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Problem 1 Differential Pair with Resistive Load
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Figure 1: Differential pair.

Fig. [1| shows a differential pair composed of two NMOS transistors M; and M., loaded with resistors R; and R,
respectively. Since there are two input terminals, the output current or voltage depends on both the input voltages
Viy and Vjp. It is usually more interesting to express the output current or voltage in terms of the differential and
common mode voltages Vjy and Vj, defined as

Vig £ Vig — Vi (1a)
A Vit + Vi

5
The differential mode and common mode operations are defined for Vi, = const. and for Vjy = 0, respectively. The

input terminals are set to an appropriate common mode voltage Vi, to which a differential voltage Vj4 is superimposed
according to

Vie (1b)

V.

Vit = Vi + ?’d (2a)
V,

Vio = Vie — ?’ (2b)

1.1 Small-signal analysis

+ Draw the small-signal equivalent schematic of the circuit assuming the transistors are biased in saturation.

« Calculate the differential voltage gain
A Vod
v,

Avd

+ Calculate the common-mode input voltage to differential output voltage gain

A éVod

vc -
Vie
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1.2

1.3

Noise analysis

« Draw the small-signal equivalent schematic of the circuit assuming the transistors are biased in saturation and

including all the noise sources.

« Calculate the output noise power spectral density (PSD) or output noise resistance assuming that the transis-

tors and resistors are perfectly matched.

+ Calculate the input-referred thermal noise PSD and the equivalent thermal noise resistance Rpp, i
+ Calculate the input-referred flicker noise PSD and the equivalent flicker noise resistance Ry, 5.

 Calculate the total output thermal noise power assuming that there is an output capacitance C in parallel

with each of the load resistance R; and R, (assume that transistors, resistors and capacitors are perfectly
matched).

Offset analysis

Mismatch between the two transistors of the differential pair M;-M, and of the resistors R;-R. cause some non-zero
differential output voltage even for a zero differential input voltage Vjy = 0.

1.4

1.5

« Calculate the differential mode output mismatch voltage in terms of drain current mismatch Alp and resistance

mismatch AR. Hint: use the above noise analysis where the noise currents are replaced by current mismatch.

« Calculate the input-referred offset voltage in terms of resistor mismatch AR and MOS transistor mismatch (3

and V7 mismatch).

+ Determine the variance of the input referred offset voltage. How can it be minimized?

Common-mode input range analysis (CMIR) and differential-mode output range anal-
ysis (DMOR)

+ Calculate the minimum and maximum common-mode input voltages Vi¢ min and Vic max. For this analysis, Viy

is set to 0 and the ideal current source is replaced by a transistor (M).

+ Calculate the minimum and maximum output voltages V, min and V, max; deduce the differential output voltage
A Vod,max-

Design

Design the differential pair, i.e. size the transistors, determine the values of the resistors and the bias current, to
meet the following specifications:

Ap = 25dB, Hin,th =10k, Ovos =2mV.

Assume that each transistor is biased at the edge of weak inversion with /C = 0.1. Use a generic 180 nm CMOS
process with the following parameters:

©C.

2

Vm
Ispec = 715nA, Vg =0.455V, n=127, p,=58x 1073 s

+ Carry out the design assuming that the circuit is biased with Vpp = 1.8 V and that V. is setto 0.8 V.

» What happens if Vpp = 1 V? Can you use the same design as before and fulfill all the specifications? Using
the same Vi, get the new A V,y max and propose an alternative design relaxing one of the specifications.
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Solutions to Exercise 4 (9.10.2024)

Problem 1 Differential Pair with Resistive Load

1.1 Small-signal analysis
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Figure 2: Small-signal equivalent circuit of Fig.

Fig. [2] shows the small-signal schematic of the differential pair of Fig. [T] where Y; corresponds to the admittance
to ground at the common source node made of the output conductance of the bottom current source and the total
capacitance between the common source node and ground.

If the transistors and resistances are perfectly matched, in small-signal operation (i.e. Gy = Gz = G, and Ry =
R. = R), an increase of the gate voltage of My by AV,/2 combined with a decrease of the gate voltage of M, by
the same amount keeps the common source node unchanged. This node can therefore be considered as a virtual
AC ground. The circuit then reduces to a common-source stage loaded by a resistance R which has a voltage gain
—Gn R. The differential stage has therefore the same ideal voltage gain A,y = —Gn, R as the common-source stage.

Of course we can find this results by solving the KCL of the equivalent small-signal circuit of Fig. |2 Writing the KCL
for the three nodes leads to

G,m A VG1 + AVm /H1 = 0, (33.)
Gm2 A VGQ + A VOQ/RQ = 0, (Sb)
G A Vg1 + Gmo A Vo = Ys A Vs. (30)

Additionally, the incremental gate voltages are related to the input voltages according to

AVg = AVjy — AVs, (4a)
AV = AVip — AVs. (4b)

Solving (3) and (4) together, we obtain the incremental output voltages as

(Gmz + Ys) AV — GpAVip
Gm + Gm2 + Ys
—GmAVii +(Gm + Ys)AVp

Gmi + Gz + Ys ’

AVo1 = _Gm1 R1 : ) (53)

AVyp=—Gm R - (5b)

We now express the output voltages in terms of the differential and common mode voltages A Vj; and AV, defined
as

AVig £ AV — AVp, (6a)

AVq+ AV,
AV, A i+ /2, (6b)

2
such that

AV,
AViy = AVig+ =, (7a)

AV,
AV = AV — == (7b)
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The differential mode of operation is then defined for AV, = 0, whereas the common mode operation corresponds
to AV,d =0.

The differential voltage gain, is then defined as

o DVag  AVor — AV .
AVig AVy

Avd

and is obtained from (5) as
G Gme (R1 + R) + (Gmi R + Gma R2) Ys/2 ©)
G,m + Gm2 + YS '

Assuming that the transistors and resistances are perfectly matched G,y = G2 = G, and Ry = R, = R, the
expression for the differential voltage gain simplifies to the expected result

Avd =

Ay = —GnR. (10)

One of the main feature of the differential pair is to reject the input common-mode voltage. In the case the transistors
and resistances are perfectly matched, the common-mode to differential output voltage gain is ideally equal to zero
because AV, = AV,y,. However, if there is a mismatch between the transistors or the resistances, AV, # AV
and therefore a differential output voltage is generated. The common-mode to differential voltage gain is given by

GmZRZ_Gm R1
Ac=Ys ——mM———— 11
=Y G Gt Y. (11)

From (1), we see that for a perfect matching A,c = 0 since Gm Ri = Gme R = G R. Note that at low frequency, Ys
is equal to the output conductance Ggs of the bottom current source. The common-mode to differential voltage gain
is proportional to G4s. We can account for the mismatch by replacing

Gmi = Gm + AZG”’, (12a)
Gmo = Gm — AZG"’, (12b)
Ry =R+ %, (12c)
Ry =R— %, (12d)

resulting in

Avc = _Gds :

Gn R <AGm AR> (19

. . GuR (AGn AR
Gas+2Gm \ Gn R !

- Gn R
since G, > Ggs.

The ability of the differential pair to reject the differential voltage is measured by the common-mode rejection ratio or
CMRR defined as

A 2Gnm/G
cmrr 2 Al AG"’/ < (14)
|AVC| Gimm_'_?

From , we observe that the CMRR is proportional to the transistor intrinsic gain (or self-gain) G,/ Ggs.

1.2 Noise analysis

hRi
AVor

Figure 3: Small-signal equivalent circuit of Fig. including the noise sources.
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The equivalent small-signal circuit of Fig. [T]including all the noise sources is shown in Fig.[3] For noise analysis the
inputs are connected to the dc common-mode input voltage Vi sothat AV;y = AV, =0and AVg = AVg = —AVs.
The output noise voltages are then simply given by

AVipor = =R (I + Ihr1), (15a)
AVpee = —R- (I + Inpo)- (15b)
and the differential output noise voltage is given by
AViout = =R - (Iomt + lort — lomz — Inge). (16)
The PSD of the differential output noise voltage is then simply given by
Snout = R% - (Spu + Sioss + S + Siome) = 2R% - (S, + Sie)- (17)
which can also be written in terms of the output noise resistance Ryout
Snout = 4kBT Rnout (1 8)
with
Rnout = R? - 2(GnM + GnR)- (19)
The noise conductances Gy and G, are given by
Pn
G =7G , 20a
M = Yn Gm + WLF ( )
1
Gog = = (20b)
The input-referred noise resistance at low-frequency is then given by
Rnout Rnout Gom + Gor
Roin = = =2 . 21
nin |Avd|2 (Gm Fw’)z G,Qn ( )
The input-referred thermal noise resistance is then given by
2
Runin = o - (14 1), (22)
m
where 7, represents the contribution of the resistances normalized to the contribution of the differential pair
1
Nth = (23)

Yn Gm R’

From (23), we see that the larger the differential gain, the lower the contribution of the resistances to the input-referred
thermal noise resistance, which is consistent with the intuition that the larger the gain of the first stage the lower the
contribution of the following stages to the input-referred noise.

The input-referred flicker noise resistance is only due to the transistor since the resistances only generate thermal

noise
Pn

Rnina(f) =2 WLF (24)
If we include a capacitance C in parallel to the resistors R, the output thermal noise PSD is given by
So
S = —, 25
nout,th 1+ (w/wC)z (25)
with
So=8kgT-R- (v, GnR+1) (26)

and w; = 1/(RC) is the cut-off frequency. The output noise is therefore a 15!-order low-pass filtered white noise. The
noise bandwidth is therefore given by

We 1
By=—2S=—— 27
"= 4 T 4RC’ (27)
The resulting output thermal noise power is then given by
2kgT 2kgT v, Gn R 2kgT _ 2kgT
Vi =~ (n G R+ 1) = =2 2202 S8 = Z80 .y, Gy R (28)

assuming that G, R > 1. We see that the contribution of the resistance is simply 2kg T/ C because the noise level
is proportional to R while the cut-off frequency is inversely proportional to R. The contribution of the differential pair
depends on G, because G, sets the noise level but the cut-off frequency is set by R and does not depend on Gp,.
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1.3 Offset analysis

Because of the transistor and resistor mismatch, the output voltage is not equal to zero when the differential input
voltage is zero. To calculate the offset voltage we can reuse the expression of the output noise voltage obtained
in the noise analysis and replace

Al
[ +7D, (29a)
Al
Iz = _TD’ (29b)
Ib AR
It = +Ef S (29c)
b AR
hhpe = ——= - —. 29d
nR2 R D) ( )
The resulting differential output offset voltage is given by
AR Al
Vosout = =Ry - (R ' ,bD) (30)
The dc input-referred offset voltage is then given by
Vos,out Ip AR Alp
Vos = —=22 = 2 =+ — ). 31
= " GnR Gm<R+Ib 37
The variance of the input-referred offset voltage is then given by
b \?
0%, = (G) (TAR/R* TAl)1p)- (32)
m
The variance UZA,D/,D is given by
2 2 Gm ? 2 33
OAl/lp =%ag/8 + T " OAVry» (33)
resulting in
I \2
0%, = Oav, + <G> : (U2AF{/R + UzAﬂ/B) (34)
m
The variances 04, and aiﬁ/ﬁ can be expressed in terms of the transistor area according to
A2
2 AV
OAvVr = w LTO ’ (358)
A2
2 B

From (34), we see that the contributions of the resistance mismatch and transistor 3 mismatch to the input-referred
offset voltage can be minimized by biasing the differential pair in weak inversion. The input-referred offset reduces
then to the transistor Vrg mismatch.
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