Chapter 2

How are bits played back from an audio CD?

An audio digital-to-analog converter adds noise to the signal, by
requantizing 16-bit samples to one-bit. It does it...on purpose.
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Loading a CD player with one's favorite CD has become an ordinary ac-
tion. It is taken for granted that the stream of 16-bits digital information it
contains can easily be made available to our ears, i.e., in the analog world
in which we live. The essential tool for this is the Digital-to-Analog con-
verter (DAC).

In this chapter we will see that, contrary to what might be expected,
many audio DACs (including those used in CD and MP3 players, for in-
stance, or in cell phones), first requantize the 16-bit stream into a one-bit
stream' with very high sampling frequency, using a signal processing con-
cept known as delta-sigma? (AX) modulation, and then convert the result-
ing bipolar signal back to an audio waveform.

The same technique is used in ADCs, for digitizing analog waveforms.
It is also the heart of the Direct Stream Digital (DSD) encoding system,
implemented in Super Audio CDs (SACDs).

! In practice, one-bit AX DACs have been superseded by multiple-bit DACs, but
the principle remains the same.
2 Sometimes also referred to as sigma-delta.



32 T. Dutoit, R. Schreier

2.1 Background — Delta-sigma modulation

An N-bit DAC converts a stream of discrete-time linear PCM? samples of
N bits at sample rate Fs to a continuous-time voltage. This can be achieved
in many ways. Conventional DACs (2.1.2) directly produce an analog
waveform from the input PCM samples. Oversampling DACs (2.1.3) start
by increasing the sampling frequency using digital filters and then make
use of a conventional DAC with reduced design constraints. Adding noise-
shaping makes it possible to gain resolution (2.1.4). Delta-sigma DACs
(2.1.5) oversample the input PCM samples, and then re-quantize them to a
1-bit data stream, whose low-frequency content is the expected audio sig-
nal.

Before examining these DACs, we start with a review of uniform quan-
tization (2.1.1), as it will be used throughout the Chapter.

2.1.1 Uniform quantization: bits vs. SNR

Quantization lies at the heart of digital signal processing. An N bit uniform
quantizer maps each sample x(n) of a signal to one out of 2" equally
spaced values X(n) in the interval (-4,+4), separated by the quantization
step g=24/2". This operation (Fig. 2.1) introduces an error e(n):

e(n) = X (n)—x(n) —q/2<e(n)<q/2 (2.1

If the number of bits is high enough and the input signal is complex, the
quantization error is equivalent to uniform white noise in the range[(-g/2,
+¢/2)]. It is easy to show that its variance is then given by:

qZ
ee 12
The main result of uniform quantization theory, which can be found in

most signal processing textbooks, is the standard "1bit = 6dB" law, which
gives the expression of the signal-to-quantization-noise ratio:

o2 (2.2)

2

o 2
SNR(dB) =10*log,, | 2 (2.3)
O,

ee

as a function of N and 4, in the absence of saturation:

3 PCM stand for Pulse Code Modulated.
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SNR(dB) =6.02 N +4.77+20 log,(I) (T=Alc,)  (2.4)

where T is the load factor defined as the saturation value of the quantizer
normalized by the standard deviation of the input signal.
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Fig. 2.1 Uniform quantization*

When the amplitude of the input signal approaches the quantization
step, the quantization error becomes correlated with the signal. If the signal
itself is not random, the quantization error can then be heard as non-linear
audio distortion (rather than as additive noise).

This can be avoided by dithering, which consists of adding real noise to
the signal before quantizing it. It has been shown that a triangular white
noise (i.e. white noise with a triangular probability density function) in the
range [-¢g,1q] is the best dither: it decorrelates the quantization noise with
the signal (it makes the mean and variance of the quantization noise inde-
pendent of the input signal; see Wannamaker 1997) while adding the least
possible noise to the signal. Such a noise is easy to obtain by summing two
independent, uniform white noise signals in the range [-g/2,+q/2], since the
probability density function of the sum of two independent random va-
riables is the convolution of their respective pdfs. As Wannamaker puts it:

* We actually show a mid-rise quantizer here, which quantizes a real number x into
(floor(x/g)+0.5)*q. Mid-thread quantizers, which compute floor(x/q+0.5)*q, are
also sometimes used (see Section 3.2.5 for instance).
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"Appropriate dithering prior to (re)quantization is as fitting as appropri-
ate anti-aliasing prior to sampling — both serve to eliminate classes of sig-
nal-dependent errors".

2.1.2 Conventional DACs

A conventional DAC uses analog circuitry (R/2R ladders, thermometer
configuration, and others; see for instance Kester and Bryant 2003) to
transform a stream of PCM codes x(n) (at the sampling frequency Fj) into
a staircase analog voltage x*(t) in which each stair lasts 7,=1/F; seconds
and is a linear image of the underlying PCM code sequence. Staircase sig-
nal x'(f) is then smoothed with an analog lowpass filter S(f) (Fig. 2.2),
which suppresses the spectral images.
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Fig. 2.2 Conventional DAC

The first operation can be seen as convolving a sequence of Dirac pulses
x'(¢) obtained from PCM code with a rectangular wave of length 7, hence
filtering the Dirac pulses with the corresponding lowpass filter (Fig. 2.3).
The second operation completes the smoothing job.

Conventional DACs have several drawbacks. First, they require high
precision analog components, and are very vulnerable to noise and interfe-
rence. In a 16-bit DAC with 3V reference voltage, for instance, one half of
the least significant bit corresponds to 2" 3V=23 uV. What is more, they
impose hard constraints on the design of the analog smoothing filter,
whose transition band must fit within [F,, FF,] (where F,, is the maxi-
mum frequency of the signal; Fig. 2.3), so as to efficiently cancel spectral
images.

2.1.3 Oversampling DACs

An oversampling DAC first performs digital K times oversampling of the
input signal x(n), by first inserting K-/ zeros between each sample of x(n),
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and then applying digital lowpass filtering with passband equal to [0, F/K]
(Fig. 2.4). The resulting signal, x(n/K), is then possibly requantized on N’
bits (with N'<N), by simply keeping the N’ most significant bits from each
interpolated sample, and the requantized signal x'(n/K) is sent to a conven-
tional DAC clocked at K*F,Hz, with N'bits of resolution.

x¥(t) X+

x*(t) IX*(]

Fig. 2.3 Digital-to-Analog conversion seen as double filtering: x'(¢) is convolved
with A(f) to produce x*(f), which is smoothed by S(f). Quantization noise is shown
as superimposed texture.

In principle, requantizing to less than the initial N bits lowers the SNR
by 6 dB for each bit lost. However, although the variance of quantization
noise e'(n) generated by N'-bit requantization is higher than that of the ini-
tial NV-bit quantization noise e(n), it is now spread over a (K times) larger
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frequency range. Its power spectral density (PSD, in V¥Hz) is thus given
by:

2
O, .
_ “ee
See(f) = K (2.5)
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Fig. 2.4 Oversampling DAC (shown here with oversampling ratio set to 2, for
convenience).

And, since only a fraction of this PSD (typically, 1/K) will eventually ap-
pear in the analog output, thanks to the action of the smoothing filter, the
effective SNR is higher than its theoretical value. In practice, each time a
signal is oversampled by a factor 4, its least significant bit (LSB) can be
ignored. As a matter of fact, the 6 dB increase in SNR is compensated by a
6dB decrease due to the fact that only one fourth of the variance of the new
quantization noise is in the range [0, F/2]°.

Physically speaking, this is perfectly understandable: successive requan-
tization noise samples e'(n) produced at KF; are independent random va-
riables with variance equal to ¢'*/12 > ¢?/12. The lowpass smoothing filter
performs a weighted average of neighboring samples, thereby reducing
their variance.

This effect is very important in practice, as it allows a bad resolution
DAC (V' bits<N) to produce high resolution signals.

As a result of oversampling, the smoothing filter is also allowed a larger
transition bandwidth [0, KF-F,,] (Fig. 2.5). What is more, the same low-

5 Strictly speaking, in [-F/2, F/2]. In this discussion, we only consider positive
frequencies, for convenience.
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pass filter can now be used for a large range or values for Fs (as required
for the sound card of a computer, for instance).
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Fig. 2.5 Oversampling (shown here with an oversampling factor of 2) prior to
Digital-to-Analog conversion. Quantization and requantization noise are shown as
superimposed texture.
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2.1.4 Oversampling DACs — Noise shaping

Oversampling alone is not an efficient way to obtain many extra bits of
resolution: gaining B bits requires an oversampling ratio of 4°, which
quickly becomes impractical. An important improvement consists of per-
forming noise shaping during requantization. Instead of keeping N' bits
from each interpolated sample x(n), a noise shaping quantizer implements
a negative feedback loop between x(n) and x'(n) (Fig. 2.6),whose effect is
to push the PSD of the requantization noise towards frequencies far above
Fy/2 (up to K*F/2), while keeping the PSD of the signal untouched. As a
result, the effective SNR is further increased (Hicks 1995).

d(n)
x((M /N ul N'-bit x'(n)
+ w Quantizer "
.m:
AN
e'(n)

Fig. 2.6 First-order noise shaping (re)quantizer

As a matter of fact, we have:
U(2)=X(2)-2"(X'(2)-U(2))
X(2)-z27X'(2) (2.6)
B 1-z+
and since the combined effect of dithering and quantization is to add some
white quantization noise e'(n) to u(n):
X'(z2)=U(z)+E'(2)
X(2)-z7'X(2)
B 1-z
=X(@2)+@1-zME'(2)

+E'(2) 2.7)

which shows that the output of the noise-shaping requantizer is the input
signal plus the first derivative of the white quantization noise e'(n) pro-
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duced by requantization. This effectively results in colored quantization
noise c(n)=e'(n)-e'(n-1), with most of its PSD in the band [F,/2, KF,/2]
(see Fig. 2.7, to be compared to Fig. 2.5), where it will be filtered out by
the smoothing filter. The noise shaping function (1-z"') being of first order,
this configuration is termed as a first-order noise shaping cell.
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Fig. 2.7 The effect of noise shaping combined with oversampling (by a factor 2)
on signal x'(n) at the output of the quantizer

Noise shaping does increase the power of quantization noise, as the va-
riance of colored noise c(n) is given by:

o 5 —KF/2 _
Ot = e [ 1-eet |2 df
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But again, since this variance is mostly pushed in the [F,/2, KF/2] band,
the effective SNR can be lowered (Fig. 2.8).

This technique makes it possible to gain 1 bit every time the signal is
oversampled by a factor 2. It was used in early CD players, when only 14-
bit hardware D/A converters were available at low cost. By combining
oversampling and noise shaping (in the digital domain), a 14-bit D/A con-
verter was made comparable to a 16-bit D/A converter.
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Fig. 2.8 A comparison of quantization noise power density functions for the same
number of bits. 1: With a conventional DAC; effective noise variance = area 1; 2:
With an oversampling DAC; effective noise variance = area 4; 3: With an over-
sampling DAC using noise shaping; effective noise variance = area 5.

2.1.5 Delta-sigma DACs

The delta-sigma architecture is the ultimate extension of the oversampling
DAC and is used in most voiceband and audio signal processing applica-
tions requiring a D/A conversion. It makes use of a very high oversam-
pling ratio, which makes it possible to requantize the digital signal to 1 bit
only. This 1-bit signal is then converted to a purely bipolar analog signal
by the DAC, whose output switches between equal positive and negative
reference voltages (Fig. 2.9).

The bipolar signal is sometimes referred to as "pulse density modulated"
(PDM), as the density of its binary transitions is a function of the ampli-
tude of the original signal.
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Fig. 2.9 Delta-Sigma DAC (shown here with oversampling ratio set to 2, for con-
venience; in practice much higher ratios are used).

In CD and MP3 players, this implies a gain of 15 bits of resolution. Im-
proved noise shaping is therefore required, such as second order noise
shaping cells (whose noise shaping function is (1-z"")*) or cascades of first-
order noise shaping cells (termed as MASH: Multi-stage noise shaping;
Matsuya et al. 1987). Deriving a general noise-shaping quantizer with
noise shaping function H(z) from that of Fig. 2.6 is easy: one simply needs
to replace the delay by 1-H(z) (Fig. 2.10).

d(n)
x(m /N u) 1-bit x'(n)
+ + Quantizer e
_m:
e'(n)
1-H(z)

Fig. 2.10 General digital delta-sigma modulator

The influence of the oversampling ratio and of the order of the noise
shaping filter on the noise power in the signal bandwidth is given in Fig.

2.11.



How are bits played back from an audio CD? 43

0 i
-10 \\\\ -+
20 \‘\\ ~—_ L0
2 30 \\ \ \\
=} N
: -40 \\ y S |
; NS
g =50 \
§ 0 NN N
2 20 \ N2 \\\
80 \ \\ ™\
N\ N
90 =3 \\ N
-100 \
SN

1 2 4 8 16 32 64 128 256 512

Oversampling ratio

Fig. 2.11 Power of the noise in the signal bandwidth as a function of the oversam-
pling ratio, for various noise shaping orders L. 0 dB of noise level corresponds to
that of PCM sampled at the Nyquist rate. All quantizers use the same level spac-
ing. (after Schreier and Temes 2005)

The very limited bandwidth allowed for the interpolation filter ([0, F/2]
at a sampling frequency of KF}) theoretically implies a very high order for
its digital implementation (especially if it is synthesized as a linear phase
FIR filter), i.e. many additions and multiplications per sample. Oversam-
pling is therefore systematically performed in two steps: a first step which
does most of the oversampling and uses a comb filter (or cascades thereof),
for the interpolation, followed by a second step competing with lower
oversampling ratio and a more efficient interpolation filter. A comb filter
of order N is an FIR filter will all coefficients set to 1:

=, 1-z"
Hy()=>72"= — (2.9)
n=0 1_ VA

This filter has linear phase, while being straightforwardly implemented as:

y(n)=x(n)—x(n—N)+y(n-1) (2.10)
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which implies no multiplication. Comb filters, however, cannot provide
very efficient frequency responses (for an example, see Fig. 2.16-left).
Their transition band is not sharp. This is counterbalanced by the second
interpolation stage, which produces a sharp cut-off and additionally com-
pensates for the frequency droop of the comb filter around F/2.

Summarizing: delta-sigma DACs are a wonderful example of mixed A-
D signal processing constraints. Most of their load is in the digital domain,
while the analog output smoothing filter usually reduces to a simple RC
lowpass. These converters can thus be fabricated on a wide range of IC
processes, which implies low cost and robustness to time and temperature
drifts. This is achieved at the expense of speed: since the hardware has to
operate at the high oversampling rate, sigma-delta converters are usually
limited to sampling rates below 1 MHz.

From 1990 to 2000, the consumer audio industry has produced a large
number of 1-bit, sigma-delta based converters, mainly because this tech-
nique leads to cheaper manufacturing. It was argued, however, that 1-bit
sigma-delta converters were not suitable for high-quality audio applica-
tions (Lipshitz and Vanderkooy 2001), as they only allow partial dithering
to be performed.® Most audio DACs made since 2000 implement multi-bit
sigma-delta converters, which take the best of both the 1-bit and the 20+ -
bit worlds (go to the Analog Devices web page, for instance, and search
for "audio DAC").

2.2 MATLAB proof of concept: ASP_audio_cd.m

In this Section, we will first revise the basics of uniform quantization
(2.2.1), including the important part played by dithering (2.2.2). We will
then compare the internals of a conventional DAC (2.2.3) to those of more
advanced DACs, using oversampling (2.2.4), noise-shaping (2.2.5), and
delta-sigma modulation (2.2.6).

2.2.1 Uniform quantization
In order to perform D/A conversion, we first need to create a PCM signal.

We will first check the main results of uniform quantization theory, which
we will use later.

¢ This led to an interesting controversy in several papers published in conventions
of the Audio Engineering Society.
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Let us first generate 8000 samples of uniform white noise with zero
mean, which we will assume to have been sampled at F;=8000 Hz. For
convenience, we set its variance to 1 (0 dB) by imposing its range to

[—peak, +peak], with peak =+/12/2~1.73. This is confirmed on the
power spectral density of the signal (Fig. 2.12).

signal_std=1;
peak=sqrt(12*signal_std)/2;
signal=(rand(1,8000)-0.5)*2*peak;

pwelch(signal,[]1,[1,[1,2); 7

Power Spectral Density Estimate via Welch Power Spectral Density Estimate via Welch

Power/fiequency (dBIHZ)
Powerfirequency (dBHz)

i L H i L i L H i i I H i H i L H i
] o4 0z 03 04 05 06 07 08 08 1 o 01 0z 03 04 0§ 06 07 08 08 1
Frequency (Hz) Frequency (Hz)

Fig. 2.12 Power spectral density of the input signal (left) and of the 6-bit quan-
tized error (right)

Quantizing this signal uniformly on N bits is easy. Let us choose N=3
for convenience. We use mid-rise quantization (hence the +q/2), best
suited for an even number of quantization steps.

N=3;

quantizer_saturation=peak;
g=(2*quantizer_saturation)/2AN;
signal_quantized=floor(signal/q)*q+q/2; % mid-rise
error=signal-signal_quantized;

The quantization noise is also white, as revealed by power spectral den-
sity estimation. The variance of the noise can thus be read (in dB) on the

PSD plot (Fig. 2.12). From the load factor (i.e., the saturation value of the
quantizer, normalized by the standard deviation of the signal), we can

7 MATLAB's pwelch function shows the PSD in the range [0, F/2]. The PSD
value it shows are such that their integral over [0, F,/2] equals the variance of
the signal. Claiming F=2 as an input argument therefore shows the variance as
the average PSD over [0, 1].
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compute the theoretical SNR due to quantization. It matches to the SNR
computed from the samples, and corresponds to the variance of the noise
(with opposite sign) since the variance of the signal is 0dB.

MATLAB function involved:

e snr = snr(signal, signal_plus_noise, max_shift, showplot)
returns the signal-to-noise ratio computed from the input signals.
Max_shift gives the maximum time-shift (in samples) between signal
and signal_plus_noise. The actual time-shift (obtained from the maxi-
mum of the cross-correlation between both signals) is taken into account to
estimate the noise. If showplot is specified, then the signal, sig-
nal_plus_noise, and error are plotted, and the SNR is printed on the
plot.

?we1ch(error [1,01,01,2);

oad_ actor-quant1zer saturation/signal_std;
snr_theory=6.02*N + 4.77 - 20*10g10(load, factor)
snr_measured=snr(signal, s1gna1_quant1zed 0)

snr_theory = 18.0588

snr_measured = 18.1119

2.2.2 Dithering

Let us apply this to a sine wave with fundamental frequency f;=200 Hz,
sampled at F;=8000 Hz, and set its variance to 1 (0 dB) by imposing its

peak to \ji .

signal_std=1;

peak=sqrt(si gna'l std*2);

signal= peak*s1n(2*p1*200*(0 1/8000:2));
var_signal_dB=10*1ogl0(var(signal))

var_signal_dB = -2.8930e-015

When we quantize it uniformly to 3 bits in the range [-2,+2], we notice
that the quantization error does not look like real noise (Fig. 2.13).

N=3;

quantizer_saturation=2;

g=2*quantizer_ saturat1on/2

signal_quantized= f1oor(s1gna1/q)*q+q/2 % quantization
error=signal-signal_quantized;

plot(signal(1:50),'-."); hold on;
plot(error(l:50));hold off



How are bits played back from an audio CD? 47

Power Spectral Density Estimate via Welch

LN —-—-signal
s N quantization error

Amplitude

Powerfirequency (dBHz)

Fig. 2.13 Quantization error (left) and power spectral density of the quantized sig-
nal (right), without dithering. Frequencies are normalized with respect to Fi/2.

Harmonics of the original frequency appear in the spectrum of the quan-
tized signal (Fig. 2.13) and sound very unpleasant. The SNR is not directly
readable on the PSD plot, because of these harmonics

snr_quantized=snr(signal,signal quant1zed 0)
pwelch(signal_quantized, [] ?

snr_quantized = 16.9212

In such a case it may be interesting to whiten the quantization error by
adding real noise to it. This operation is termed as dithering.

Let us add a dithering noise with triangular pdf in the range [-¢, +¢], i.c.
two times the quantization step. Such a noise is easily obtained by adding
two uniform white noises in the range [-¢/2, g/2].

dither=(rand(size(signal))-0.5)*g+(rand(size(signal))-0.5)*q;
signal_dithered=signal+dither;

The resulting quantization error looks indeed more noise-like®.
signal_dithered_quantized=floor(signal_dithered/q)*q+q/2;
error_dithered_quantized=signal-signal_di thered_quant1 zed

plot(signal(1:50),'-."); hol
plot(error_ d1thered_quant1zed(1 50)) hold off

8 Notice we do not account for quantizer saturation, which may occur when dither
is added to a signal which approaches the saturation levels of the quantizer. This
is note the case in our example.
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Power Spectral Density Estimate via Weleh

[N ——-signal
guantization error, with dithering

Pawerfirequency (dBHZ)

Amplitude

Fig. 2.14 Quantization error (left) and power spectral density of the quantized sig-
nal (right), with dithering.

The power spectral density of the quantized signal now appears as white
noise added to the initial sine wave.

pwelch(signal_dithered_quantized,[],[],[]1,2);

Dithering clearly degrades the SNR (by about 4.8dB), but results in per-
ceptually more acceptable quantization error.

load_factor=quantizer_ saturat1on/s1gna'| std;
snr_theory=6.02*N + 4.77 - 20*10?10(1oad factor)
snr_dithered_quantized=snr(signal,signal_dithered_quantized,0)

snr_theory = 16.8094
snr_dithered_quantized = 12.0562

2.2.3 Conventional DAC

A conventional DAC first creates a staircase signal from the sequence of
samples, by converting each sample into an analog voltage and holding
this voltage for 1/F; seconds. This is called zero-order (analog) interpola-
tion. This operation is critical: the higher the number of bits in the PCM
code to convert, the higher the precision required for creating the staircase
signal!

We will demonstrate this on a sine wave, with N=6 bits.

MATLAB function involved:

e signal_quantized = uquantize(signal,N,saturation) quantizes
signal uniformly to N bits in the range [-saturation, +saturation], using a
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mid-rise quantizer and triangular dither with a range of twice the quantiza-
tion step. Clipping is performed when saturation is reached.

signal_std=1;
peak=sqrt(signal_std*2);
signal=peak*sin(2*pi*200*(0:1/8000:2));

N=3;

quantjzer_saturation=2; . . .
signal_quantized=uquantize(signal,N,quantizer_saturation);
snr_quantized=snr(signal,signal_quantized,0)

snr_quantized = 12.0809

We can simulate the analog zero-order interpolation in the digital do-
main by working with a much higher sampling frequency than F; (say,
F,'=10 F,, i.e. 80 kHz). Zero-order interpolation is then equivalent to in-
serting 9 zeros in between each sample, and convolving the resulting sig-
nal with a sequence of 10 unity samples (Fig. 2.15).°

signal_pulses=zeros(1,10*1ength(si ?nal _quantized));
signal_pulses(1:10:10*1ength(signal))-=..
signal_quantized;
hold_impresp=ones(1,10);
signal_staircase=conv(signal_pulses,hold_impresp);

plot(1:10:391, signal_quantized(1:40),'0o'); hold on;
plot(signal_staircase(1:400)); hold off;

2 samples
151 after zero hold | |

Amplitude

_2 1 1 1 1 1 1 1
0 a0 100 150 200 280 300 350 400

Time (samples)

Fig. 2.15 Analog staircase signal after zero-order interpolation

° This is actually a very rudimentary form of numerical interpolation.
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Notice that zero-order interpolation acts as a lowpass filter, performing
a first attenuation of the spectral images of the signal at integer multiples
of F,. This directly affects the spectrum of the resulting "analog" signal.
One can clearly see spectral images, weighted by the effect of the interpo-
lation (Fig. 2.16).

freg?z(ho'ld_'impr'esp,l, 256, 80000);
pwe

ch(signal_staircase,[],[1,[]1,20);

Power Spectral Density Estimate via Welch

Magrituds (dB)

Powerffreguency (BiHz)

Phass (degress)

Fig. 2.16 Frequency response of the zero-order analog interpolation (left) and
power spectral density of the resulting staircase signal (right)

The DAC then feeds the resulting staircase signal to an analog low-pass
smoothing filter, which removes the spectral images due to sampling. The
passband of this filter is limited by the maximum frequency of the signal,
Fm, and its stopband must not be greater than F-F,,. Let us assume that the
PCM signal we have is a telephone signal, with F,=3400 Hz and
F=8000 Hz, and perform the approximation of the filter with 0.1dB of
ripple in the passband and -60 dB in the stopband. We use Chebyshev ap-
proximation, so as to keep the order of the filter low.

[order,wn]=cheblord(2*pi*3400,2*pi*4600,0.1,60,'s");
[Num_LP,Den_LP]=chebyl(order,0.1,wn,"'s"');
zpl ane(Num_LP,Den_LPg;

The frequency response of this 12th order filter meets our requirements
(Fig. 2.17).'°

freqs (Num_LP,Den_LP);

19 Notice its phase is non-linear, but for audio applications this is not a problem.
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Fig. 2.17 Pole-zero plot and frequency response of the analog smoothing filter

We can now simulate analog filtering by convolving our highly over-
sampled staircase signal with a sampled version of the impulse response of
the LP filter (Fig. 2.18).

MATLAB function involved:

e y = filters(N,D,X, Fs) simulates analog filtering of the data in
vector x with the filter N(s)/D(s) described by vectors N and D to create the
filtered data y. Fs is the sampling frequency of the input (and output). Fil-
tering is performed by convolving the input with an estimate of the im-
pulse response of the filter, obtained by partial fraction expansion.

analog_output=Ffilters(Num_LP,Den_LP,signal_staircase,80000);
plot(analog_output(1000:2000));

Power Spectral Density Estimate via Welch
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Poverirequency (dBHz)
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Fig. 2.18 Analog signal produced by the traditional DAC (left) and corresponding
power spectral density (right)
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The noise level has been reduced by the analog LP filter, as revealed by
spectral analysis (Fig. 2.18). The final SNR is a bit higher than what we
had before D/A conversion, but this is due to the fact that the zero-order
interpolation attenuates the noise at the upper edge of its passband.

Notice, though, that the samples sent to the MATLAB's soundsc func-
tion are made available to your ears by ... another (real) DAC. One should
therefore consider the final quality of this audio sample with care.

pwelch(analog_output,[]1,[]1,[]1,20);
signal_sampled_at_ 10Fs= peak*s1 n(2*p1*200*(0 1/80000:2));
snr_analog =snr(signal_sampled_at_10Fs,analog_output,400)

% 400=max possi bie delay
soundsc(analog_output,80000) ;

snr_analog = 13.5954

2.2.4 Oversampling DAC

By oversampling the digital signal prior to sending it to the analog part of
the DAC (which is responsible for creating a staircase analog signal before
final analog low-pass filtering), we can broaden the transition band of the
analog smoothing filter, thereby strongly decreasing its order (and hard-
ware complexity).

What is more, if we requantize the signal on N-1 bits (1 bit less, i.e. 6
more dBs of total noise power) after multiplying F by 4, only one quarter
of the resulting power spectral density will contribute to quantization noise
in the [0, F/2] band; the audible part of the requantization noise power
will thus be 10log;o(1/4)dB (i.e. 6 dB) lower than its total power. Hence,
this V-1 requantization step will be felt as a new N-bit quantization.

In other words, dropping one bit from 4 times oversampled digital sig-
nals (or k bits for after oversampling by a ratio of £*4) does not do much
harm to the signal, while it decreases the required precision of the hard-
ware DAC

Let us check this on our sinusoidal test signal, quantized to 6 bits.

signal_std=1;
peak—sqrt(s1gna'| std*2);
s1gna'|-peak*s1n(2*p1*200*(0 1/8000:2));

N=6;
quant1zer' saturation=2; . . .
signal_quantized= uquant1ze(s1gna'| N,quantizer_saturation);

pwelch(signal_quantized, [1,[]1,[1,2);
snr_quantized= snr‘(s1gna'| s1gna'|_quant1zed 0)

snr_quantized = 30.1654
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Power Spectral Density Estimate via Welch Power Spectral Density Estimate via Welch

Power frequency (4BiHz)
Power frequency (dBiHz)

Fig. 2.19 Power spectral density of a sine wave quantized on 6 bits, before (left)
and after four times upsampling (right).

We now upsample this quantized signal by a factor of 4, by adding 3 ze-
ros in between its samples. The resulting signal has a sampling frequency
F/=32000 Hz (Fig. 2.19). The amplification of samples by 4 is required for
the final sine wave to have the same peak-to-peak level as the original.

signal_pulses=zeros(l,4*1ength(signal_quantized));
s;ljgna'l _pulses(l:4:4%1 ength(s1 gnal_quantized))=4*signal_quantiz
ed;

pwelch(signal_pulses,[1,[]1,[1,8);

Interpolation is performed by filtering the impulses with a quarter-band
digital LP filter (Fig. 2.20). Notice we use here a very sharp filter, which
requires a length of 300 coefficients. In oversampling DACs, LP filtering
is performed much more crudely, for meeting low computational load con-
straints.

Tp_fir=firpm(300,[0 .24 .26 1],[1 1 0 01);
% Linear phase quarter-band FIR filter
signal_interpolated=filter(lp_fir,1,signal_pulses);

plot(signal_interpolated(1000:1400));

The variances of the signal and of the quantization noise (hence, the
SNR) have not changed.

pwelch(signal_interpolated, []1,[1,[],8);

signal_sampled_at_4Fs=| peak*s1n(2*p1*200*(0 1/32000:2));

snr_interpolated=snr(signal_sampled_at_4Fs,..
signal_interpolated, 300)

snr_interpolated = 30.1699
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Power Spectral Density Estimate via Welch
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Fig. 2.20 Sine wave after upsamping and interpolation: time-domain (left) and
power spectral density (right).

Here comes the first positive effect of oversampling on SNR:
(re)quantizing the interpolated signal with N-1 bit (i.e., omitting the least
significant bit of the underlying PCM codes) does not much affect the
SNR!.

Let us first perform 4-bit requantization of the interpolated signal.

signal_requantized=uquantize(signal_interpolated,4
quantizer_ saturat1on),
plot(signal_sampled_at 4Fs(2000 2400)); hold on;

plot(signal_requantized(2151:2550)); hold off; 12

Power Spectral Density Estimate via Welch
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Fig. 2.21 Sine wave after requantization on 4 bits at 4F: time-domain (left ) and
power spectral density (right).

' At worst it could degrade the SNR by 3 dB.
12 Notice we have to shift the oversampled signal when comparing it to the requan-
tized signal; this is due to the delay of the interpolation filter.
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The PSD of the requantized signal shows noise with a variance of about
12dB higher than its initial value, but only 1/4th of that noise is in the band
[0, Fi/2]. Therefore the measured SNR does not reflect the actual SNR. We
will see below that the actual SNR has only decreased by about 6 dB.

pwelch(signal_requantized,[]1,[]1,[]1,8);
snr_requantized= snr(s1gna1 samp'led at_4Fs,..
signal_requantized, 300)

snr_requantized = 17.8152

Now we can again simulate the analog part of D/A conversion (as in
Section 3), using an "analog sampling frequency" of 3*32=96 kHz (Fig.
2.22). Oversampling has a second positive effect on this part: it allows for
a much wider transition band for the lowpass smoothing filter: [3400 Hz,
28600 Hz]. This results in a simpler filter, of order 4. '3

[order,wn]=cheblord(2*pi*3400, 2*p1*28600 0.1,60,
[Num_LP,Den_LP]=chebyl(order, 0. 1,wn,'s"); % re1axed filter
signal pu1ses zeros(1, 3*1ength(s1gna1 requant1zed)),
signal_pulses(1l:3: 3*1ength(s1gna1 requantized))=..

signal_ requant1zed
hold_impresp=ones(1,3);
signal_staircase= conv(s1gna1 —pulses,hold_impresp);
analog_output=Ffilters(Num_LP,Den_LP,signal_staircase,96000);

p'Iot(ana'Io? _output(2000:3300));
pwelch(analog_output, [1,[1,[]1,24);

Power Speciral Density Estimate via Welch
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Fig. 2.22 Analog signal produced by the oversampling DAC: time domain (left)
and power spectral density (right)

13 We use Chebyshev approximation here. For some applications, a Bessel filter
could be preferred, as it does not imply important phase non-linearity. For our
sine-based proof-of-concept, it makes no difference.
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As a result of the analog filtering, the apparent SNR is now about 7 dB
lower than for our initial 6-bit quantization, i.e. only 1dB less than 5-bit
quantization at 8 kHz. The lost dB comes from dithering, and from the fact
that the LP filter specifications are loose.

signal_sampled_at_12Fs=peak*sin(2%*pi*200*(0:1/96000:2));
snr_analog=snr(signal_sampled_at_12Fs,analog_output,4000)

snr_analog = 22.9805

Summarizing: a 6-bit DAC operating at F; leads to the same SNR as a
5-bit DAC operating at the 4x oversampling rate 4*F.

2.2.5 Oversampling and noise shaping DAC

We will now show that noise shaping makes it possible to produce 4-bit
quantization at 4*F; with the same resolution as 6-bit quantization at Fj.
We start by quantizing to 6 bits and oversampling by 4.

signal_std=1;

peak—sqrt(s1gna1 std*2);

signal= peak*s1n(2*p1*200*(0 1/8000:2));

%quantization

signal quant1zed uquant1ze(s1gna1 6,2);

% 0versam?11ng

signal_pu ses—zeros(l 4*Tength(signal_quantized));

signal_pulses(1:4: 4*1ength(s1gna1_quant1zed))—
s1gna1_quant1zed

Tp_fir=firpm(300,[0 .24 .26 1],[1 1 0 0]);
signal 1nterpo1ated f11ter(1p_f1r 1, 4*s1gna1_pu1ses),

Let us now perform 4-bit requantization of the interpolated signal, with
noise shaping, as shown in Fig. 2.6.

N=4;
quaﬁtizerTsaturation=2;
g=2*quantizer_saturation/2AN;

delay_memory=0;

signal_requantized=zeros(size(signal_interpolated));

for i=1: 1en?th(s1gna1 _interpolated)
u=signal_interpolated(i)+delay_memory;
% quantization, including dithering
signal_requantized(i)=uquantize(u,N,quantizer_saturation);

d de ay_memory=u—s1gna1_requant1zed(1);
end;

signal_ sam?1ed_at_4Fs=peak*sin(2*pi*200*(0:1/32000:2));
plot(signal_sampled_at_4Fs(2000:2400)); hold on;
plot(signal_requantized(2151:2550)); hold off;
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Power Spectral Density Estimate via Welch
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Fig. 2.23 Sine wave after requantization to 4 bits at 4F; using noise shaping: time-
domain (left ) and power spectral density (right)

The PSD of the requantized signal shows colored quantization noise
with most of its energy above F/2, as a result of noise shaping (Fig. 2.23).
Therefore the measured SNR does not reflect the actual SNR.

pwelch(signal_requantized, []1,[1,[1,8);
snr_requantized= snr(s1gna'| samp'led at_4Fs,..
signal_requantized, 300)

snr_requantized = 14.8699

Again, we can simulate the analog part of D/A conversion (Fig. 2.24).

signal_pulses=zeros(1,3*1ength(signal_requantized));
signal_pulses(1:3:3*1 ength(s1 gnal_requantized))=..
signal_requantized;
hold_impresp=ones(1,3);
signal_staircase=conv(signal_pulses,hold_i mpresp) ;

[order,wn]=cheblord(2*pi*3400, 2*p1*28600 0.1,60,
[Num_LP,Den_LP]=chebyl(order, 0.1 ,wn,'s ); % re]axed f1'|ter'

analog_output=Ffilters(Num_LP,Den_LP,signal_staircase,96000);
plot(analog_output(2000:3300));

As a result of the analog filtering, the apparent SNR is now only 3 dB
lower than with our initial 6-bit quantization, i.e. only 3dB less than 4-bit
quantization at 8 kHz. Again, the lost dBs come from dithering, and from
the fact that the LP filter specifications are loose.

pwelch(analog_output, [1,[1,[]1,24);

signal_sampled_at_ 12Fs= peak*s1n(2*p1*200*(0 1/96000:2));
snr_analog=snr(signal_sampled_at_12Fs,analog_output,4000)
soundsc(analog_output,96000) ;
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Power Spectral Density Estimate via Weleh
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Fig. 2.24 Analog signal produced by the oversampling DAC with noise shaping:
time-domain (left) and power spectral density (right)

snr_analog = 27.0433

2.2.6 Delta-sigma DAC

The principle of delta-sigma modulation is to apply noise shaping and
oversampling in such a way that the signal ends up being quantized on 1
bit. This considerably alleviates the task of the hardware D/A converter
(which reduces to a switch), and puts most of the load in the digital do-
main.

In this proof-of-concept, we will perform 6-to-1 bit requantization, us-
ing an oversampling ratio of 32 (2"5) and a first-order delta-sigma mod-
ulators. Real delta-sigma DACs use higher-order modulators, or cascades
of first-order modulators, and thus do not have to implement oversampling
of ratio 215!

We start by quantizing to 6 bits and oversampling by 32. '

signal_std=1;
peak—sqrt(s1gna'| std*2);
s1gna'|—peak*s1n(2*p1*200*(0 1/8000:1/8));

%quantization

N=6;

quant1zer saturation=3;

signal_quantized= uquant1ze(s1gna'| N,quantizer_saturation);
snr_quantized=snr(signal, s1gna'|_quant1zed 0

% 0ver'samﬁ>'l1ng by
signal_pu ses-zer‘os(l 32*T1ength(signal_quantized));

4 We do it here with a single interpolation filter, for convenience. In practice, it
would be more computationally efficient to implement oversampling as a cas-
cade of two intermediate oversampling blocks, as mentioned in 2.1.5.
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signal_pulses(1:32:32*1ength(signal_quantized))-=..
signal_quantized*32;

Tp_fir=firpm(300,[0 1/32-1/100 1/32+1/100 11,[1 1 0 01);

signal_interpolated=filter(lp_fir,1l,signal_pulses);

snr_quantized = 26.6606

Let us now perform 1-bit requantization with noise shaping. The result-
ing quantized signal is purely binary (Fig. 2.25).

N=1;
quantizer_saturation=3;
g=2*quantizer_saturation/2AN;

dither=(rand(size(signal_interpolated))-0.5)*q..
+(rand(size(signal_interpolated))-0.5)*q;

signal_requantized=zeros(size(signal_interpolated));
deTay_memory=0;
for i=1:1 en?th(si gnal_interpolated)
u=signal_interpolated(i)-delay_memory;
% quantization, including dithering
signal_requantized(i)=uquantize(u,N,quantizer_saturation);
% saving the internal variable
q delay_memory=signal_requantized(i)-u;
end;

signal _sam;l)'l ed_at_32Fs=peak*sin(2*pi*200*(0:1/256000:1/8));
plot(signal_sampled_at_32Fs(2000:2600)); hold on;
plot(signal_requantized(2151:2750)); hold off;

x1abel("Time (samples)'); ylabel('Amplitude');
pwelch(signal_requanti zed,{] ,[1,01,64);

Power Spectral Density Estimate via Welch
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Fig. 2.25 Sine wave after requantization on 1 bit at 32F; using noise shaping:
time-domain (left, superimposed with the original sine wave) and power spectral
density (right)

Again, we can simulate the analog part of D/A conversion (Fig. 2.26).
We use an "analog sampling frequency"” equal to the one we have reached
after 32 times interpolation.
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[order,wn]=cheblord(2*pi*3400,2*pi*28600,0.1,60,'s"');
[Num_LP,Den_LP]=chebyl(order,0.1,wn,"'s"'); % relaxed filter
zp'Iane(Num_LP,Den_LPg;

analog_output=filters(Num_LP,Den_LP,signal_requantized,..
256000) ;

plot(analog_output(2000:3300));

Power Spectral Density Estimate via Weleh
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Fig. 2.26 Analog signal produced by the delta-sigma DAC: time-domain (left) and
power spectral density (right)

As a result of the analog filtering, the apparent SNR is now very close to
that of our initial 6-bit quantization! This is confirmed by listening.

pwelch(analog_output, [1,[]1,[]1,64);
snr_analog=snr(signal_sampled_at_32Fs,analog_output,4000)
soundsc(analog_output,256000);

snr_analog = 25.4677

This technique is used in most CD players today'’, for requantizing 16-
bits samples to one bit, hence with much higher oversampling ratios. Inter-
polation is therefore performed in several steps, for keeping the interpola-
tion filters as simple as possible. Delta-sigma is also the heart of the DSD
(direct stream digital) coding used in Super-Audio CDs (SACD), in which
a 1-bit stream is created by the ADC, stored on the CD, and directly con-
verted to sound by the DAC.

15 Notice that all the filters used in this proof-of-concept use floating point arith-
metics. Using fixed-point arithmetics is more complex.
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2.3 Going further

A very simple interactive tutorial on delta-sigma analog-to-digital conver-
sion is available from (Analog Devices 2007).

The unescapable reference in delta-sigma modulators is (Schreier 2005).
This is a companion book to R. Schreier's MATLAB Delta-Sigma toolbox
(Schreier 2003).

2.4 Conclusion

As announced in the introduction of this Chapter, efficient DACs add
noise to the PCM signal, in three ways. First, they use dithering to avoid
having quantization errors correlated with the input signal. Second, they
requantize the signal at a higher sampling rate, which can be seen as add-
ing a second quantization noise. Third, they use noise-shaping, which in-
creases the overall quantization noise power but pushes most of it outside
the useful band. As a result, and rather unexpectedly, 1-bit DACs are syn-
onymous with high quality.

Besides, one-bit sigma-delta conversion is the basis of the Direct Stream
Digital, a technology used to store audio signals in a digital format which
is used in Super Audio CD (SACD), the high-resolution CD audio format
trademarked by Philips and Sony (Reefman and Janssen 2004). In this
technique (Fig. 2.27), the audio waveform for each channel is fed to an
analog delta-sigma modulator which directly samples the signal with a
sampling frequency 64 times higher than required and quantizes it to 1 bit.
This 82 Mbits/s bit stream (to be compared to the 705 kbits/s bit stream of
the classical CD) is recorded on the SACD (it is not low-pass filtered). The
SACD reader therefore reduces to a 1-bit DAC producing a bipolar signal,
followed by the smoothing filter of an oversampling DAC (i.e., with re-
laxed constraints).


http://en.wikipedia.org/wiki/Sound
http://en.wikipedia.org/wiki/Signal_processing
http://en.wikipedia.org/wiki/Digital
http://en.wikipedia.org/wiki/Storage_media
http://en.wikipedia.org/wiki/Super_Audio_CD
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Fig. 2.27 The Super Audio CD concept

SACD Player

Last but not least, the pulse-density modulated (PDM) available after
the 1-bit DAC in a DSD player (x*(¢) in Fig. 2.27) can directly be ampli-
fied by transistors switching from full ON to full OFF, thereby implement-
ing a fully digital Class D power amplifier (Gaalaas 2006).
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