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20th Century SP: From AR(1) to coding standards
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m Generation by analog filtering of Gaussian white noise
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m Discrete AR(1) and linear prediction X Linear Predictive Coding

slk] — e*s[k — 1] = wq[k] isi.i.d. Gaussian for k € Z

m Optimality of sinusoidal transforms X Transform coding

DCT is asymptotically equivalent to Karhunen-Loéve transform (KLT)




Coding standards
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DCT vs. Wavelets
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Wavelets and CAR(1) processes staviity: Re(a;) < 0
Innovation model: Ls=w < s=L"'w with L= (D—al)

Operator-like wavelet: 1), = L*¢; with  ¢;: smoothing kernel
(Khalidov-U., 2006)
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Gaussian vs. non-Gaussian AR(1)

M term approximation
Correlation: e** = 0.9

DCT/KLT era:

(Gray, 1972;
Ahmed-Rao, 1975
U., 1984)

Relative Error
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(a): Gaussian

Wavelet era:

(Mallat, 1989;
Donoho, 1992)

Statistical, spline-based justification of jpeg ?

OUTLINE

= [ntroduction: M-term approximation v/

= From legos to wavelets

= Decoupling and sampling of CAR(1) processes
Generalized innovation model

Discrete innovation model
Transform-domain statistics for SaS processes

Independent component analysis (ICA)
Mutual information

Comparison of transforms
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Wavelets: Haar transform revisited

, sox) Signal representation
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Wavelets: Haar transform revisited
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Wavelets: Haar transform revisited
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Haar wavelet and 2D basis functions

Expansion coefficients
Y )

f(x7 y) - Zwi,k %‘,k(f’?, y)
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Fractional B-spline wavelet of degree 0

(Unser & Blu, SIAM Rev, 2000)

m Remarkable property

Each of these wavelets generates a Riesz basis of Ly (R)

ErY:
v = LD
keZ neN

+1 o ATz — k)2
Z(“n )53 k- )= e

Only known wavelet bases that have an explicit time-domain formula ! i




Sparse processes and generalized innovation model

Generic test function ¢ € S plays the role of index variable

Formal characterization Lévy process: L = D

E{el®)} = 2, (¢) = e 1912. (Sas)

White noise — L—l — S = L w
W%MHML o i %

Observation: X = (w, ©) Y = (s,¢) = (w,L™1*¢)

= px(w) = E{eX} = Py (wp) = e 10 with 5o = o] 1.
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Sampling and decoupling of CAR(1) processes

Exponential B-spline: 3, (z) = 1jo,1)(z)e*”

Discrete operator:  u(z) = A, s(x) = s(z) — e s(x — 1)

= (Ba, *w)(x)
SO — HBQIHLQ
m Sampling: AR(1) process
slk] = s(z)|,_, suchthat s[k] =e* s[k— 1]+ ulk]
SaS
ulk] = (w, B3, (- —k)) = u[]arei.id. infinite divisible
with modified Lévy exponent /

oy, @) = [ flu(ca)ds = —so|e]®

= prediction error of LPC (perfect decoupling)
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Examples of SaS AR(1) processes

Independent component analysis for SaS AR(1)

m Discrete innovation model for AR(1)
u=(Uy,...,Uy)=Ls with U, = (w,Bs,(n—")) iid. SaS

Differential entropy: Hy = — [ pu(z)log py(z)dz

m Orthogonal transform and mutual information
y=Ts with TTT=1I

Hs,:sn)=NHu
—

N
I(Yl,...,YN> = <Z HYn) - H(Y1:YN)
n=1

m ICA: minimum mutual information

z=(Z1,...,Zn) = Ticax: “most independent” representation
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Stability w.r. to linear combinations

m Characteristic function of SaS random variable

N —lsow|”

pu(w) =e

m Linear combination of i.i.d. SaS random variables

N N
7 = Z aUp,=a’u & pyw)= H pu(anw)
n=1 n=1

N
= exp —g |ansow|® | = e"Im0!
n=1

1/a
= 7 is SasS with parameter ry = sg (Z |an|0‘> = sollalla

n=1
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ICA: From entropy to /,-norms

Orthogonality constraint: T7T =1 A=TL '=[a;---ay]”

N
m Min-entropy solution: Z Hy, =1(Y1,...,YN) — Heyy vy
n=1 \‘/—/
Const
m Special case of SaS processes: f(w) = —|sow|®
N
ﬁYn (w) = exp (Z _ |30an’mW|a> — e_|SnOJ|
m=1

Q-

N
— Y, is SaS with dispersion s, = so|lan |/, = So (Z |an7m|0‘>

m=1

— Hy, = Hy — log ||la, ||,

N N 1 N
= (T;0)=—) logllanfle. == _ log (Z HTLl]n,m‘a>
n=1 m

n=1
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ICA for discrete SaS processes

m Discrete innovation model

s=L'u with u=(Uy,...,Uy) iid. SaS

m Orthogonal transform: y = Ts = TL™'u

m Minimization of mutual information

N N
: 1 -1 T
argn’llln{—zalog<2[TL ]n,m>} st. TTT =1

n=1 m=1

lterative gradient-based algorithm
. . . . N\
= Update using analytical computation of gradient
= Projection on space of orthogonal matrices k j
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Orthogonal expansion of a stable Lévy process
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Mutual Information

—»— Identity
—6— DCT/KLT
—B— Haar Wavelet
—+—Optimal (ICA)

sparser Gaussian
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Fig. 6: Two rows of the optimal H (ICA) for & = 2 down to 1 when N = 64. In each row, we see the evolution from
sinusoidal waves to Haar wavelets by increasing the sparsity of the underlying innovation process.

Orthogonal expansion of a stable AR(1) process

10" F

Mutual Information

10 -

—»— Identity
—6—DCT/KLT
—%—Haar Wavelet
—H—Operator-like Wavelet
—+—Optimal (ICA)

(Pad-U., ICASSP’13, ArXiv)

Gaussian

e =09, M =64




Addendum: Compressibility of sparse processes

m Stochastic ODE driven by periodic Sa:S noise

Ls =w = s=L"1w L—dn +a dn_l—i— +a E—FaI
S B * T e T tag
s € BEY/ 7Y (T) with probability 1 Sparsity index: a € (0, 2]

B] ,(T): Besov space over the circle

m )M -term approximation (in matched wavelet basis)

Is = spllpomy =O(M™™) with To=n+I—1—¢

(Fageot-U.-Ward, ACHA 2016)
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CONCLUSION

= Unifying continuous-domain stochastic model
Backward compatibility with classical Gaussian theory
Operator-based formulation: Lévy-driven SDEs or SPDEs
vs. sparse (generalized Poisson, student, SaS)

= Decoupling and regularization

Sparsification via “operator-like” behavior (whitening)
Specific family of id potential functions (typ., non-convex)

= Conceptual framework for sparse signal recovery
New statistically-founded sparsity priors
Derivation of optimal estimators (MAP, MMSE)
Principled approach for the development of novel algorithms
Implementation of MMSE solution (belief propagation)
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Gaussian VS. Sparse
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