systems,
when ω0 < ~cω=2. Furthermore, when the gate is perfectly calibrated,
the terms C3 and C4 are zero. In that case, if the water level is
perturbed, Eq. (21a) does not allow a feedback of θ and is thus
unstable.

For ~l ≪ 1 (C6 → ∞), the evolution of ~Y1 becomes very fast
compared with the gate. Dividing Eq. (21a) by C6 and taking
the limit of C6 → ∞ results in the static relationship ~Y1 ¼ fðθÞ,
which is stable.

To summarize the findings of the limit cases, one can conclude that
the system is generally stable for both small and large values of ~l. The
gate and level pool subsystems are thus interfering with each other
only if their time scales are similar, i.e., in an intermediate range of ~l.

In the following analysis, a base state of the control parameters
m0 is considered. Varying one parameter at a time, the change in
the qualitative behavior of the solution is observed. Equilibrium
points, their stability (Lyapunov or asymptotic), one-parameter bi-
furcations points, and the corresponding limit cycles (including
their stability) are investigated by means of a combination of
analytical and numerical methods. For comparison with Corriga
et al. (1977), this analysis is based on the same gate. Besides the
geometric gate properties mentioned in Table 1, values are either
based on Corriga et al. (1977) [~I ¼ 0.0103 and μ ¼ CcCv ¼
0.65 (Cc ¼ μ=0.97)] or stem from GEC Alsthom (1992) [α ¼
arctanð1=2Þ]. The base set of control parameters is given by

m0 ¼

266666664

~cω;0

Q 0
i;0

~dA;0
~l0
~Y3;0

377777775 ¼

266666664

1.0

0.5

0.02

0.253

0.25

377777775 ð30Þ

Influence of c̃ω

Linear stability of equilibrium points for the parameters m0 can be
studied with the eigenvalues of the Jacobian matrix (∂F=∂x) after
linearization (Guckenheimer and Holmes 1993). Due to the com-
plexity of the system, only one equilibrium point is computed nu-
merically. The eigenvalues of the Jacobian matrix, evaluated at the
equilibrium point, are shown in Fig. 6 for various values of ~cω for
both free and submerged gates. In both cases, a single real and neg-
ative eigenvalue and a pair of complex conjugate eigenvalues are
observed. The pair of complex eigenvalues has a positive real part
for low values of ~cω, but it becomes negative above a certain limit-
ing value. These limiting values ~cω;lim are 1.670 and 1.097 for
the free and the submerged gate, respectively. The equilibrium
point is thus unstable at the lower values, but is stabilized at the
higher damping. Numerical simulations with the nonlinear system
[Eq. (28)] using slightly perturbed initial conditions confirmed this
stabilizing value of ~cω. The eigenvalues remain in the left half-
plane, i.e., stable, for further increases in the damping parameter
~cω. Above another specific value of ~cω, the pair of complex con-
jugate eigenvalues becomes real valued ( ~cω;crit ¼ 42.0 and 14.8, re-
spectively). This critical damping value illustrates the effect of the
level pool [Eq. (21b)], which was neglected for ~cω;crit in the pre-
liminary considerations. The qualitative characteristics of this plot
of the eigenvalues in Fig. 6 are similar to the plot of the roots of the
transfer function shown in Corriga et al. (1977).

Simultaneous passing of the imaginary axis by two eigenvalues,
while no other eigenvalue has zero real part, indicates a Hopf
bifurcation at the parameter value of the crossing (Guckenheimer
and Holmes 1993). A Hopf bifurcation describes the emergence of
limit cycles from an equilibrium point when a parameter is varied
(Guckenheimer and Holmes 1993; Ermentrout 2002).

The observed bifurcation of the nonlinear system at ~cω;lim is in-
vestigated with the software package XPPAUT (Ermentrout 2002),
containing the numerical continuation software AUTO. Fig. 7
shows the one-parameter bifurcation diagrams for various control
parameters for the submerged system. These diagrams show the
gate position θ1 in equilibrium position for the minimum and maxi-
mum values on the limit cycles, as well as the periods ~T of the limit
cycles. Stable limit cycles emerge when the damping is below the
limiting value. Having stable limit cycles, the system undergoes a
supercritical Hopf bifurcation.

The existenceof these periodic solutions is confirmednumerically.
Periodic solutions, found using a boundary value approach, are
shown in Fig. 8. [The applied procedure is based on Higgins (2013),
which also explains the derivation of the boundary value problem.]

The evolution of the gate position and water level during a cycle
and the trajectory in the state space are shown for the free gate
[Fig. 8(a)] and the submerged gate [Fig. 8(b)] form0. Both systems
are shown for the same damping ratios ~cω= ~cω;lim, and Q 0

i is chosen
for each system separately to yield similar equilibrium positions in
θ1. The trajectories are in agreement with the values shown by
Fig. 7. A phase shift in the trajectories between gate position θ1
and water level ~Y1 can be observed. The periods and Floquet multi-
pliers of these periodic solutions are shown in Table 2. With only
one Floquet multiplier of magnitude 1 or higher, the limit cycles are
stable.

© ASCE 04017039-7 J. Irrig. Drain Eng.
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(a) (b) (c)

(d) (e) (f)

Fig. 7. (Color) One-parameter bifurcations for the control parameters ~cω, ~l, and Q 0
i , based on the submerged gate with m0: the diagrams show the

minimum and maximum value during a limit cycle and the equilibrium point in θ1 and the periods of the limit cycles; red indicates an unstable, black a
stable equilibrium point and limit cycle; zoom-in on the ~cω-values used in Fig. 8 is provided in Fig. S1

(a)

(b)

(c)

(d)

Fig. 6. (Color) Eigenvalues of the (a and c) free; (b and d) submerged autonomous gate system for base parameters m0 and varying ~cω: (a and b)
complex plane; (c and d) real and imaginary components

© ASCE 04017039-8 J. Irrig. Drain Eng.
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Influence of Q 0
i

As a first assessment of the influence of the parameterQ 0
i , the linear

stability of the equilibrium point for the base parametersm0 is con-
sidered. The eigenvalues of the Jacobian matrix are shown in Fig. 9
for various values of Q 0

i for the submerged gate. The free gate is
not shown, behaving qualitatively similarly. Because the equilib-
rium point depends on the value of Q 0

i , the Jacobian matrix needs
to be reevaluated at each (numerically found) equilibrium point.

Again, there exists a limiting value Q 0
i;lim of 0.5638 (0.8217 for

the free gate) stabilizing the system. Again, numerical simulations
with perturbed initial conditions confirmed these limiting values.

The evolution of the eigenvalues in the complex plane for vary-
ing Q 0

i is similar to the evolution for varying ~cω. A supercritical
Hopf bifurcation for the parameter Q 0

i is expected and confirmed
by Fig. 7(b).

The resulting periodic solutions for values below Q 0
i;lim are

qualitatively similar to the ones shown in Fig. 8 for variations
in ~cω. The magnitude of the oscillations increases with decreasing
Q 0

i , an observation that can readily be inferred from the bifurcation
diagram.

The response to the steplike input Q 0
i ðtÞ shown in Fig. 5 illus-

trates the change in stability due to Q 0
i . Fig. 10 compares the re-

sponse to such a steplike input for the free and submerged gate
using the same damping ratio ~cω= ~cω;lim ¼ 0.61, based on ~cω;lim for
the initial value of Q 0

i . The input Q 0
i ð~tÞ increases from 0.2 to 0.7.

Both gates are unstable at the initial value of Q 0
i and start to oscil-

late. The systems stabilize with increasing discharge because they
are stable at the final value of Q 0

i . The damping ~cω of the sub-
merged gate used for the simulation is lower than the one of the
free gate (1.80 versus 1.17).

Influence of d̃A and Ỹ 3

The relationship between Q 0
i and ~cω;lim is illustrated by Fig. 11.

It shows the free gate system using various values for ~dA in

(a) (b)

Fig. 8. (Color) Time evolution of the gate position and water level during a limit cycle and the trajectory in the state space are shown for the (a) free
gate; (b) submerged gate for various damping ratios. Q 0

i ¼ 0.64 (free) or Q 0
i ¼ 0.5 (submerged), otherwise m0

Table 2. Periods and Floquet Multipliers for the Different Periodic
Solutions Shown in Fig. 8
cω
~cω;lim Period Floquet 1 Floquet 2 Floquet 3

Free gate
0.999 28.847 1.000 0.996 2.877 × 10−7
0.998 28.848 1.000 0.992 2.902 × 10−7
0.996 28.850 1.000 0.985 2.955 × 10−7
0.990 28.857 1.000 0.962 3.119 × 10−7
0.980 28.869 1.000 0.923 3.409 × 10−7

Submerged gate
0.999 29.491 1.000 0.996 1.537 × 10−6
0.998 29.491 1.000 0.992 1.544 × 10−6
0.996 29.492 1.000 0.984 1.559 × 10−6
0.990 29.495 1.000 0.961 1.603 × 10−6
0.980 29.502 1.000 0.922 1.676 × 10−6

© ASCE 04017039-9 J. Irrig. Drain Eng.

 J. Irrig. Drain Eng., 2017, 143(9): 04017039 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

E
di

nb
ur

gh
 U

ni
ve

rs
ity

 o
n 

07
/0

7/
17

. C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



Figs. 11(a and c), while the submerged gate system uses ~dA;0 ¼
0.02, but various submergence depths ~Y3 in Figs. 11(b and d). Gen-
erally, the limiting values ~cω;lim decrease with increasing discharge
(i.e., larger gate openings), illustrating again the stabilizing effect of
large Q 0

i . A shift in the x-axis can be observed between the plots
showing the limiting values for the same system, but either using
Q 0

i or θeq [Figs. 11(b and d)]. These shifts depend on the value of ~dA
or ~Y3. This is caused by the influence of these parameters on the
equilibrium position θeq for the same Q 0

i .
An increase in the decrement ~dA might have a stabilizing

or destabilizing effect on the system, i.e., requiring a lower or
higher damping, depending on the Q 0

i considered. However,
the destabilizing effect seems to be explained through the change
in the equilibrium position θeq for different decrements. Indeed,
judging only by the free gate plot against θeq in Fig. 11(c), an
increase in the decrement decreases the ~cω;lim for almost all equi-
librium positions.

For the submerged gate, an increase in the downstream depth
~Y3 stabilizes the gate. It is likely that this is caused by the reduced
sensitivity of the gate discharge Qg to the gate position θ1 (i.e., a
smaller ∂Qg=∂θ). This can be observed for the various values of ~Y3

in Figs. 11(b and d).

Influence of l̃

Already highlighted by the preliminary considerations, the system
is generally stable in the limits ~l ≪ 1 and ~l ≫ 1, unless the total
decrement is set to zero, where stability occurs only in the lower
limit ~l ≪ 1. These observations are confirmed by Fig. 12, showing
the real part of the second eigenvalue of the linearized system as a
function of ~l. The bifurcation diagram for ~l in Fig. 7 identifies two
supercritical bifurcations. The period of the limit cycle, shown in
the same figure, differs strongly.

Fig. 13 shows the identified limiting damping parameter ~cω;lim
as a function of ~l. It can be observed that the value of ~l resulting in
the highest ~cω;lim depends on the value of ~dA.

Practical Calibration of Model Parameter l̃ to
Measured Dynamics

The level surface is a simplifying assumption, using a model-
related—not problem-related—parameter ~l. In the following, this
parameter ~l is calibrated to observed wave interactions with a
canal. Video measurements were performed of the dynamical
behavior of the experimental gate at EPFL. Two distinct dynamic
regimes have been recorded. Videos S1 and S2 show the two
behaviors. The gate position during the two dynamic responses
is shown in Fig. 14.

In Behavior A, the upper end of the canal reach upstream of the
gate, situated at a distance L, acts as a reflecting boundary for in-
coming waves. A periodic solution develops as the waves in the
canal and the gate synchronize. The periodic solution corresponds
to a standing wave in the canal with the gate oscillating at the same
frequency.

Behavior B corresponds to a transient response, describing the
gate rising after being initially locked in the closed position. Over
the short period of time considered, the reflecting upstream

Fig. 9. (Color) Eigenvalues of the submerged gate system for base parameters m0 and varying Q 0
i

Fig. 10. (Color) Response in θ1 and Q 0
g (¼ Qg=Qn) of the free (blue,

solid) and submerged (yellow, dashed) gate to a steplike increase in Q 0
i

(green, solid): besides Q 0
i ð~tÞ (indicated), ~cω= ~cω;lim ¼ 0.61 and m0

© ASCE 04017039-10 J. Irrig. Drain Eng.
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boundary has no effect on the gate because the perturbations gen-
erated by the gate travel with a finite speed.

Both measurements were taken under free-flowing conditions.
The gate setup at EPFL is described by the following measured

quantities: D ¼ 0.81, R ¼ 0.63, r ¼ 0.685, Ya ¼ 0.367, b ¼
0.46, bF ¼ 0.36 m, ωF ¼ 0.173 m=R, α ¼ arctanð1=2Þ, ωCG ¼
1.61 rad, and mrCG ¼ 8.13 kg m; and the following estimated
dynamic properties: I ¼ 7.67 Nms2=rad and cω ¼ 69.0 Nms=rad.

(a) (c)

(b) (d)

Fig. 11. (Color) Limiting damping ~cω;lim as a function ofQ 0
i for the (a and c) free gate system with various values for ~dA and the (b and d) submerged

gate system with ~dA;0 ¼ 0.02 and various submergence depths ~Y3

(a) (b)

Fig. 12. (Color) Real part of second eigenvalue of linearized systems as a function of level pool length l and for various decrements
~dA: (a) standard damping ~cω ¼ ~cω;0 ¼ 1.0; (b) stronger damping of ~cω ¼ 1.3

(a) (b)

Fig. 13. (Color) Limiting damping ~cω;lim as a function of ~l for the (a) free; (b) submerged gate system with various values for ~dA otherwise m0

© ASCE 04017039-11 J. Irrig. Drain Eng.
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The canal reach ends at a distance L ¼ 4.17m upstream of the gate
leaf in a boundary, where the inflow enters the canal reach through
the bottom part.

The length of the level pool volume can be calibrated to repro-
duce the observed behavior. While Behavior A is representative of
a short canal reach under the influence of an upstream reflecting
boundary, Behavior B can describe an infinitely long canal reach,
where the generated perturbations are not reflected upstream.
These two situations can be characterized by two different values
of ~l.

For Behavior A, the standing wave in the canal can be described
with standing wave theory (SWT). The sensitivity of the frequency
of the gate to the model parameter ~l can be observed in the bifur-
cation diagram (Fig. 7). This allows estimation of ~l for a given
frequency. Both of these approaches can be combined to estimate
the parameter ~l for AMIL gates with canals of various lengths L
showing standing wave behavior.

In the observed case, the ratio of the flow velocity to the wave
celerity is small (U0=c ≪ 1). Therefore, classic SWT using a con-
stant celerity in both directions is applied. Standing wave theory
allows determination of the frequency of a specific mode for a canal
of a given length L. Based on that the parameter, ~l can be deter-
mined by adjusting the frequency of the gate to the standing wave
in the canal. In Behavior A, both ends of the canal were antinodes,
i.e., the amplitude of the oscillations is at its maximum. This can be
translated to boundary conditions prescribing the gradient of the
water level to be zero. The frequency of the modes is then given
by fn ¼ nc=ð2LÞ, where the wave celerity is related to the equilib-
rium water level by c ¼ ffiffiffiffiffiffiffiffi

gY�
1

p
. The observed Behavior A corre-

sponds to the mode with n ¼ 4, resulting in a theoretical
frequency by wave theory of f4;SWT ¼ 0.93 Hz or ω4;SWT ¼
5.85 rad=s (using Y�

1 ¼ 0.385 m for both). The level pool length
required to obtain the same frequency of gate oscillations is
~lSWT ¼ 0.043.

However, the frequency of the observed behavior does not
exactly coincide with the one predicted by standing wave theory.
Further studies including nonlinear effects may explain such
differences. The measured frequency was fmeas ¼ 0.81 Hz or
ωmeas ¼ 5.09 rad=s. The level pool length corresponding to this
frequency is ~lmeas;A ¼ 0.05.

Behavior B is considered over roughly two oscillation cycles,
corresponding to the time before the perturbations return. (The
inflow Qi was adapted to compensate the flow above the gate that
occurred during the measurement.) A parameter ~lmeas;B ¼ 0.14 was
calibrated for this behavior. Transient effects from the reflection of
the waves remain after the two oscillations cycles, but eventually
the gate stabilizes.

The model simulation for the parameters ~lmeas;A and ~lmeas;B and
two different inflow discharges are superimposed onto Fig. 14.
Using the value of ~l ¼ 0.253 from Corriga et al. (1977) would re-
sult in too low frequencies to reproduce either Behavior A or B.

In conclusion, the choice of ~l thus depends on the type of
dynamic one wants to reproduce.

Conclusion and Outlook

In this article, a mathematical model was developed based on
Corriga et al. (1977) and Ramirez-Luna (1997) and investigated
with respect to various control parameters. The model was used to
reproduce two kinds of dynamic behavior of an experimental gate.
For the calibration of the counterweights, an analytical formula per-
mitting the imposition of a specified decrement was presented. The
stability analysis allowed determination of limiting values for the
damping parameter ~cω;lim. A change in behavior at these limiting
values from stable equilibria to stable periodic solutions—a super-
critical Hopf bifurcation—was shown. The periodic solutions are
not desired in irrigation canals, leading to fluctuations of discharges
in the main canal and lateral offtakes. The constant inflow param-
eter Q 0

i exhibits similar influence on the system as ~cω;lim.
The identified limiting values depend on the model parameter ~l.

It is therefore important to use a representative level pool length ~l or
to simply select the most conservative damping ~cω;lim among the
estimates obtained with a wide range of ~l.

In view of the typically slow canal dynamics in irrigation canal
networks (Corriga et al. 1980; Ramirez-Luna 1997), the dynamic
interactions between the water level and the gate are considered
negligible by other authors and the simplification of a static gate
appropriate. On the other hand, the model based on a level pool,
used throughout this work, allows consideration of the dynamic in-
teraction between the local water level and the AMIL gate. This dy-
namic interplay might become more important under circumstances
where faster water level dynamics are present (e.g., irrigation canals
exhibiting resonance behavior or situations outside of irrigation
canals). Refraining from the static gate simplification, by using the
level pool model, seems more appropriate in those circumstances.

To complement existing studies (e.g., Ramirez-Luna 1997), the
model developed here can suggest a different approach to study
interaction of AMIL gates installed in series. In canals exhibiting
strong resonance behavior and weak wave attenuation, waves gen-
erated by a nonstatic gate–water level relationship might reach and
influence other AMIL gates upstream or downstream.

To operate run-of-the-river hydropower plants, nonpropor-
tional water distribution from rivers is an efficient alternative
to fixed-percentage (proportional) releases of the incoming flow

(a) (b)

Fig. 14. (Color) Measurements (circles) and model simulations (lines) of the two dynamic behaviors measured on the EPFL gate: (a) three cycles of
the oscillating gate when the standing waves have formed; (b) rising of the gate (blue and orange circles correspond to two measurements of the
phenomenon)

© ASCE 04017039-12 J. Irrig. Drain Eng.
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(Razurel et al. 2015; Gorla and Perona 2013; Perona et al. 2013).
AMIL gates might constitute a possible energy-free means for this
repartitioning. The authors envision that the combination of a weir
in the river and an AMIL gate with an adapted float form in the
derived canal might allow implementation of nonproportional dy-
namic environmental flows, hence the importance of studies that
address stability conditions.

Appendix. Constants

Constants for a dimensional system:

c1 ¼ − cω
I

ðs−1Þ ð31aÞ

c2 ¼ − bFρg
I

r2 − R2

2
½rad=ðs2 mÞ� ð31bÞ

c3 ¼ − bFρg
I

mrCG
bFρ

cosðωCGÞ ðrad=s2Þ ð31cÞ

c4 ¼ − bFρg
I

�
r3 − R3

3
−mrCG

bFρ
sinðωCGÞ

�
ðrad=s2Þ ð31dÞ

c6 ¼
1

l
ðm−1Þ ð31eÞ

Constants for a dimensionless system:

C1 ¼ c1τ ¼ ~cω ¼ cω
I

ffiffiffiffi
Λ
g

s
ð32aÞ

C2 ¼ c2τ2Λ ¼ − 1

~I

~r2 − ~R2

2
ðradÞ ð32bÞ

C3 ¼ c3τ2 ¼ − 1

~I
fmrCG cosðωCGÞ ðradÞ ð32cÞ

C4 ¼ c4τ 2 ¼ − 1

~I

�
~r3 − ~R3

3
− fmrCG sinðωCGÞ

�
ðradÞ ð32dÞ

C6 ¼
τ
Λ
c6
Λ

¼ 1ffiffiffi
g

p
Λ5=2

1

~l
ðs=m3Þ ð32eÞ

~cω ¼ cω
I

ffiffiffiffi
Λ
g

s
ð33aÞ

~I ¼ I

ρ ~bFΛ5
ðrad−1Þ ð33bÞ

fmrCG ¼ mrCG
~bFρΛ4

ð33cÞ
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