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Brief recap
Supervised learning

Linear regression



 
 

2Types of learning



 
 

3Supervised learning
biking, smoking

Heart disease



 
 

4Supervised learning

biking, smoking

Heart disease



 
 

5Linear regression

<latexit sha1_base64="Lcuq4gR50uab8Wt+Q5u4cXft6WE="></latexit>
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from sklearn.linear_model import LinearRegression 

model = LinearRegression()
model.fit(X, y)

<latexit sha1_base64="MB/hudzJoFGWF79PD+E2vY/7JWk="></latexit>

heart.disease = w0 + w1biking| {z }
\heart.disease

+✏

Best line in least squares sense
à (w_0, w_1) = (17.70, -0.20)
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Best plane in least squares sense

Linear regression
<latexit sha1_base64="ol4f/SNBwGBkxxap15ZX8lQYBlk="></latexit>

heart.disease = w01 + w1biking + w2smoking| {z }
\heart.disease

+✏

<latexit sha1_base64="Lcuq4gR50uab8Wt+Q5u4cXft6WE="></latexit>
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⇣
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from sklearn.linear_model import LinearRegression 

model = LinearRegression()
model.fit(X, y)
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Polynomial regression



 
 

8Illustrative example
np.random.seed(0)

X = 4 - 3 * np.random.normal(0, 1, 20)
X = np.sort(X)

y = 10 + X + 2*(X**2) + np.random.normal(0, 4, 20)

X = X.reshape(-1,1)
y = y.reshape(-1,1)

plt.scatter(X, y)

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()

<latexit sha1_base64="RwfK/JpclPWE+d4eMJhkyyYn9Zk="></latexit>

y = 10 + x1 + 2x2
1| {z }

by

+ ✏|{z}
⇠N (0, 42)



 
 

9Linear regression in         
from sklearn.linear_model import LinearRegression

model = LinearRegression()
model.fit(X, y)

y_pred = model.predict(X)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r',marker='x')
plt.plot(X, y_pred, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()

<latexit sha1_base64="IBciUcTQb8z5D5iWjvVtqbdB8LE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISKeqy6MZlBfuAJoTJdNIOnTyYuRFDKPgrblwo4tbvcOffOG2z0OqBC4dz7uXee/xEcAWW9WWUlpZXVtfK65WNza3tHXN3r6PiVFLWprGIZc8nigkesTZwEKyXSEZCX7CuP76e+t17JhWPozvIEuaGZBjxgFMCWvLMA0ewAGr4wbNPcYYdyYcjOPHMqlW3ZsB/iV2QKirQ8sxPZxDTNGQRUEGU6ttWAm5OJHAq2KTipIolhI7JkPU1jUjIlJvPzp/gY60McBBLXRHgmfpzIiehUlno686QwEgtelPxP6+fQnDp5jxKUmARnS8KUoEhxtMs8IBLRkFkmhAqub4V0xGRhIJOrKJDsBdf/ks6Z3X7vN64bVSbV0UcZXSIjlAN2egCNdENaqE2oihHT+gFvRqPxrPxZrzPW0tGMbOPfsH4+AY+4pRl</latexit>

(x1, y)

At first sight, it is not a good model

Hint: Observe the pattern of 
<latexit sha1_base64="mJ7IE6+zRI+ExHFJR0NiGFVifag=">AAACD3icbVBNS8NAEN34bf2qevSyWJR6sCRS1IsgevFYwWqhCWWznTSLm03YnQgh9B948a948aCIV6/e/DcmbQ9+PRh4vDfDzDw/kcKgbX9aU9Mzs3PzC4uVpeWV1bXq+sa1iVPNoc1jGeuOzwxIoaCNAiV0Eg0s8iXc+LfnpX9zB9qIWF1hloAXsYESgeAMC6lX3XUhMULGip5QV0KAdZrRfeqGDPNsSF0tBiHuVXrVmt2wR6B/iTMhNTJBq1f9cPsxTyNQyCUzpuvYCXo50yi4hGHFTQ0kjN+yAXQLqlgExstH/wzpTqH0aRDrohTSkfp9ImeRMVnkF50Rw9D89krxP6+bYnDs5UIlKYLi40VBKinGtAyH9oUGjjIrCONaFLdSHjLNOBYRliE4v1/+S64PGs5ho3nZrJ2eTeJYIFtkm9SJQ47IKbkgLdImnNyTR/JMXqwH68l6td7GrVPWZGaT/ID1/gV/CJsP</latexit>

✏ = (y � ŷ)

<latexit sha1_base64="EQbrmSpC+j3YJcUE3KiLqNC4Zxw=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLIAglSWtbF0LRjcsK9gFtCJPptB06eTAzUUPIxl9x40IRt36GO//GSVtBRQ/cy+Gce5m5xw0ZFdIwPrTcwuLS8kp+tbC2vrG5pW/vtEUQcUxaOGAB77pIEEZ90pJUMtINOUGey0jHnVxkfueGcEED/1rGIbE9NPLpkGIkleToe/0xkkmcwjN46xjwWHUT3jmmoxeN0mm9ap1Y0CgZRs0qVzNi1SpWGZpKyVAEczQd/b0/CHDkEV9ihoTomUYo7QRxSTEjaaEfCRIiPEEj0lPURx4RdjI9IIWHShnAYcBV+RJO1e8bCfKEiD1XTXpIjsVvLxP/8nqRHNbthPphJImPZw8NIwZlALM04IBygiWLFUGYU/VXiMeIIyxVZgUVwtel8H/StkpmtVS5qhQb5/M48mAfHIAjYIIaaIBL0AQtgEEKHsATeNbutUftRXudjea0+c4u+AHt7RNqLpUF</latexit>

ŷ = w0 + w1x1



 
 

10Expanding original feature space

• Observe that:
<latexit sha1_base64="msz+M2kYCt8jwAGZHBTmLmmo+98=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIsgCGWmFHUjFN24rGAf0I4lk6ZtaCYzJBlxGPoBbvwVNy4UcesHuPNvzLSz0NYDyT2cey7JPV7ImdK2/W3llpZXVtfy64WNza3tneLuXlMFkSS0QQIeyLaHFeVM0IZmmtN2KCn2PU5b3vgq7bfuqVQsELc6Dqnr46FgA0awNlKvWIrRBXJsdIIeeo65K2m9qyBDuzRUjAeiYFx22Z4CLRInIyXIUO8Vv7r9gEQ+FZpwrFTHsUPtJlhqRjidFLqRoiEmYzykHUMF9qlyk+kyE3RklD4aBNIcodFU/T2RYF+p2PeM08d6pOZ7qfhfrxPpwbmbMBFGmgoye2gQcaQDlCaD+kxSonlsCCaSmb8iMsISE23yS0Nw5ldeJM1K2TktV2+qpdplFkceDuAQjsGBM6jBNdShAQQe4Rle4c16sl6sd+tjZs1Z2cw+/IH1+QPXHZcc</latexit>

y = 10 + x1 + 2x2
1 + ✏

<latexit sha1_base64="S9UtVnpTsodB17QKgXZ5FywacpE="></latexit>

y = 10 + x1 + 2x2 + ✏, with x2 = x2
1• Can be written as: 

• We end up with a linear regression problem 
in 

<latexit sha1_base64="63TRwipvn923a2xjTS3tL36N0Fc=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQoZSZUtRl0Y3LCvYBnVIyaaYNzWSG5I44lC7c+CtuXCji1o9w59+YPhbaeuBeDufcS3KPHwuuwXG+rcza+sbmVnY7t7O7t39gHx41dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/mj66nfumdK80jeQRqzbkgGkgecEjBSz857ggVQxA89t2RapYRT7Ck+GMJZrmcXnLIzA14l7oIU0AL1nv3l9SOahEwCFUTrjuvE0B0TBZwKNsl5iWYxoSMyYB1DJQmZ7o5nR0zwqVH6OIiUKQl4pv7eGJNQ6zT0zWRIYKiXvan4n9dJILjsjrmME2CSzh8KEoEhwtNEcJ8rRkGkhhCquPkrpkOiCAWT2zQEd/nkVdKslN3zcvW2WqhdLeLIojw6QUXkogtUQzeojhqIokf0jF7Rm/VkvVjv1sd8NGMtdo7RH1ifP1wYlgA=</latexit>

(x1, x2, y)

• The original feature space            has been expanded to
<latexit sha1_base64="zKLeztMT4gl+g/evhrZZU67N4Aw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsK9gFJCJPppB06eTBzI4ZSf8WNC0Xc+iHu/BsnbRbaeuDC4Zx7ufeeIBVcgWV9G5W19Y3Nrep2bWd3b//APDzqqSSTlHVpIhI5CIhigsesCxwEG6SSkSgQrB9Mbgq//8Ck4kl8D3nKvIiMYh5ySkBLvll3BQvBwY++jV3JR2Pwar7ZsJrWHHiV2CVpoBId3/xyhwnNIhYDFUQpx7ZS8KZEAqeCzWpuplhK6ISMmKNpTCKmvOn8+Bk+1coQh4nUFQOeq78npiRSKo8C3RkRGKtlrxD/85wMwitvyuM0AxbTxaIwExgSXCSBh1wyCiLXhFDJ9a2YjokkFHReRQj28surpHfetC+arbtWo31dxlFFx+gEnSEbXaI2ukUd1EUU5egZvaI348l4Md6Nj0VrxShn6ugPjM8fbXOT/Q==</latexit>

[x1]
<latexit sha1_base64="eS/3u7adZxZCSNhfaPntLReWCa4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCylJKeqy6MZlBfuAJITJdNIOnTyYuRFLqRt/xY0LRdz6F+78GydtFtp64F4O59zLzD1BKrgCy/o2lpZXVtfWSxvlza3tnV1zb7+tkkxS1qKJSGQ3IIoJHrMWcBCsm0pGokCwTjC8zv3OPZOKJ/EdjFLmRaQf85BTAlryzUNXsBAc/ODbZ7rVsCt5fwBe2TcrVtWaAi8SuyAVVKDpm19uL6FZxGKggijl2FYK3phI4FSwSdnNFEsJHZI+czSNScSUN55eMMEnWunhMJG6YsBT9ffGmERKjaJAT0YEBmrey8X/PCeD8NIb8zjNgMV09lCYCQwJzuPAPS4ZBTHShFDJ9V8xHRBJKOjQ8hDs+ZMXSbtWtc+r9dt6pXFVxFFCR+gYnSIbXaAGukFN1EIUPaJn9IrejCfjxXg3PmajS0axc4D+wPj8AUxZlYQ=</latexit>

[x1, x2]



 
 

11Visual interpretation

<latexit sha1_base64="tyR7LTBqw3ZcDLQlNYukChvSvls=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKUS9C0YvHCvYD2lg22027dLOJuxuxhP4JLx4U8erf8ea/cdPmoK0PBh7vzTAzz485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj68zv/1IpWKRuNOTmHohHgoWMIK1kTqX6Knv3ldLfbvsVJwZ0DJxc1KGHI2+/dUbRCQJqdCEY6W6rhNrL8VSM8LptNRLFI0xGeMh7RoqcEiVl87unaITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/XjfRwYWXMhEnmgoyXxQkHOkIZc+jAZOUaD4xBBPJzK2IjLDERJuIshDcxZeXSatacc8qtdtauX6Vx1GEIziGU3DhHOpwAw1oAgEOz/AKb9aD9WK9Wx/z1oKVzxzCH1ifP0QljtI=</latexit>

= x2
1



 
 

12OLS solution

<latexit sha1_base64="Lcuq4gR50uab8Wt+Q5u4cXft6WE="></latexit>

w⇤ =
⇣
X̃TX̃

⌘�1
X̃Ty

<latexit sha1_base64="PofEAw3fOVgJOAGDeZrOwEhaut4="></latexit>

y = w0 + w1x1 + w2x
2
1| {z }

ŷ

+✏

<latexit sha1_base64="h6hjNl5JeYfvPtz4OW0xRXZ2QR4="></latexit>

= w0 + w1x1 + w2x2| {z }
ŷ

+✏, with x2 = x2
1

<latexit sha1_base64="8MfwiPmoDzynQDR44nYUCunBgFA="></latexit>

ŷ = X̃w where, w =
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13Visual interpretation

<latexit sha1_base64="tyR7LTBqw3ZcDLQlNYukChvSvls=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKUS9C0YvHCvYD2lg22027dLOJuxuxhP4JLx4U8erf8ea/cdPmoK0PBh7vzTAzz485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj68zv/1IpWKRuNOTmHohHgoWMIK1kTqX6Knv3ldLfbvsVJwZ0DJxc1KGHI2+/dUbRCQJqdCEY6W6rhNrL8VSM8LptNRLFI0xGeMh7RoqcEiVl87unaITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/XjfRwYWXMhEnmgoyXxQkHOkIZc+jAZOUaD4xBBPJzK2IjLDERJuIshDcxZeXSatacc8qtdtauX6Vx1GEIziGU3DhHOpwAw1oAgEOz/AKb9aD9WK9Wx/z1oKVzxzCH1ifP0QljtI=</latexit>

= x2
1



 
 

14Creating polynomial features
• Note that the true parametric form is not necessarily known
• And it’s tedious to generate all sorts of polynomial features manually
• The library scikit-learn has a method to generate features 

automatically
from sklearn.preprocessing import PolynomialFeatures

polynomial_features= PolynomialFeatures(degree=2, include_bias=False)

X_transformed = polynomial_features.fit_transform(X)

• Say                            . That is, m=2 independent variables (or features)

Ø  For degree=2,

<latexit sha1_base64="YZgfx8uGGH+eExjEnVMZihgH8LU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPUiFL14rGA/oI1hs920SzebsLvRltD/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7B00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cObqd96pFKxSNzrcUzdEPcFCxjB2kgPbXSFOiPPOUMjr+J6xZJdtmdAy8TJSAky1L3iV7cXkSSkQhOOleo4dqzdFEvNCKeTQjdRNMZkiPu0Y6jAIVVuOrt6gk6M0kNBJE0JjWbq74kUh0qNQ990hlgP1KI3Ff/zOokOLt2UiTjRVJD5oiDhSEdoGgHqMUmJ5mNDMJHM3IrIAEtMtAmqYEJwFl9eJs1K2TkvV++qpdp1FkcejuAYTsGBC6jBLdShAQQkPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gAa1JD5</latexit>

X = [x1, x2]
<latexit sha1_base64="+QIsKxnCbP5Fx75KV0FrKNjwuHo=">AAACI3icbVBLSwMxEM76rPVV9eglWAQPUnZLURGEohePCvYB7bpk06kGs9klmZWWpf/Fi3/FiwdFvHjwv5hte/D1QTIf38wwM1+YSGHQdT+cmdm5+YXFwlJxeWV1bb20sdk0cao5NHgsY90OmQEpFDRQoIR2ooFFoYRWeHeW51v3oI2I1RUOE/AjdqNEX3CGVgpKx23aRRhg1g1QM2X6sY6gN6IntDMIvH06CKr5512PQ3USvJz6QansVtwx6F/iTUmZTHERlN66vZinESjkkhnT8dwE/YxpFFzCqNhNDSSM37Eb6FiqWATGz8Y3juiuVXrUrmefQjpWv3dkLDJmGIW2MmJ4a37ncvG/XCfF/pGfCZWkCIpPBvVTSTGmuWG0JzRwlENLGNfC7kr5LdOMo7W1aE3wfp/8lzSrFe+gUrusleunUzsKZJvskD3ikUNSJ+fkgjQIJw/kibyQV+fReXbenPdJ6Ywz7dkiP+B8fgGxTKHB</latexit>

X transformed = [x1, x2, x
2
1, x

2
2, x1x2]

“interaction” feature

Dimensionality of feature space; e.g. (m=8, degree=5) -> 1286 features



 
 

15Curse of dimensionality
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Source: https://medium.com

Curse of dimensionality

https://medium.com/@gokcenazakyol/what-is-curse-of-dimensionality-machine-learning-2-739131962faf


 
 

17OLS solution in Python
model = LinearRegression()
model.fit(X_transformed, y)

y_pred = model.predict(X_transformed)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r', marker='x')

x = np.arange(-2.8, 7.0, 0.05).reshape(-1,1)
x_transformed = polynomial_features.fit_transform(x)
y_pred_x = model.predict(x_transformed)

plt.plot(x_1, y_pred_x, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()

PolynomialFeatures(degree=1, include_bias=False)



 
 

18

PolynomialFeatures(degree=2, include_bias=False)

OLS solution in Python
model = LinearRegression()
model.fit(X_transformed, y)

y_pred = model.predict(X_transformed)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r', marker='x')

x = np.arange(-2.8, 7.0, 0.05).reshape(-1,1)
x_transformed = polynomial_features.fit_transform(x)
y_pred_x = model.predict(x_transformed)

plt.plot(x_1, y_pred_x, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()
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PolynomialFeatures(degree=5, include_bias=False)

OLS solution in Python
model = LinearRegression()
model.fit(X_transformed, y)

y_pred = model.predict(X_transformed)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r', marker='x')

x = np.arange(-2.8, 7.0, 0.05).reshape(-1,1)
x_transformed = polynomial_features.fit_transform(x)
y_pred_x = model.predict(x_transformed)

plt.plot(x_1, y_pred_x, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()
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PolynomialFeatures(degree=10, include_bias=False)

OLS solution in Python
model = LinearRegression()
model.fit(X_transformed, y)

y_pred = model.predict(X_transformed)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r', marker='x')

x = np.arange(-2.8, 7.0, 0.05).reshape(-1,1)
x_transformed = polynomial_features.fit_transform(x)
y_pred_x = model.predict(x_transformed)

plt.plot(x_1, y_pred_x, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()
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PolynomialFeatures(degree=15, include_bias=False)

OLS solution in Python
model = LinearRegression()
model.fit(X_transformed, y)

y_pred = model.predict(X_transformed)

plt.scatter(X, y)
plt.scatter(X, y_pred, color='r', marker='x')

x = np.arange(-2.8, 7.0, 0.05).reshape(-1,1)
x_transformed = polynomial_features.fit_transform(x)
y_pred_x = model.predict(x_transformed)

plt.plot(x_1, y_pred_x, color='r')

plt.xlabel("$x_1$")
plt.ylabel("$y$")

plt.show()



 
 

22Underfitting & Overfitting
PolynomialFeatures(degree=10, include_bias=False)PolynomialFeatures(degree=1, include_bias=False)

à Use train-test split procedure



 
 

23Preventing overfitting via regularization

• We penalize the cost function by adding a penalty that regularizes or 
shrinks the coefficient estimates        to zero

• Reminder: the cost function for linear regression in the least square sense

• Let’s add a L1 penalty term to induce fewer non-zero coefficients

<latexit sha1_base64="Mju15tx3zB6mvoz89XVCktA3Shw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIsgHsquFPVY9OKxgv2Adi3ZNNuGJtklySpl6V/w4kERr/4hb/4bd9s9aOuDgcd7M8zM8yPBjXWcb1RYWV1b3yhulra2d3b3yvsHLRPGmrImDUWoOz4xTHDFmpZbwTqRZkT6grX98U3mtx+ZNjxU93YSMU+SoeIBp8Rm0tPDWalfrjhVZwa8TNycVCBHo1/+6g1CGkumLBXEmK7rRNZLiLacCjYt9WLDIkLHZMi6KVVEMuMls1un+CRVBjgIdVrK4pn6eyIh0piJ9NNOSezILHqZ+J/XjW1w5SVcRbFlis4XBbHANsTZ43jANaNWTFJCqObprZiOiCbUpvFkIbiLLy+T1nnVvajW7mqV+nUeRxGO4BhOwYVLqMMtNKAJFEbwDK/whiR6Qe/oY95aQPnMIfwB+vwBNgaNtA==</latexit>

w⇤

<latexit sha1_base64="eWAk1aQU1Q5v6S3AIrSIUN3ntlo="></latexit>

g(w) =
1

N

NX

i=1

⇣
yi � X̃iw

⌘2

<latexit sha1_base64="73+X5aJgZRx5suO9v/JrxvNPLZI="></latexit>

g(w) =
1

N

NX

i=1

⇣
yi � X̃iw

⌘2
+ ↵

mX

j=1

|wj |
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• The implementation in the class Lasso (scikit-learn) uses coordinate 
descent to minimize the cost junction g(w)

• Note that iterative optimization greatly benefits from a standardization of 
the dependent and independent variables (cf. notebook for details)

LASSO Regression

PolynomialFeatures(degree=15, include_bias=False)

not penalized

PolynomialFeatures(degree=15, include_bias=False)

L1 penalized (⍺=0.1)



 
 

25What did I learn?

• Expanding feature space for polynomial regression
• Curse of dimensionality
• Underfitting and overfitting
• L1 regularization (Lasso) to prevent overfitting
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QUESTIONS ?


