4.3 Sound radiation:
Mechanical — acoustical coupling
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Fundamental hypothesis

\. J

e No disbonding Py
e No turbulence (no vorticity)
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Definition: volume flow velocity

\. J

e Volume flow velocity : it is the volume displaced, by
time unit, by the speaker

e For the element dS:

dg=v .dS=v.n.dS m3/s
e For the whole speaker’s face:
g = jvn.dS m3/s
S
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Vibrating sphere

\. J

Vibrating sphere, with radial movement: v (6, ¢)

General case: no symmetry: computation of p(7, 6 ¢)
after d’Alembert equations

In the following, we consider revolution symmetry

=» only dependance on &
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Vibrating sphere

\. J

n the general case, g(r 0) can be splitted after:

Z o P (cos6). 2 (kr)
— h,_/ R/—/

directivity spatial dependance

120 60

®,(cos ) =1
@ (cos 0) =cos 0

150 / “x,uu. \.. g ‘.~~~~~“‘ \ 30

®,(cos ) = %(3 cos” 0-1) 180

1 210\ ’ ____________________ 7330

®,(cos &) =—(5 cos’ 6—3 cos o) P — X
. 2 240 300
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Vibrating sphere

.

n the general case, g(r 0) can be splitted after:

Z o P (cos6). 2 (kr)
_ h/—/ A/—/

directivity spatial dependance

. exp(—jkr) e
ﬁ(z) k) = GXp( J -
=T
) (k) = - SRS ){H—}

kl" Jk]/' ;

ﬁ(Z) (k]") _ ] eXp(kr]kr) |: n . 3 2 :| 001; -1
Jhr  (jkr)

K
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Resolution

\. J

We want to:

- determine acoustic pressure p(r, 0)

- after the velocity of the sphere v,-(0) = U(a).€;

- and then apply Euler’s law at sphere surface (r=a)
ﬁp = —p0U

Hypothesis: radial movement

=>» decomposition into "Spherical Harmonics" (SH)

SH provide the expression of ¢, , determining p(r, ).

M
v (0) = Z Vrm P (cos ) where v, = jlj; [&h?(q%)(k?“)}
m:O cC r=aQa

7/55
MA1 - H. Lissek - Audio Engineering =PrL



Far field

\. J

In Sphrical Harmonics (SH), it is possible to group terms by
(negative) powers of (kr)

exp(—jkr)
kr

kr>>1, p(r,0) ~ comprising at least one term in 1/kr,

=>its gradient (and then v, = v.e,) comprises at least 1 term in 1/kr,

Vp = ('3_p er+la—peg+ N%:_p@
- or, r 00 r g @ ot

at leqst one term Ist term
in 1/kr in 1/(kr)?

(though v, has at least terms in 1/(kr)?) |
It vio20, v(r,0) is radial in far field (kr>>1) and v =vr =j.—-0rp = Zﬁ

. . . £ C
=» as spherical waves: progressive plane waves in the far field
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Far field - Directivity

. J
Regrouping by powers of kr:  p(r,0) < Z,v.(0) exp(k—r]kr)
2> p(r,0)=D0).p,,
proportionality depends on cos( &) after the SH:
directivity D(6)
Intensity: I=p*/Z =D*(0) 1

m0
directivity monopole

of same flow velocity

Same properties as pulsating sphere except directivity
(direction-dependent amplitude)
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Properties

\. J

e Directivity involves ¢, =» depends on ka
e Limiting the series of v, to M terms, we show for ka>>M:

D) =30 2D i p(r.0)= 7,1, (0)a S

Jjkay, r

If vibrating sphere is wider than MA, p(6) only depends on v (6)

=» Same as if each surface element on the radiating sphere
radiates radially in this direction (6)
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Examples of sources
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Pulsating sphere

J

Vibrating sphere, with uniform radial movement:

Uy (CL, 0, ¢) = Ur (a’) :

4ma?

Acoustic wave equation in 3D:

(r.6,6) 1 82]9
2 _
9 VP G =0

Acoustic wave equation in spherical coordinates:

/ O?p 20p 1 0?%p

— 4 = - = = 0
i or2  ror c? Ot?
O*(rp) 1 0%(rp) 0
General solutions (p, unknown): or? c?  Ot?
ej(wt—kr)
p(T, t) — P+
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Pulsating sphere

By applying Euler on the boundary of the Sphere:

dv.(a)  Op q etika
_ — — —
ot Or |r=a b P ka — 7
(r.6.¢)
Then the acoustic field reads
k e_Jk(r_a)
, p(r) =pe q4ﬁr(ka——j)
] e_]k(’r_a’)
— k-2
v(r) [ 71 q4wr(ka——j)
~9 Z@k2~2
I(r) :p q

Z.  1672r2((ka)2 + 1)
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Pulsating sphere: properties

Pulsating sphere is omnidirectional (don’t depend on dand ¢)

(r.6.8)

pressure distribution (Pa) radiated by a
pulsating sphere of radius 10 cm at 100
Hz

e Graph: Total acoustic pressure field (Pa)
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Pulsating sphere: properties

\. J

Acoustic radiation impedance: accounts for the reaction of the
medium to the vibration of the sphere

, _pla) _ Ze (ka)*+j(ka)
T g Awa? (ka)? +1

(r.6.9) )

R(Zar) —RI _ e (ka)’ v
T Ama? (ka)2 41 o

Zc (ka) 10° 3 SEEUSS BRI SE S S L
Cx Zar :Xar — 10 10 10 10 10
S (Zar) dra? (ka)? + 1 "
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(

Relationship between P, and Z_ (Z )

.
( kz
R =r.Z /S=Z, >
4%[(ka) +1}
) 2
k
P.=q7. N -
; 4| (ka)’ +1] P.,=R G’ =R .V
Formal analogy with P =R./?
e Justify the importanceof Z et Z, .
e Generalized to other sound sources
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The monopole

Pulsating sphere with ka<<1

(

p(r)=+jZ.kq.

v(r) [ + ]k]q.
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The doublet

\. J

e constituted by 2 identical pulsating spheres at
distance d

e synchronous flow velocities (harmonic), in opposite
phases

e principle of superposition:

the acoustic pressure p of the doublet is the sum of
the acoustic pressures of the 2 pulsating spheres

the doublet presents an axial symmetry: p does not
depend on ¢

MA1 - H. Lissek - Audio Engineering 18/55
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Field of the doublet

r; and r,, distances of the 2 spheres from the
observation point

in the median plane, p is null (phase opposition )
outside the plane, p is not null

¢ after the path-length difference between r, and r,

The median plane is a symmetry plane of radiation, but
opposite phase

Let’s denote: D=p1D;
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Field of the doublet

« acoustical centre » _d
2
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Field of the doublet

\. J

e Hypothesis :
— far field (r>>d , 6, et 6,= 6, r,and r, = r)
7 ;r+%dcosﬁzr

1
7, ;r—Edcosé?;r

— far enough from the source, p is not null after the
propagation phase difference of p, and p,

=>» Accounts 7, and r, in the phase term of the monopole
field, and  at the denominator (magnitude)
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Field of the doublet

\ )
exp(—jk(r, —a exp(—jk(r+1/2d cost —a
47r(ka—j) drr(ka— j)
exp(—jk(r—1/2d cost —a
Py~ Z,k(+q) p(—Jjk( . )
drr(ka— j)

.

p=|Zkq/4nr(ka- j)|.{exp[-k(r- a)]}.[—exp(— jk%d cos 0) + exp(+ jk%d cos 9)}

pulsating sphere located at the doublet centre - lv
2j sin(Ekd cosf)

p(r,)=j p,(r) .2sin(% kd cos 0)

—_—

radial dependance ™ ——
directivity
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Field of the doublet

kd=16 (p. ex d=5 cm, f=17570 Hz)

180

270
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Properties of the doublet

2 omnidirectional puls. spheres = directive source

for r>>d, directivity due to A® between the spheres

directivity depends on kd,

=>»depends on f'and on the dimensions

if (kr)? >> 1, v(r,0) is almost radial

at long distance, propagation is radial and

approximated relationship p(r,0)=Zv(r,0) is still valid

MA1 - H. Lissek - Audio Engineering
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Far and near field

e far field: if r verifies the following relationships:

r>>d
kr >> 1 (r>>\/2n)
then p=Z.y I=p?/7.

e near field: <d or kr<1

MA1 - H. Lissek - Audio Engineering
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.

Dipole

J

e small doublet constituted of 2 monopoles at distance

d <<\

e then kd << 1 and ka << 1 (a, radius of monopoles)

(X, ¥, 2)

(*y, ¥1,21)
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Field of the dipole

\. J

* p,computed by applying the superposition principle :

Ed — ]chg _leXp(_jk’ﬁ)‘FleXp(—jkrz) | A

h 7

e We consider small distances (d=dz), then the difference

in brackets becomes a differential :

—0_, [1 exp(— jkr)} dz=—-0, [1 exp(— jkr)} 0_rdz =0, [1 exp(— jkr)} 0_rdz
r r r

:—jl(k—]jexp(—jkr) o.r d
r r —_

=—=cos@
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-
Field of the dipole
" y
, exp(—7kr 1 cos 6
pa = j ZkgSRIAT) g (o L) <o
- dmr Tkr 9
monop‘orle field
In far field: e In near field with (kr)*<<1:
. 1 1
p =P .[— //éa’cosﬁ] p =D .[—a’cos 6’]— oL —
—d = —d = rooor
= 7k’ gd cos O exp(— jkr)/ 4mr / \'
B +6 dB/oct bidirectionnal -12 dB/
+12 dB/oct  bidirectionnal  spherical doubling of
-6 dB/doubling of distance 28/55d|stance
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Properties

directivity in cos@= cos(&+m)=-cos@
independant on r and k, then on 1

opposition of phase regarding the centre or the
median plane of the dipole (same as doublet)

far field analogue to doublet (kd<<1)
close field, velocity v(v,v):

| B 2 2
v, :./arﬁd//ézf —£d<7",9) 1+ j/é?" T (]/é?")z:|/Z€ oc cos @

vy = j@0£d | kZ,r = — jkqd 1+i} exp(. j&r)sin@ / (47r’) oc sin O
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N
Cardioid source
" y,
e cardiod=1 monopole + 1 dipole r0®
e general expression B ’
d
p(r,@=A.p, (r)+p,(r,0) 21
e |n far field
. 4q
plr,6)=p,(r)(4-jkdcos 6)
o |f we take A=-jkd -g
plr,0)=-jkdp,,(r)(1+cos )
1@
1+ cos@: unidirectional source (cardioid diagram)
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Cardioid source

\. J

o if kd<A omnidirectional source
(the monopole is more influent)

o if kd>A bidirective source
(the dipole is more influent)

-> importance of kd
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A=1, d=50 mm, f=250 Hz, kd=0.231

\ 90

Examples

A=1, d=50 mm, f=1000 Hz, kd=0.924

90 )

o A=1, d=50 mm, f=4000 Hz, kd=3.696

A=1, d=50 mm, f=16000 Hz, kd=14.784

90

270

90

270

270

_H. Lissek - Audio Engjpe
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-
Oscillating sphere

\. J

e rigid sphere (without strain) animated with small

oscillation N

e Total volume flow ¢g=0
e radial velocity transmitted to fluid

v(O)=v..cosO

v_ axial velocity
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Oscillating sphere

exact analytical computation after same method as vibrating
sphere :

v,(0)=v, cosd

+1

1
v, =+ )| 0.(O),(m)dn

1 scos0=+1

m=0: vy =—V cosBd(cosd) =0
=0 2 X Jcosf=—1 ( )
3 ecosO=+1 5 9d 0
vV, =—7V COS COS =0
m=1: -1 2 X Jeosh=—1 ( ) —<
Orthogonality of 2,
1 cos@=+1
v = (m+—=) f cosO.2 (cosO).d(cosd) =0
m>1: B 2 X Jcosh=—1
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=PrL



4 N
Field of the oscillating sphere
. J
—1kr
p(r,0) = a1 P1(cos 9)h§2)(kr) = —qcos 0 [1 + jlir] & kjr

o, depends on Z_and ka, but neither on » nor 6
comparison to p, shows the same dependence on r and @
same for v(r, 6 (computed after grad(p))

the radial velocity due to a dipole and computed on r=a is equal
to radial velocity of the oscillating sphere :

v(6)=v..cosb

MA1 - H. Lissek - Audio Engineering 35/55
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Properties

¢« g=0
° B(rr 6’) ~ Qd(rr g)
° X(rr 6’) ~ ‘_)d(rr 6’)

* y(r=a)=yv.cos0

An oscillating sphere behaves as a dipole:
=» dipole=model of the oscillating sphere

MA1 - H. Lissek - Audio Engineering 36/55
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-
Radiation impedances

. y,

7 —=x F_,component along z of the medium reactions on the sphere

i =2, /2Z8=r+ jx, F. —:[Ed(r—a,ﬁ)df—!‘Edcosé’dS—Zﬂa J()Edcosﬁsm@dﬁ

| A2

= %Zcézzdc{l + ; }.exp(—/}éa)

JrRa
pulsating sphere (constant v) oscillating sphere (constant v )
r =(ka)?/[1+(ka)?] r,=1/3(ka)*/[4+(ka)*]
x =(ka)/[1+(ka)?] x,=1/3(ka).[2+(ka)?]/[4+(ka)]
m,=3m, m,=1/2m

— 2
P a_Rmrvr

_ 2 : vie .
Pa_Rmrvz A
MA1 - H. Lissek - Audio Engineering
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Field of the oscillating sphere

1 —qkr +7ka
p(r,@):::BZZnTszOSH[#-+- ] c c

kr | Amr 1
J a(l+ —)
Tka
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Radiation of the piston

=PrL



Introduction

\. J

Loudspeakers: face = circular diaphragm
=» What directivity / radiation impedance?

Regarding dimensions, shape, and conditions of
radiation, these properties vary

=» define good models

Hypothesis:
— Plane shapes, (circular, rectangular or squares)
— Moving with uniform velocity

MA1 - H. Lissek - Audio Engineering 40/55
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Circular piston

\. J

Rigid disk, planar, thin, with oscillatory translation
movement along axis of symetry

Different mounting conditions =» different radiations:

- Infinite screen

écran infini

- Free piston

boitier

- Box

YN LSS SN

piston

piston

MA1 - H. Lissek - Audio Engineering 41/55
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" Hypotheses: radiation of an element
. of surface )

Let’s consider the case of the infinite screen

dS is an element of the piston surface, assimilated to a
semi-monopole with flow velocity dg = vodS

\

©
o
s}
[¥¢]
=
N
N
o
15




" Hypotheses: radiation of an element
. of surface )

The acoustic pressure due to this element is then:

e_Jkrz

dp = jZckdq

27'('7“2'

The total pressure due to the piston by integrating over S

—jkpcos sin 0

—J7kr < 7S D
far field: p(r,0) = {chkvoe } ./e_Jk(ri - T)dS

27mr
4 \

2J1 (k’ga)

k@CL
N~

\ ksin6 /
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.

~\

Piston in infinite screen: directivity

The piston is not directive when ka<1

For ka>2, increased directivity

From 2ka=3,83, secondary lobes appear

DD“
1,0
0,8
0,6 4
0,4 -
0,2 -
2 4 6 7 NJ0 12 _
1 ; ' ; 2a/\)Isind]
0.2 MAT - H. Lissek -'Audio Engineering "™ "'#" 44/55
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( )

Piston in infinite screen: properties

\. J

Directivity factor in the principal axis:
4

T 27T

/ D;(0) sin 0dOd
6=0 J ¢p=0

(ka)?
Jl (Zka)
 ka

1

ka <1 — La =10.log;y A = 3dB
ka=1— LA =10.log;g A = 3.7dB
ka > 2 — La = 20.logqy(ka)

MA1 - H. Lissek - Audio Engineering 45/55
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Piston in infinite screen: near field

\. J

Complex expression
. : N L]
But in axis: p,(r,0)=2Z 7, |sin Ek{\/a2 +r —rz}

sin (l kaj
2

minima et maxima
The very near field is independant of r, but depends on ka

For r<<a: p, =27y,

Conditions of far field: from rp=az/ﬁ:

(1
sin (5 v, /rj

MA1 - H. Lissek - Audio Engineering 46/55
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Piston in infinite screen: near field

|sin (5 mrpfr)l A

1 ao]

r i
0 0,5 1 1,5 2 2,5 (riry)

MA1 - H. Lissek - Audio Engineering 47/55
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( )

Piston in infinite screen: radiation
. impedance )

Same definition as for pulsating sphere
=2 normalized impedance of the piston in infinite screen

S

o faek] 1 L k)] -
r,=1 { hz }~2ﬁhﬂ.P p } - ///;7f\b\“
{l
S,(2ka) 8 - (ka)’ / /
= ka f~(3ﬂ)(ka){l 15 } 107 r ¥

%

1073

|
17t 481/55 10 ka
=PrL
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Free piston: far field

\. y

Free piston = oscillating source

General expression is complex 7 it

libre

approximation of the acoustic pressure in far field, on
one side of the piston

. exp(— jkr 2J,(k,a)
pr0)=| jk F SRER o | 20
- t;gl 472. r oscillating sphere | kga |
radiation force — ~ ~
(2 faces) i piston on screen
MA1 - H. Lissek - Audio Engineering 49/55
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Free piston: radiation impedance

For ka>>1, r=1 and x,=0

8 ) For ka<<1, radiation mass = one face of the
v, ™ (ka) piston in infinite screen

4
X, & (—j ka For ka<1:
- better radiation on screen than free
- free radiation is bidirectional
- screen radiation omnidirectional

MA1 - H. Lissek - Audio Engineering 50/55
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Piston in a box: models

.

Same as the case of the piston in infinite screen, but
the rear face is not in contact with the medium:

=» Only radiating on the front side
Pulsating source with flow velocity g=ma?%v,

+

diffraction due to the box (dimension max d)

MA1 - H. Lissek - Audio Engineering 51/55
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Model: piston in small box

For kd<1/2, no diffraction, omnidirectional (ka<1),
=small pulsating source

2172 2
(5.85): g 2K L, 009
" 41 ‘ 4

Half the one of the piston on screen
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Model: piston on a wide face

e Same as infinite screen

MA1 - H. Lissek - Audio Engineering 53/55
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" Model: piston at the termination of a |
. duct )

Piston=one face of a box=»model of a the piston at the
termination of a long duct

ka<1/2: D(0)=1, r=(ka)?/4 and m =1,9a°p kg

ka>2:r=1and m =0 kg, and D(6) = (1+cosH) J,(kya)

J1-(2ka) sin @

LML AL AL AR R SRR IR

QI 6
PRARRARRRR
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Remarks

\. J

e |n practice, it is impossible to determine analytically
the radiation of the speaker face on a box with
arbitrary shape.

e Certain simple situations can be treated, but
experimentation (incl. numerical models) is generally
preferred
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