
Reproducing kernel Hilbert spaces
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H ✓ S 0(Rd) is a RKHS , �(·� x0) 2 H0

Riesz maps (isometric)

R : H0 ! H R�1 : H ! H0

Riesz conjugate: f⇤ = R{f} 2 H0
for all f 2 H

hf, giH = hf, g⇤i = hf⇤, gi = hf⇤, g⇤iH0

Explicit inner product

hf, giH = hR�1{f}, gi

hf⇤, g⇤iH0 = hR{f⇤}, g⇤i

Reproducing kernel h : Rd ⇥ Rd ! R (positive definite)

h(x, ·) = h(·,x) 2 H for all x 2 Rd

f(x) = hf, h(·,x)iH for all f 2 H

=
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f⇤(x)h(x,y)g⇤(y)dxdy = hf⇤ ⌦ g⇤, hi
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Form GSPs to classical Gaussian processes 
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Necessary and sufficient conditions:

covariance operator = Riesz map R : H0 ! H where H=RKHS

µG 2 H

Covariance function = reproducing kernel

E
�
G(x)G(y)

 
= R{�(·� y)}(x) = h(x,y)

Specific case

hf, giHL = h(L⇤L + R�){f}, gi hf⇤, g⇤iH0 = h(A� +Rp)| {z }
R

{f⇤}, g⇤i

Gaussian process on Rd
: {G(x)}

x2Rd with G(x) = hG, �(·� x)i
where G ⇠ N (µG,R) (GSP)

Characteristic form

cPG : H0 ! R with H0 ◆ S(Rd
)

cPG(') = E{ejhG,'i} = exp

�� 1
2k'k2H0 + jhµG,'i
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