RKHS associated with invertible operator

m Native space

Hy = {f: R 5 Rt || fllae, 2 LS| pyre) < 00} € La(R?)
Coercive regularisation operator: L : Hy, — Lz(]Rd)

cllflleo®ay < NLfllromey = fl2

/

. continuity & specifies a valid norm
coercivity

& Existence of (stable) inverse operator: L=! : Lo(R?) — Hy,

m Inner product:  (f, ¢)#, = (Lf,Lg) = ((L*L)f,g)

Frem

Determination of reproducing kernel
h(z,y) =R{6(- —y)}(x) with R = (L*L)"!:H} — HL

m Reproducing kernel property

(Z) h(, mg) € Hy, forall xy € R?
(i)  f(xo) = (h(-,20), f), forall f € Hy, and zg € R%.

= <h("w0)7h('>y0)>'HL - h(w()vy())

m Explicit determination for LSI (=convolution) operator

L(w) = F{L3}(w): frequency response of operator

h(wa y) = ,OL*L(w - y) where pL*L(w) =F! { ‘E(i)‘Q } (:l:)




Regularized least-squares fit

m Interpolation problem

Input: set of (potentially noisy) data points:  f(x;,) ~ ym, m=1,...,M

EHL

M
= o (3 (o= o) LA
m=1

m Outcome of representer theorem

Unique solution fope € span{h(-, zm)}M_,

M
& Ja=(ay) €eRM st fou(x) = Z amh(x, )
m=1

Your task(s)

m Show that f,pt is a L*L-splines with knots at {x,, }
m Derive an (numerical) algorithm for finding the optimal coefficients a = (a1, . . .
m Derive h(-, x) for your favourite operator L

m Implement the algorithm and present results of your data fitting (plots)
illustrating the effect of the regularisation parameter A

m Extra: Derive a B-spline based algorithm for {x,,, } xcz (cardinal setting)
m Controlled generation of data

m Generate a random set of M points x,,, € [0, 7] (uniform poisson distribution)

m Generate the samples z,,, = f(z,,) of a zero-mean Gaussian process
with correlation function E{f(x)f(y)} = h(z,y)

Hint: z ~ (0, C) with [Clym.n = h(@m, )

m Generate noisy data by adding i.i.d. Gaussian noise: y,, = f(zm) + €.




