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Content of the Course

Part | — Basics of Optimization

» Revisiting optimality conditions for Nonlinear Programs
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Content of the Course

Part | — Basics of Optimization
» Revisiting optimality conditions for Nonlinear Programs
Part Il — Introduction to Optimal Control

» Optimality conditions for Optimal Control Problems with
finite-dimensional systems

» Direct and indirect solutions methods for OCPs
» Translating control tasks into OCP formulations
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Content of the Course

Part | — Basics of Optimization
» Revisiting optimality conditions for Nonlinear Programs
Part Il — Introduction to Optimal Control

» Optimality conditions for Optimal Control Problems with
finite-dimensional systems

» Direct and indirect solutions methods for OCPs
» Translating control tasks into OCP formulations
Part lll - Nonlinear Model Predictive Control
» Principle of Predictive Control
» Stability of NMPC with and without terminal constraints
» Economic NMPC formulations
» Numerical implementation of NMPC — exercises and projects
» Simulation case studies — exercises and projects
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Design Steps for Optimal Control and NMPC
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Design Steps for Optimal Control and NMPC




Design Steps for Optimal Control and NMPC

2. Problem Analysis

Does the model have a solution for any admissible control?
Can the constraints be met? — feasibility

Can the system outputs be observed/measured?

Existence of optimal solutions?
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Design Steps for Optimal Control and NMPC

3. Solve OCP
» Choose a numerical strategy to obtain an (approximated) solution.
» Implement numerical solution. Use available toolboxes.
» Construct feasible initial guess — Solve OCP

2. Problem Analysis
» Does the model have a solution for any admissible control?
» Can the constraints be met? — feasibility
» Can the system outputs be observed/measured?
» Existence of optimal solutions?

1. Problem Formulation
» Model of system dynamics and constraints (physical restrictions)?
» Choose a performance criterion (objective functional).
» Choose the decision variables.
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OCPs and NLPs

X = f(x(1), u(t)), x(0) = xo Num. Solution ofSDE x(k+1) = 9(x(k), u(k)), x(0) = xo
Solution: x(t) = x(t, xo, u(-)) t=ko Solution: x(k) = x(k, xo, u(-))
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OCPs and NLPs

x = f(x(t), u(t)), x(0) = xo Num. Solution OTSDE x(k + 1) = f9(x(k), u(k)), x(0) = xo
Solution: x(t) = x(t, X, u(-)) t=ko Solution: x(k) = x(k, xo, u(-))
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-
Vr(xo) = rp(igfo Ux(7), u(r)) dr + (x(T))
» ODE + initial condition

» State and input constraints
x(t) e XCR™, u(t) € UCRM™

» Terminal constraint x(T) € X
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OCPs and NLPs
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x = f(x(t), u(t)), x(0) = xo Num. Solution of§:DE x(k+1)= )‘d()((k)7 u(k)), x(0) = xo
Solution: x(t) = x(t, Xo, u(-)) t=ko Solution: x(k) = x(k, xp, u(-))
} } } } } } } } } } } } } }
Né

.
Vrto) = min [ 0x() u(m)) dr + o(x(7))

» ODE + initial condition Discretization }

» State and input constraints
x(t) e XCR™, u(t) € UCRM™

» Terminal constraint x(T) € X

t
0 5 2 ks

N—1

min D Ux(k), u(k)) + (x(N))
k=0

» Discretized ODE + ini. condition

» State and input constraints
x(k) e XCR™, u(k) e UCRM™

» Terminal constraint x(N) € X¢



OCPs and NLPs

x = f(x(1), u(t)), x(0) = xq

Solution: x(t) = x(t, X, u(-))

Num. Solution of §:DE
t=ko

x(k + 1) = f9(x(k), u(k)), x(0) = xo
x(k) = x(k, xo, u(-))

Solution:

-
Vr(xo) = rp(igfo Ux(7), u(r)) dr + (x(T))
» ODE + initial condition

» State and input constraints
x(t) e XCR™, u(t) € UCRM™

» Terminal constraint x(T) € X

Optimizal\ori

Pontryagin’s Maximum Principle

}
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| (PMP)
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Discretization i

N—1

min D Ux(k), u(k)) + (x(N))
k=0

» Discretized ODE + ini. condition

» State and input constraints
x(k) e XCR™, u(k) e UCRM™

» Terminal constraint x(N) € X¢
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OCPs and NLPs

x = f(x(1), u(t)), x(0) = xq

Solution: x(t) = x(t, X, u(-))

Num. Solution of §:DE
t=ko

x(k + 1) = f9(x(k), u(k)), x(0) = xo
x(k) = x(k, xo, u(-))

Solution:

-
Vr(xo) = rp(igfo Ux(7), u(r)) dr + (x(T))
» ODE + initial condition

» State and input constraints
x(t) e XCR™, u(t) € UCRM™

» Terminal constraint x(T) € X

Optimizal\ori

Pontryagin’s Maximum Principle

}
0 5 2
| (PMP)
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Discretization ) » Discretized ODE + ini. condition

» State and input constraints
x(k) e XCR™, u(k) e UCRM™

» Terminal constraint x(N) € X¢

Opt\m\zatior¢

KKT conditions
of discretized OCP

Discretization i

N—1

min D Ux(k), u(k)) + (x(N))
k=0
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OCPs and NLPs

x = f(x(t), u(t)), x(0) = xo Num. Solution ofSDE x(k +1) = f9(x(k), u(k)), x(0) = x
Solution: x(t) = x(t, Xo, u(-)) t=ko Solution: x(k) = x(k, xp, u(-))
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| T N—1 |
| Vr(x) = rp(ir;/o £x(7), u(r)) dr + @(x(T)) rp(ir)l D ex(k), u(k)) + p(x(N)) |
| ) 7 k=0 |
\ ™ ODE + initial condition Discrefization ) > Discretized ODE + ini. condition -
| » State and input constraints > State and input constraints |
| x(f) € XCR™, u(t) € U CRM x(k) € X CR™, u(k) € U C R,
I . . I
: » Terminal constraint x(T) € X > Terminal constraint x(N) € X; :
I I
I I
: Optimizal\ori Opt\m\zatiori :
| |
I I
! Pontryagin’s Maximum Principle Discretization KKT conditions !
| (PMP) ) of discretized OCP |
l \ \
| t L r
L V(o) = / X (7, %0, U™ (+)), u™(7)) dr +Vr—((x*(t, x0, u*(-))) !
0
I I
Bellman’s Principle of Optimality
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Meaning of Adjoints and Multipliers

PMP (w.o. state constraints)
H(x, u, A) =xpl(x,u) + AT f(x,u) (Ao =1)
X = Hy(x*,u*,\%)
= f(x*,u*)
A = — Ha(x*, u*, \¥)
=— A =ty

YveU: H(x*, v, ) > H(x*, u*,\*)

x*(0)= Xo
MM = ex(x*(T)+...
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Timm Faulwasser

PMP (w.o. state constraints)

Meaning of Adjoints and Multipliers

KKT cond. of discretized OCP
Hx, u,3) =2ol(x,0) + ATHx,U) (Mo =1) L = £(x(k), (k) + Ak + 1) (x(k + 1) = £ (x(K), u(K)))
+ u(k) Tg(x(k), u(k))
X* = Ha(x*,u*, %) N—1
= f(x*,u) L=X(0)T(x(0) = x0) + Y Lk + w(x(N))
= — Hy(x*,u*,\%) k=0
=— £ -2
Ly=0— x*(k +1) = f9(x*(k), u* (k))
YelU: H(xX*v,\*)>Hx* v, ) L=0— N (k) = (F) TN (K + 1) + bx + gy (k)
Ly=0— 0= (f9) T A*(k)

x*(0)= Xo
M) = ex(x*(T) +

+€U+guﬂ( )
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Meaning of Adjoints and Multipliers

PMP (w.o. state constraints) KKT cond. of discretized OCP

HOx U, A) =0ol(x,0) + ATHGU) (Ao =1) L = £(x(k), u(k)) + Ak + 1) T (x(k + 1) = £9(x(k), u(k))

) + u(k) T g(x(k), u(k))
X* = Hy(x*,u*,\*)

N—1
= f(x*,u") L=X0)T(x(0) = x0) + Y Lk + @(x(N))
3= — Hy(x*, U, \%) k=0
=— A =ty
Ly=0—  x*(k+1)=fd(x*(k), u*(k))
WeU: H(x* v,A\*) > Hx* um, ")  Lk=0— N (k) = (B) TN (K + 1) + bx + g (k)
Ly=0— 0=(fTA(K)  +Lu+g]ulk)
x*(0)= Xo

M) = ex((T) + ...

What is the meaning of \*?

» Sensitivity of optimal value function w.r.t. pertubations of equality constraints (dynamics)
» OCPs and NLPs

O = = £ DA
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Nonlinear Model Predictive Control

NMPC for Setpoint Stabilization
» Lower boundedness of stage cost

£(x, u) = a|lx — XI[)

1. State measurement/estimate x(tc) {- » With term. constraints and penalty (X; and V)

Vs
2. Solve OCP(x(t)) i f(x,u)+£(x,u) <0

t+
x(7lt)), ulrlt)) dr + Vy(x(te + TIte)) ) )
» Without term. constraints and penalty (X; and V;)

min
u-1t))
d 1
v ettt + 71 X0 _ i), urin))
X(belt) = x(t)
X(7lt) € X, u(rlt) €U
X(t + Tltc) € X¢

P T—
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Nonlinear Model Predictive Control

1. State measurement/estimate x(t) ‘

2. Solve OCP(x(t)) :
t+T
e {X(110), u(rlt)) d7 + Vi(x(te + Tt)
uCite) Ji,
Vr € [tote+T] - @ = f(x(r[te), u(r|t))
X(telte) = x(tc)
x(rlte) € X, u(rlt) €U
x(t + Tlt) € X/

P T—

NMPC for Setpoint Stabilization
» Lower boundedness of stage cost
Ux,u) > ollx = X|)

» With term. constraints and penalty (X; and V)
Vs
— - f(x, Lx,u) <0
ox (x,u) + €(x,u) <

» Without term. constraints and penalty (X; and V;)

Economic NMPC
» Dissipation inequality
oS - - -
ax Tou) < —a(ll(x = X)) + £0x, u) — &%, )
» Turnpike properties are crucial
» With term. constraints and penalty (X; and V)

» Without term. constraints and penalty (X; and V;)

o = = = £ DA
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The End

2. Problem Analysis
» Does the model have a solution for any admissible control?
» Can the constraints be met? — feasibility
» Can the system outputs be observed/measured?
» Existence of optimal solutions?

1. Problem Formulation
» Model of system dynamics and constraints (physical restrictions)?
» Choose a performance criterion (objective functional).
» Choose the decision variables.
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