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Outline

1. A brief introduction to reinforcment learning.
2. The difficult exploration-exploitation dilemma.
3. Borrowing from bandits to solve RL.
4. Proof of sublinear regret:

▶ A key lemma.
▶ A sequence of summation tricks to control the regret.

5. Beyond the tabular setting: the linear MDP case.
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Introduction to Reinforcement Learning

Reinforcement Learning
A control theoretic problem in which the agent tries to maximize its cumulative rewards via interaction with an
unknown environment.

◦ Process begins when the environment sends the agent a state, then the agent takes an action, receives a
reward and transitions to a new state. This process continues until a terminal state is reached.

◦ The informative rewards the environment provide may be sparse.

Example
Game of Chess: Environment sends initial board state, player can then take an action by moving his pieces, a
new state is provided by the adversary, and the terminal state is reached when one player wins.
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Reinforcement Learning: General Mathematical Model

◦ Environment defines a set of actions A, a set of states S, and reward function r : S ×A → [0, 1].
◦ Environment provides state initial state x1, and at any given point h in time the agent sees state xh, takes

action ah, and receives reward r(xh, ah) and receives subsequent state xh+1. This process terminates when
a terminal state xH+1 reached.

◦ Goal: design a policy π that tells us which action to take in a given state to maximize future reward.
◦ The value function of a policy π, denoted V π : S → R, where V π(x) returns the expected future reward of

following policy π beginning from a given state x.
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Types of Reinforcement Learning

Model-Based
Form a model of the environment and from there form a control policy based on this learned model.

Model-Free
Directly search for optimal policy, without building an underlying model.

◦ Typically we assume the underlying Model is a Markov Decision Process, MDP (S,A, P, r)
◦ P is called the transition matrix, where P : S × S ×A → R, where P(x′, x, a) is the probability that we

transition to state x′ given we took action a in state x.
◦ Assumption: There are finitely many states S and actions A, where |S| = S and |A| = A.
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Types of Reinforcement Learning Continued

Definition (Model Free (Formal Definition))
A RL algorithm is model-free if its space complexity is sub-linear relative to the space required to store an MDP.

◦ Need O(S2A) space to store transition matrix
◦ In either case we need to collect sample of environment to either model it or estimate optimal policy.
◦ Algorithms that are sample efficient collect a polynomial number of samples with respect to a fixed accuracy.
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Q-Learning

◦ Q-learning is a trial and error based model-free approach, that aims to find the best action a to take if
presented with a state x.

◦ maintain Q-values, where Q : S ×A → R, where Q(x, a) is an estimate of the expected sum of future
rewards if we take action a at state x.

◦ The greedy policy associated with a given set of Q-values would be to select the highest quality action for a
given state.
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Motivation to Study Model Free Algorithms

◦ Model-Free algorithms are online and can be more expressive since not restricted by model.
◦ However, before this work Model-Free algorithms were hypothesized to be less sample efficient than model

based.

Question:
Do model-free algorithms need more samples to obtain a good policy?
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Formalizing the setting: Episodic MDPs

Tabular Episodic MDP
MDP (S,A, H, P, r), where S is the set of states, A is the set of actions, H is the number of steps in each
episode, P is the transition matrix Ph : S × S ×A → R, and rh : S ×A → [0, 1] is the reward function.

◦ There are K episodes and in each episode k = 1, . . . , K an initial state xk
1 is selected by an adversary. At

each h ∈ [H] the agent observes a state xk
h and takes ak

h ∈ A receiving reward rh(xk
h, ak

h) then transitions to
xk

h+1 which is drawn from Ph(xk
h, ak

h). The episode ends when xk
H+1 is reached.

◦ The policy of an agent is a collection of H functions {πh : S → A}h∈[H]. V π
h : S → R is the value function

at step h under policy π and is the expected sum of reqed under policy π beginning from xk
h until the end of

the episode.
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Formal Problem Definition Continued

For a policy π

V π
h (x) = E[

H∑
h′=h

rh′ (xh′ , πh′ (xh′ )|xh = x] (1)

Qπ
h(x, a) = rh(x, a) + [PhVh+1](x, a) (2)

where [PhVh+1](x, a) = Ex′∼Ph(x,a)[V π
h+1(x′)]
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Formal Problem Definition Continued

Bellman Equations
Since the state and action spaces and time horizon are finite one can show that there exists an optimal policy
π⋆ given by the policy satisfying V π⋆

h (x) = supπ V π
h (x) for all x ∈ S, h ∈ [h]. The Bellman Equation gives a

dynamic programming formulation.V π
h (x) = Qπ

h(x, πh(x))
Qπ

h(x, a) = (rh + PhV π
h+1(x, a))

V π
H+1 ∀x ∈ S

Vh(x) = maxa∈A Qh(x, a)
Qh(x, a) = (rh + PhVh+1(x, a))
VH+1 ∀x ∈ S

Goal:
Agent plays K episodes, k = 1, . . . , K and the adversary picks a starting state x1

k for each episode k and the
agent chooses a policy πk before starting k-th episode. We want to minimize the expected regret:

Regret(K) =
K∑

k=1

[V ⋆
1 (x1)k − V

πk
1 (xk

1)]. (3)
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From Regret to sample complexity

◦ What does it mean to achieve sublinear regret using this notion ?

Theorem
Consider an algorithm achieving sublinear regret

K∑
k=1

[V ⋆
1 (xk

1)− V
πk

1 (xk
1)] ≤ C · T 1−α

Then for any ϵ > 0, by applying Markov’s inequality, a uniformly chosen policy πk achieves, with probability at
least 2/3,

V ⋆
1 (xk

1)− V
πk

1 (xk
1) ≤ ϵ

with T = O(1/ϵ
1
α ).
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Motivation Continued [2]
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Difficulty with Model-Free

◦ Problem of exploitation versus exploration.
◦ When exploiting we take what we think is the best action.
◦ When exploring we try something new to gain more information about the environment.
◦ Naive-Approach: ϵ-greedy exploration.
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ϵ-greedy Pseudocode

Algorithm 1 ϵ-greedy

Initialize: Q(x, a)
receive x1
for h = 1, . . . H do

with probability (1−ϵ) take action ah ← arg maxa∈A Q(xh, a) and with probability ϵ take a random
action ah.
observe xh+1
Q(xh, ah)← Q(xh, ah) + α[rh(xh, ah) + γ maxa∈A Q(xh+t, a)−Q(xh, ah)]

end for
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Hard Example for ϵ-greedy

Figure: If initialization of Q-values is 0 expected number of rounds until first update of Q-values is Ω(AH/2), where we suffer
H/2 regret in each of these rounds. [2]
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Help from the bandits literature

◦ A condensed form of the exploration-exploitation trade-off is given by the Multi-Armed Bandit problem.

Figure: Imagine a row of slot machines - How do you play without knowing which one is the “best"?
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Help from the bandits literature: Optimism in the face of uncertainty

◦ Maintain a high-probability confidence interval around the estimated mean of each arm.

∀a ∈ A, P
[
|θ̂a(t)− θa| ≥ ba(t)

]
≤ δ

Optimism principle
Operate under the most optimistic outlook: take the upper estimate of the confidence bound.

Remark: ◦ Instead of taking just the estimated mean, add the uncertainty bonus :

θ̂a(t) + ba(t)
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Optimism in the face of uncertainty
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Figure: Upper Confidence Bound

UCB [1]
A possible choice, with δ = 1/t is to take: ba(t) =

√
ln(t)

2Nπ,a(t) . The total regret is then

O(
√

numberOfArms× T )

Online Learning in Games | Prof. Volkan Cevher, volkan.cevher@epfl.ch Slide 21/ 46



Q-learning with UCB-Hoeffding

Theorem
There exists an algorithm that achieves a total regret of at most O(

√
H4SAT ι) where ι = log(SAT/p) with

probability 1− p for any p ∈ (0, 1).
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Q-learning with UCB-Hoeffding Pseudocode

Algorithm 2 Q-learning with UCB-Hoeffding

Qh(x, a)← H Nh(x, a)← 0 for all (x, a, h) ∈ S ×A× [H]
for episode k = 1, . . . , K do

receive x1
end for
for h = 1, . . . H do

Take action ah = arg maxa∈A Qh(xh, a) and with probability ϵ

observe xh+1, t← Nh(xh, ah)← Nh(xh, ah) + 1, bt ← c
√

H3ι/t.
Qh(xh, ah)← (1− αt)Q(xh, ah) + αt[rh(xh, ah) + Vh+1(xh+1) + bt]
Vh(xh)← min{H, maxa∈A Qh(xh, a)}

end for

◦ Qk
h, V h

k , Nk
h the functions Qh, Vh, Nh at the beginning of episode k.

◦ Let (xk
h, ak

h) be the actual state-action pair observed and chosen in step h of episode k.
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The algorithm

STATES

ACTIONS
H steps

STATES

H steps

STATES

ACTIONS
H steps

<latexit sha1_base64="3zB0Wk5vEMw3oqxvTb0R9vCfnLg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9/XHUa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7J3Wa7UK6XqTRZHHk7gFM7Bgyuowh3UoAEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AKZeNuw==</latexit>

Qk <latexit sha1_base64="PzxkUstWiAdXSk2JrlymcSICu/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6bz6OeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8xNY3A</latexit>

V k
<latexit sha1_base64="KEjPSpBbZlLZ542UNezbtTXQ7yM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54konlAEsPspDcZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrqd+8wmV5pF8MOMYuyEdSB5wRo2V7m8fR71iyS27M5Bl4mWkBBlqveJXpx+xJERpmKBatz03Nt2UKsOZwEmhk2iMKRvRAbYtlTRE3U1np07IiVX6JIiULWnITP09kdJQ63Ho286QmqFe9Kbif147McFlN+UyTgxKNl8UJIKYiEz/Jn2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt75+XKXaVUvcriyMMRHMMpeHABVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPJQWNuA==</latexit>

Nk

Qk Update
◦ I find myself in (x, a) at step h on episode k. I observe the next state xk

h+1.
◦ I retrieve t = Nk

h (x, a) and add 1.
◦ I then update Qk as follows:

Qk+1
h

(x, a) = (1− αt)Qk
h(x, a) + αt

[
rh(x, a) + V k

h+1(xk
h+1) + bt

]
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Unrolling the recursive updates
◦ Let us consider a fixed (x, a, h).

H

H
<latexit sha1_base64="spFuQi1BNVqhxtO70enwNE0z7hg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFSqUkUtRl0Y3LCvYCbRom00kzZHJhZiItoU/gxldx40IRt67d+TZO2iy09YeBj/+cw5nzOzGjQhrGt7ayura+sVnYKm7v7O7t6weHbRElHJMWjljEuw4ShNGQtCSVjHRjTlDgMNJx/Jus3nkgXNAovJeTmFgBGoXUpRhJZdl6mdteZXyGTmEVtu3Uq5rTgV8ZD/w5Z7ZjS1svGTVjJrgMZg4lkKtp61/9YYSTgIQSMyREzzRiaaWIS4oZmRb7iSAxwj4akZ7CEAVEWOnsnCksK2cI3YirF0o4c39PpCgQYhI4qjNA0hOLtcz8r9ZLpHtlpTSME0lCPF/kJgzKCGbZwCHlBEs2UYAwp+qvEHuIIyxVgkUVgrl48jK0z2vmRa1+Vy81rvM4CuAYnIAKMMElaIBb0AQtgMEjeAav4E170l60d+1j3rqi5TNH4I+0zx8i8pmn</latexit>

rh(x, a) + V k
h+1(x

k
h+1) + bt
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<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="spFuQi1BNVqhxtO70enwNE0z7hg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFSqUkUtRl0Y3LCvYCbRom00kzZHJhZiItoU/gxldx40IRt67d+TZO2iy09YeBj/+cw5nzOzGjQhrGt7ayura+sVnYKm7v7O7t6weHbRElHJMWjljEuw4ShNGQtCSVjHRjTlDgMNJx/Jus3nkgXNAovJeTmFgBGoXUpRhJZdl6mdteZXyGTmEVtu3Uq5rTgV8ZD/w5Z7ZjS1svGTVjJrgMZg4lkKtp61/9YYSTgIQSMyREzzRiaaWIS4oZmRb7iSAxwj4akZ7CEAVEWOnsnCksK2cI3YirF0o4c39PpCgQYhI4qjNA0hOLtcz8r9ZLpHtlpTSME0lCPF/kJgzKCGbZwCHlBEs2UYAwp+qvEHuIIyxVgkUVgrl48jK0z2vmRa1+Vy81rvM4CuAYnIAKMMElaIBb0AQtgMEjeAav4E170l60d+1j3rqi5TNH4I+0zx8i8pmn</latexit>

rh(x, a) + V k
h+1(x

k
h+1) + bt

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2H

<latexit sha1_base64="spFuQi1BNVqhxtO70enwNE0z7hg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFSqUkUtRl0Y3LCvYCbRom00kzZHJhZiItoU/gxldx40IRt67d+TZO2iy09YeBj/+cw5nzOzGjQhrGt7ayura+sVnYKm7v7O7t6weHbRElHJMWjljEuw4ShNGQtCSVjHRjTlDgMNJx/Jus3nkgXNAovJeTmFgBGoXUpRhJZdl6mdteZXyGTmEVtu3Uq5rTgV8ZD/w5Z7ZjS1svGTVjJrgMZg4lkKtp61/9YYSTgIQSMyREzzRiaaWIS4oZmRb7iSAxwj4akZ7CEAVEWOnsnCksK2cI3YirF0o4c39PpCgQYhI4qjNA0hOLtcz8r9ZLpHtlpTSME0lCPF/kJgzKCGbZwCHlBEs2UYAwp+qvEHuIIyxVgkUVgrl48jK0z2vmRa1+Vy81rvM4CuAYnIAKMMElaIBb0AQtgMEjeAav4E170l60d+1j3rqi5TNH4I+0zx8i8pmn</latexit>

rh(x, a) + V k
h+1(x

k
h+1) + bt

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥
<latexit sha1_base64="PA9VOwR/uAP0wHD0Ux3YuVVcJiY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdCeox6MVjBPOAZA29k9lkyOyDmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEUtagkYhk20PFBA9ZQ3MtWDuWDANPsJY3upn6rUcmFY/Cez2OmRvgIOQ+p6iN9FB2yBnpooiH2HNOe8WSXbFnIMvEyUgJMtR7xa9uP6JJwEJNBSrVcexYuylKzalgk0I3USxGOsIB6xgaYsCUm86unpATo/SJH0lToSYz9fdEioFS48AznQHqoVr0puJ/XifR/pWb8jBONAvpfJGfCKIjMo2A9LlkVIuxIUglN7cSOkSJVJugCiYEZ/HlZdI8rzgXlepdtVS7zuLIwxEcQxkcuIQa3EIdGkBBwjO8wpv1ZL1Y79bHvDVnZTOH8AfW5w8LepDw</latexit>

(1 � ↵1)
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="hX1vfWikMv59zD28PfXpy52letM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00gNeV3rFklt25yCrxMtICTLUe8Wvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3VKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMMrfyJUkiJXbLEoTCXBmMz+Jn2hOUM5toQyLeythA2ppgxtOgUbgrf88ippVsreRbl6Xy3VbrI48nACp3AOHlxCDe6gDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kD1lGNhA==</latexit>

t = 2
<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="VtZHfGUnD6OuAGffO/Qa+2mF3BA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6wY2c</latexit>

k1
<latexit sha1_base64="VtZHfGUnD6OuAGffO/Qa+2mF3BA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6wY2c</latexit>

k1

<latexit sha1_base64="VtZHfGUnD6OuAGffO/Qa+2mF3BA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6wY2c</latexit>

k1
<latexit sha1_base64="VtZHfGUnD6OuAGffO/Qa+2mF3BA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6wY2c</latexit>

k1

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="Iqe950pMW+5W/vjpx9uYGQSsZnE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+3G/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/8RY2d</latexit>

k2
<latexit sha1_base64="Iqe950pMW+5W/vjpx9uYGQSsZnE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+3G/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/8RY2d</latexit>

k2

◦ We can see that an important coefficient that will appear in the summation is

αi
t := {First appearance αi} × {Later discounts by (1− αj) up to t} = αi

t∏
j=i+1

(1− αj)

◦ Rolling out these recursive updates, we have that Qk
h(x, a) = α0

t H +
∑t

i=1 αi
t

[
rh(x, a) + V

ki
h+1(xki

h+1) + bi

]
Remark
Qk

h is a weighted sum of the past observed rewards and value functions. In fact, with the appropriate choice of
learning rate αt, it is a convex combination.

Online Learning in Games | Prof. Volkan Cevher, volkan.cevher@epfl.ch Slide 25/ 46



A learning rate to smoothly forget the past

Figure: Visualization of αi
t for different choices of learning rate
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The path to showing sublinear regret
◦ The first step is to control the error in our estimate of the Q-function.
◦ Recall that

Q⋆
h(x, a) = rh(x, a) + Exnext [V ⋆

h+1(xnext)]

= rh(x, a) + V ⋆
h+1(xk

h+1) + Exnext [V ⋆
h+1(xnext)]− V ⋆

h+1(xk
h+1)

Q⋆
h(x, a) = α0

t Q⋆
h +

t∑
i=1

αi
t

[
rh(x, a) + V ⋆

h+1(xki
h+1) + Exnext [V ⋆

h+1(xnext)]− V ⋆
h+1(xki

h+1)+bi

]
◦ Comparing to

Qk
h(x, a) = α0

t H +
t∑

i=1

αi
t

[
rh(x, a) + V

ki
h+1(xki

h+1) + Exnext [V ⋆
h+1(xnext)]− V ⋆

h+1(xki
h+1) + bi

]
Lemma (Gap between Qk and Q⋆)

Qk
h −Q⋆

h = α0
t (H −Q⋆

h) +
t∑

i=1

αi
t

(
(V ki

h+1(xki
h+1)− V ⋆

h+1(xki
h+1)) + (V ⋆

h+1(xki
h+1)− Exnext [V ⋆

h+1(xnext)]) + bt

)
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The path to showing sublinear regret
◦ The first step is to control the error in our estimate of the Q-function.
◦ Recall that

Q⋆
h(x, a) = rh(x, a) + Exnext [V ⋆

h+1(xnext)]

= rh(x, a) + V ⋆
h+1(xk

h+1) + Exnext [V ⋆
h+1(xnext)]− V ⋆

h+1(xk
h+1)

Q⋆
h(x, a) = α0

t Q⋆
h +

t∑
i=1

αi
t

[
rh(x, a) + V ⋆

h+1(xki
h+1) + Exnext [V ⋆

h+1(xnext)]− V ⋆
h+1(xki

h+1)+bi

]
◦ Comparing to

Qk
h(x, a) = α0

t H +
t∑

i=1

αi
t

[
rh(x, a) + V

ki
h+1(xki

h+1) + Exnext [V ⋆
h+1(xnext)]− V ⋆

h+1(xki
h+1) + bi

]
Lemma (Gap between Qk and Q⋆)

(Qk
h −Q⋆

h) = Not visiting (x, a) + Not knowing V ⋆
h+1 + Not knowing the transition dynamics + Bonus terms
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Controlling the gap

◦ The second error is of a classic nature: what price do you pay when using samples to approximate an
expectation ? How large can the following sum be ?

t∑
i=1

αi
t(V ⋆

h+1(xki
h+1)− Exnext [V ⋆

h+1(xnext)])

Concentration of measure
Independent random variables cannot collaborate to deviate significantly from their expectation.

Remarks: ◦ Obstacles to an immediate application of Hoeffding:

▶ The sequence of next states x
ki
h+1 are not independent.

▶ The number of terms t is also random.
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Azuma-Hoeffding and union bounds

◦ Azuma: "The sum of sub-gaussian martingale increments is sub-gaussian".
◦ Hoeffding: "Bounded random variables are sub-gaussian".
◦ How do we deal with the random number of terms ?

Union bounds
We set the failure probability to be p/(SAHK), so that we have with probability 1− p, for all (x, a, h, τ),∣∣∣∣∣

τ∑
i=1

αi
τ (V ⋆

h+1(xk
h+1)− Exnext [V ⋆

h+1(xnext)])

∣∣∣∣∣ ≤ c

√
H3 log(SAHK/p)

τ
.

The key here is that this bound holds uniformly for all possible values of t.

Remark: ◦ From this we can easily derive the following upper bound:

(Qk
h −Q⋆

h)(x, a) ≤ Not visiting (x, a) + Not knowing V ⋆
h+1 + c

√
H3 log(SAHK/p)

t
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Establishing a lower bound

◦ We begin with a crucial observation:

(Qk
h−Q⋆

h)(x, a) = Not visiting (x, a)+Not knowing V ⋆
h+1 +Not knowing the transition dynamics+Bonus terms

The error on Q functions at step h is dictated by the error at the next step h + 1.

Induction from H, H − 1, · · · , 1 as a central tool to prove results
The problem is at its easiest at step H. Indeed there is only a single action to take, there is no planning
involved as it is the last round. So the error at step H is easy to control.

(Qk
H −Q⋆

H)(x, a) = Not visiting (x, a) + Bonus terms

Consequently Qk
H −Q⋆

H ≥ 0. Which implies that V k
H − V ⋆

H ≥ 0.
By taking the bonus terms large enough to compensate for the possibly negative sample-expectation errors, we
can have that

Qk
H−1 −Q⋆

H−1 ≥ 0.

We proceed like so, by induction, to show that Qk
h −Q⋆

h ≥ 0 for all h.
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The central lemma

Lemma (Lemma 4.3)
There exists an absolute constant c > 0 such that for any p ∈ (0, 1), and bt = c

√
H3 log(SAT/p)/t, we have

with probability at least 1− p, simultanuously for all (x, a, h),

0 ≤ Qk
h −Q⋆

h ≤ α0
t H +

t∑
i=1

αi
t(V ki

h+1 − V ⋆
h+1)(xki

h+1) + βt (4)

where t = Nk
h (x, a) and βt := 2

∑t

i=1 αi
tbt.
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Notation

◦ πk is the policy specified by the Bellman Equation for Q-value Qk
h.

◦ Let ki(xk
h, ak

h) be the episode in which (xk
h, ak

h) was taken at step h for the ith time.
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Proof of Theorem 4

◦ Let δk
h = (V k

h − V
πk

h
)(xk

h) and ϕk
h = (V k

h − V ⋆
h )(xk

h).
◦ We know by Lemma (4) that with probability 1− p that Qk

h ≥ Q⋆
h and since

V k
h = min{H, maxa∈A Qk

h(xh, a)} and by the Bellman Equation V ⋆
h = maxa∈A Q⋆

h(x, a) we obtain that
V k

h ≥ V ⋆
h .

Regret Bound
We obtain an upper bound for our regret,

Regret(K) =
K∑

k=1

(V ⋆
1 − V

πk
1 )(xk

1) ≤
K∑

k=1

(V k
1 − V

πk
1 )(xk

1) =
K∑

k=1

δk
1 (5)
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Proof of Theorem 4 Continued

◦ Main idea is to bound
∑K

k=1 δk
h by the values for the next step, namely

∑K

k=1 δk
h+1 to get a recursive

formula and use Equation 5 to bound the regret. Let nk
h = Nk

h (xk
h, ak

h)
◦

δk
h = (V k

h − V
πk

h
)(xk

h)

≤ (Qk
h −Q

πk
h

)(xk
h, ak

h)

= (Qk
h −Q⋆

h)(xk
h, ak

h) + (Q⋆
h −Q

πk
h

)(xk
h, ak

h)

≤ α0
nk

h

H +
t∑

i=1

αi
nk

h

(V ki
h+1 − V ⋆

h+1(xki
h+1)) + βt + [Ph(V ⋆

h+1 − V
πk

h+1)](xk
h, ak

h)

= α0
nk

h

H +
nk

h∑
i=1

αi
nk

h

ϕ
ki
h+1 + βnk

h
− ϕk

h+1 + δk
h+1 + ξk

h+1

(6)

◦ Where the first inequality follows because by the Bellman Equation and algorithm’s choice of Vh, Qh. The
first part of the second inequality comes from applying Equation (4) and the second by the Bellman
Equation. The last inequality follows if we set ξk

h+1 = [(Ph − P̂h)(V ⋆
h+1 − V

πk
h+1)](xk

h, ak
h).
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Proof of Theorem 4 Continued

◦ Now we use Equation (6) to compute
∑K

k=1 δk
h. Clearly an upper bound for

K∑
k=1

α0
nk

h

H

is H times the number of state action pairs. This follows because α0
t =
{

1 t = 0
0 otherwise

.
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Proof of Theorem 4 Continued
Then the second term in Equation (6)

K∑
k=1

nk
h∑

i=1

αi
nk

h

ϕ
ki(xk

h
,ak

h
)

h+1 ≤
K∑

k′=1

ϕk′
h+1

∞∑
t=nk′

h
+1

α
nk′

h
t ≤ (1 + 1/H)

K∑
k=1

ϕk
h+1 (7)

Where the first inequality follows because the term ϕk′
h+1 only appears in terms for k > k′ and when

(xk
h, ak

h) = (xk′
h , ak′

h ), and the final inequality because
∑∞

t=i
αi

t = (1 + 1/H) for all i ≥ 1.
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Proof of Theorem 4 Continued

Then,
K∑

k=1

δk
h ≤ SAH + (1 + 1/H)

K∑
k=1

ϕk
h+1 −

K∑
k=1

ϕk
h+1 +

K∑
k=1

δk
h+1 +

K∑
k=1

(βnk
h

+ ξnk
h

)

≤ SAH + (1 + 1/H)
K∑

k=1

δk
h+1 +

K∑
k=1

(βnk
h

+ ξnk
h

)

(8)

where here we use the fact that since V ⋆ ≥ V πk we have δk
h+1 ≥ ϕk

h+1.
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Proof of Theorem 4 Continued

K∑
k=1

δk
H ≤ SAH + (1 + 1/H)

K∑
k=1

δk
H+1 +

K∑
k=1

(βnk
H

+ ξnk
H

)

. . .

K∑
k=1

δk
2 ≤ SAH + (1 + 1/H)

K∑
k=1

δk
3 +

K∑
k=1

(βnk
2

+ ξnk
2

)

K∑
k=1

δk
1 ≤ SAH + (1 + 1/H)

K∑
k=1

δk
2 +

K∑
k=1

(βnk
1

+ ξnk
1

)

we obtain that

K∑
k=1

δk
1 ≤ O

(
SAH2 +

H∑
h=1

K∑
k=1

(βnk
h

+ ξk
h+1)

)
since δK

H+1 = 0 and
∑H

h=1(1 + 1/h)h = O(H).
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Proof of Theorem 4 Continued

◦ Then by Lemma (4) βt ≤ 4c
√

H3ι/t and thus

K∑
k=1

βnk
h
≤ O

(
K∑

k=1

√
H3ι/nk

h

)
= O

∑
(x,a)

NK
h

(x,a)∑
n=1

√
H3ι/n

 ≤ O

∑
(x,a)

K/SA∑
n=1

√
H3ι/n

 (9)

Where the first equality follows because we need to sum over all pairs (x, a) that appeared as (xk
h, ak

h) for
some k. Then since

∑
(x,a) NK

h (x, a) = K this quantity is maximized when each state action pair appears
about K/SA times.

◦ Continuing we obtain,
K∑

k=1

βnk
h
≤ O(

√
H3SAKι) ≤ O(

√
H2SAT ι) (10)

Since
∑n

i=1
1√

i
= O(

√
n) we obtain the the first inequality. Then last inequality comes from the fact that

T = KH.
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Proof of Theorem 4 Continued

Azuma Hoeffding again
We can then apply Azuma Hoeffding to get that with probability 1− p

|
H∑

h=1

K∑
k=1

ξk
h+1| = |

H∑
h=1

K∑
k=1

(Ph − P̂k
h)| ≤ cH

√
T ι

via the same argument from Lemma (4).

◦ We conclude that Regret(K) ≤ O(H2SA +
√

H4SAT ι), observe that when T is large (≥
√

H4SAT ι) then
the second term dominates, and if T is small (≤

√
H4SAT ι) then

∑K

k=1 δk
1 ≤ HK and therefore we are

bounded by the second term as well.
In summary the equation holds with probability 1− 2p and thus if we scale the choice of p appropriately we
obtain the desired result.
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Discussion of the result

Hoeffding bonus:
Regret ≤ O(

√
H4SAT ι)
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Discussion of the result

Bernstein bonus:
Regret ≤ O(

√
H2SAT ι)

MAB vs trajectory planning
The cost of trajectory planning is a

√
H factor.
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A meaningless bound for large state spaces

Unsatisfactory dependence on the number of states

How can we remove the dependence on S ?

Remark: ◦ Often the number of states is exponentially large.
◦ Is it possible to have compressed representations of the Q-action-value function ?
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Linear function approximation

◦ Let us introduce a restricted problem class.

Linear MDPs
MDP(S, A, H, P, r) is a linear MDP with a feature map ϕ : S ×A→ Rd, if for any h ∈ [H], there exist d

unknown (signed) measures µh = (µ(1)
h

, . . . , µ
(d)
h

) over S and an unknown vector θh ∈ Rd, such that for any
(x, a) ∈ S ×A, we have

Ph(·|x, a) = ⟨ϕ(x, a), µh(·)⟩, rh(x, a) = ⟨ϕ(x, a), θh⟩. (11)

Without loss of generality, we assume ∥ϕ(x, a)∥ ≤ 1 for all (x, a) ∈ S ×A, and max{∥µh(S)∥, ∥θh∥} ≤
√

d for
all h ∈ [H].

Remark: ◦ In this setting the action value function is also linear:

Qπ
h(x, a) = ⟨wπ

h , ϕ(x, a)⟩,

for all h ∈ [H] and for all policies π.
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Least-Squares Value Iteration - with UCB

Compile error
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A sketch of the proof

Regret Bound [3]
The total regret can be upper bounded by O(

√
dH3T )

◦ First step: Establish concentration result for

ϕ(x, a)⊤Λ−1
h

k−1∑
τ=1

ϕ(xτ
h, aτ

h)[Vh+1(xτ
h+1)− PhVh+1(xτ

h, aτ
h)]

requires the introduction of a restriction on the possible V functions.

◦ Second step: Use recursion from H to 1 to propagate error back down.
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Conclusion

◦ Sublinear regret is achievable in “model-free" reinforcement learning.
◦ Can we devise algorithms that do not know a priori the number of episodes that will be played ?
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