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Figure 1: C

The schematic of the basic cascode stage is shown in Fi

1.1 Small-signal analysis

ascode stage.

9.

+ Draw the small-signal equivalent schematic of the circuit assuming that the transistors are biased in saturation.

+ Calculate the dc equivalent transconductance Gne

g = Dlout/AVin| 5y, _o @SSUMING that Grsz > Gst, Gusa-

« Calculate the output conductance Gour = Aloyt/ A Vo neglecting capacitance C,i. How does it compare to

the output conductance Ggg1 of M17?

» What is the effect of the parasitic capacitance Cq

1.2 Noise analysis

Calculate the output noise conductance Gpo,; and
arate the input-referred noise resistance in its ther

Calculate the cascode noise excess factor v¢as =
M1 only?

» What is the effect of the parasitic capacitance Cpy

at node 1 on the output conductance?

input-referred noise Ry, neglecting capacitance Cp1. Sep-
mal and 1/f noise contributions Rpjn(f) = Rnt + Rar(f).

Gmeq - Rnt- How does it compare to the noise coming from

at node 1 on the input-referred noise?
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Problem 2 The Simple OTA

M1a=Myp
M2:=Mzp,  Mzg
M3a=Map,
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Figure 2: The simple OTA.

The schematic of the simple differential OTA is shown in Fig.

2.1 Small-signal analysis

+ Draw the small-signal equivalent schematic of the circuit assuming the transistors are biased in saturation.

« Calculate the differential dc transconductance Gy = lout/ Vig Where Vig 2 Vi, — Vin_ is the differential input
voltage.

+ Calculate the unity-gain frequency w,, (or gain-bandwidth product).

2.2 Noise analysis
» Draw the small-signal equivalent schematic of the circuit assuming the transistors are biased in saturation
including all the noise sources.
« Estimate the output noise conductance.
+ Calculate the input-referred thermal noise PSD and the equivalent thermal noise resistance R;.

+ Calculate the input-referred flicker noise PSD and the equivalent flicker noise resistance Rp¢(f).
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Solutions to Exercise 3 (2.10.2024)

Problem 1 Cascode stage

1.1 Small-signal analysis
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Figure 3: Small-signal schematic of the cascode stage of Fig.for the calculation of the equivalent transconductance.

The small-signal schematic corresponding to Fig. [1]for the derivation of the equivalent transconductance is given in
Fig.[3l Note that the output is short-circuited for calculating the short-circuit output current and the corresponding
transconductance. The equivalent transconductance is given by

G A Aoyt _ Gm1(Gms2 + Gus2)
el AV AVou=0 Gms2 + Gast + Gusz

gGmh (1)

which shows that assuming Gns2 > Ggs1, Gas2, the equivalent transconductance of the cascode stage is equal to
the transconductance of the driver transistor M1. This result is expected since the cascode transistor is a common
gate stage which has a unity current gain so that the current coming from the driver transistor M1 is directly directed
to the output.
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Figure 4: Small-signal schematic of the cascode stage of Fig. for the calculation of the output conductance.

The small-signal schematic for the calculation of the output conductance is shown in Fig. |4l The output conductance
is given by
Aloyt Gust Gusz Gust

Goyt = = ~ , 2
out AVour Gms2 + Gust + Gasz Gmsz/ Guso (@)

which is equal to the output conductance of M1, Ggs1, divided by the voltage gain of the cascode Gpsp/Ggso- This
means that, at low-frequency, the output conductance of a single transistor can be reduced by adding a cascode
stage at the cost of some voltage headroom to maintain M2 in saturation.

The impact of the parasitic capacitance at node 1 on the output conductance can be investigated by adding the
capacitance as shown in Fig.[5l The output admittance then becomes

o ®)
+
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Figure 5: Small-signal schematic of the cascode stage of Fig.for the calculation of the output conductance including
the parasitic capacitance Cpy.
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Figure 6: Effect of the parasitic capacitance Cp1 on the output admittance Y.

where
Gas1 G
Gou ¥ =55, (42)
ms.
Gust
A S
& 4b
Wz Cp1 ( )
Gms2
wp = C”: . (4c)

The magnitude of Y,,; versus frequency is sketched in Fig. @ Forw < w; < wp, Your T Gour. However for
w; K wp K w, the output admittance becomes Y, = Gusz2. We see that the cascode effect is lost. This can easily
be understood since for w, < w, the cascode node 1 is shortened to the ac ground and the voltage controlling the
source of M2 is zero leaving the output conductance of M2 only.

1.2 Noise analysis
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Figure 7: Small-signal schematic of the cascode stage of Fig. for the noise calculation.

/n1
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To calculate the output noise PSD we can use the schematic shown in Fig.|/] The output noise current is then given
by

| Gms2 + Gas2 [ Gast o |4 Ino
nout = ©Im cIn2 = Im N A~
Gms2 + Gast + Gas2 Gms2 + Gust + Gys2 Grms2/ Gast

()

for Gms2 > Ggsi1, Gas2- We see that the contribution to the output noise current of the cascode stage is actually
divided by Gns2/Gas1. Provided that this gain can be made sufficiently large and that both transistor have the same
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noise, the noise of the cascode stage can be made negligible compared to the noise due to M1. Ultimately if Gys1 = 0,
the noise current I, circulates in the cascode transistor M2 (G2 in the small-signal schematic) and hence does not
reach the output.

The output noise conductance is then given by

C';ds1 2
Grout(f) = Gni(f) + <G 2) Gro(f) (6)

where the noise conductances are given by

Pn_
fW;L;

Gni(f) = Yni - Gmi + G2, fori=1,2. 7)

The input-referred noise is obtained by dividing Gpou: by G,z,,eq, resulting in

It can be decomposed into the thermal and flicker noise components according to
Rnin = Rnt + Rt (F) 9)

where R is the total input-referred thermal noise

2 2
Yt Gst On2 Vit [ Gii 5,71
Ry = + = 14— = , 10

m Gmi < Gm1 ) Gms2  Gmt Gmt Gms2 Ymt (10)

and Ry¢(f) is the input-referred 1/f noise

2 2
Roy(f) = Pn N <Gds1> Pn Pn [1 + (Gds1> Wi L4 ‘| . (11)

fWily "\ Gm ) mfWal, WL Gm ) MWL,

The ~ noise factor of the cascode stage is given by

G? 6
Veas £ Gmeant = Gm1 Rnt = Ym [1 + (151”2:| = Yo, (12)
Gmi Gms2 Yni

since GmiGms2 > G3,. The contribution of the cascode transistor to the overall noise excess factor is there-
fore negligible. The same remark holds for the 1/f noise. Indeed, assuming M1 and M2 have the same area and

Gm1/Gast > 1, simplifies to

R (f) = (13)

which corresponds to the contribution of M1 only.
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Figure 8: Small-signal schematic of the cascode stage of Fig.for the calculation of the output conductance including
the effect of the parasitic capacitance Cp;.

Similarly, the impact of the parasitic capacitance on the noise can be calculated from Fig. The output noise
conductance is then given by
Ghout = |Hn1 (W)|2 - Gm + |Hn2(w)‘2 - Gra, (14)
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where
1
H, = 15
n (S) 1 + S/(,Up ( a)
Gags1 1+5/w,
H = . 15b
n2( ) C;ms2 1 + S/(,Up ( )
|Hhl, [ Heel |
(log)
1 Hm
Hrnz
Gds1/Gmsz ; > ®
(O Wp (log)

Figure 9: Noise transfer functions H,; and Hy, versus frequency.

Gusi / Gms2 Which is the result obtained above. However, for w, < wp, < w, Hpt ¥ wp/s and Hp, = 1. We see that
the cascode effect is lost since the noise of M2 is no more divided by the cascode gain Gpms2/Ggs1 but is entirely
transferred to the output.

The magnitude of H,; and Hy, versus frequency are sketched in Fig. E} Forw < w; < wp, Hyy & 1and Hp =

As a conclusion, adding a cascode stage reduces the output conductance without penalty on the noise, but at the
cost of a slight voltage overhead for maintaining M2 in saturation. This is only true for w < w, = Ggs1/Cp1. For
frequencies w > wp = G2/ Cp1 the cascode effect is lost. Note that in order to maximize Gps at a given current
and minimize its saturation voltage, M2 should be biased in weak inversion.

Problem 2 The Simple OTA

2.1 Small-signal Analysis
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Figure 10: Small-signal schematic of the simple OTA of Fig.
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Figure 11: Simplified circuit of Fig.
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In the case of a differential input voltage Vg1, = Vic + Vig/2 and Vgip = Vie — Vig/2 and assuming a constant input
common-mode voltage Vi, we have A Vg1, = +Vig/2 and AVgip = —Vig/2. If transistors My ,-My, and Moa-Mop, are
assumed to be perfectly matched, then Gz = Gmib = Gmi, Gmsta = Gmsip = Gmst and Gmea = Gmap = Gme. The
resulting small-signal equivalent circuit is then shown in Fig. The current +Gpy - Vig/2 in My, is then compensated
by the current —Gpy - Vig/2 in My, so that the sum of the currents Gpst - AVy + Grst - AVy = 2Gpgt - AVy = 0 s0
that AV, = 0. This means that under differential input voltage and assuming a perfect matching, the common source
node can be considered as an ac ground and the small-signal circuit of Fig.[T0] simplifies to that of Fig.

The above statement can be proved in a more formal way by writing the KCL equation for the common source node
+Gmt - Vig/2 — Gst - AVy — Gist - AVy — Gy - Vig/2 =0 (16)

resulting in
—2Gps1 - AV =0 (17)

which results in AV, = 0.

From the simplified schematic of Fig.[T1] we can write the output current /,,; as

V.
lour = Gimt - " + Gz * AV, (18)
where the voltage AV is given by
Gm1 Vid
AVp= —  —. 19
= e (19)
Replacing in results in
Iout = Gm1 : Vid- (20)

The equivalent transconductance is therefore equal to the gate transconductance of M;, and M;,

I}
Gmd £ out = Gm1- (21)
Vi

If we neglect the internal capacitance C, at the gate node of the current mirror M.,-Mo, (node 2), the transfer function
including the load capacitance C; is then

A AVout C';meq _ C';m1

A £ = = —. 22
vd(s) Vid S CL S CL ( )
The unity gain frequency or gain-bandwidth product w, is given by
Gm1
==, 23
Wy C. (23)
_T_
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Figure 12: Small-signal schematic of the simple OTA of Fig.
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A more detailed analysis can be done using the she small-signal circuit corresponding to the schematics of Fig.
shown in Fig. where capacitances C; and C, correspond to the total parasitic capacitances at node 1 and 2.
They depend on the parasitic capacitances of the different transistors connected to these nodes. Conductance G is
actually the output conductance of the current source.
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Figure 13: Simplified small-signal schematic of the simple OTA of Fig.

In order to calculate the differential transadmittance Y,,q, the output node is ac grounded and the input common
mode Vig £ (Vin, + Vin_)/2 is maintained constant (i.e. the smal-signal common-mode voltage A Vi, = 0. In a 18-
order analysis we can neglect all the output conductances except G; of the bottom bias current source. Assuming
a perfect matching, results in G1a = Gmip = Gmits Gmsta = Gmstb = Gmsts Gmea = Gmep = Gmz. As shown above,
it is easy to show that for a differential input voltage, the small-signal voltage of the common-source node 1 is zero
AV; = 0. There is therefore no current flowing into G; and the source transconductances have no effect. The small-
signal circuit of Fig.[T2]then simplifies to that of Fig.[T3]from which it is easy to derive the differential transadmittance
accounting for the parasitic capacitance at node 2

1+s7m/2 1+ 5/(2w,)
T S =24

Yim =G
dm Ty + 8T 1+ 8/wo

(24)

where 7 = 1/wp £ C>/Gmp is the time constant introduced by the current mirror Mp,-Moy, due to the parasitic
capacitance C, at node 2. A transfer function like with a zero at double the value of the pole is called a doublet.

20 1og(Yam/Gm1)

[dB
A (O 20
0 I » ©
both only
right
branches
. branch
active .

6 active

Figure 14: Bode plot of the small-signal differential transadmittance.

Fig. [14 shows the magnitude of Y,y normalized to the low-frequency value G versus the frequency. For w < wo,
both current branches of the differential pair are active. On the other hand, for w > ws, the voltage at node 2 is
low-pass filtered and ac grounded and therefore the current coming from transistor M1a is not copied to the output.
The output current is hence only coming from transistor M, resulting in half the low-frequency transconductance.

The differential mode voltage transfer function A4 is simply given by

A Vout

A et
vd Vid

=Yma 21 (25)
where Z; is the output load. In the case the output load is only capacitive
YLé 1/Z/_= GO+SC/_ (26)

where G, is the total conductance at the output node G, = Ggs1 + Ggsz- This results in

Go+SCL 1+8/wp 0 (1+8/wo)(1 +5/ws)

Gmi . 1+ 5/(2ws) 1+ 5/(2ws)

Ay = (27)

where Ay 2 G /Go is the dc gain, wy, 2 Gpz/Cs the non-dominant pole and wy £ G,/ Cy the dominant pole. The
Bode plot of the differential voltage transfer function is plotted in Fig. Assuming that the non-dominant pole ws is
much higher than the unity gain frequency w, (or gain-bandwidth product GBW), the latter is then given by

Gm1 Go Gm1

= GBW = A, - = — s — = — 2
Wy G o - Wo GO CL CL (8)
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Figure 15: Bode plot of the differential voltage transfer function A,.

Note that the phase reaches a minimum for w = /2w,

Prin = _g + arctg(V'2/2) — arctg(v'2) ¥ —109.5°. (29)

2.2 Noise Analysis

T
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Figure 16: Small-signal circuit including the noise sources.
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Figure 17: Simplified small-signal circuit including the noise sources.

In order to calculate the noise output current I,,,, the input terminals are grounded. The small-signal equivalent
circuit including the noise sources of all the transistors is shown in Fig. Note that all the output conductances
have been neglected. Since we want to calculate the noise at low-frequency (meaning for w < w>), we can neglect
the parasitic capacitances C; and Co.

If a perfect symmetry is assumed, then the two currents generated by transconductances Gps12 and Gpsip in Fig.
are equal. If the current mirror is also assumed to be perfectly matched, then the current coming from M, ; is mirrored

©C. Enz Fundamentals of Analog & Mixed Signal VLS| Design 2.10.2024



Exercise 3 (2.10.2024) 10

at the output and compensated by the current coming directly from M;,. Therefore, the source transconductances
Gmsia and Gms1p have no effect on the output current and can therefore be neglected. Assuming again perfect
symmetry, the noise currents I3, and /.3, coming from Ms, and Msy, split equally between the two branches and
produce no net current at the output neither. It can therefore also be neglected. Finally, the small-signal circuit of
Fig. [16]simplifies to that of Fig.[T7]and the output noise current at low frequency is simply given by simply given by

Inout = Inta — Intb — In2a + In2p. (30)

This means that the transfer functions at low-frequency from each of the noise sources to the output current is simply
equal to +1. Note that the sign is not relevant since for noise we are only interested by the square magnitude of the
transfer functions.

The power spectral density (PSD) of the output noise current is then given by
Snout(f) =4kT - Gnout(f)’ (31)

with
Grout(f) = Gn1(f) + Gpa(f) + Gna(f) + Gpa(f) = 2[Gm (f) + Gpa(F)] - (32)

The noise conductances Gp;(f) with i = 1,2, are frequency dependent since they include both the thermal noise and
the 1/f noise. They are given by
2 Pi

Gni(f) = VniGmi + Gm,' WiLf
151

fori=1,2, (33)

where py = p, and p2 = p, and

in weak inversion and saturation
Tni = (34)
n; 1 in strong inversion and saturation.

s

wInN

2

At low-frequency, the noise can be referred to the differential input by dividing Gnou: by G54, resulting in
G
Rnin(f) & 5 = Rt + Ru() (35)
mi

where R, is the part of the input-referred noise resistance corresponding to the thermal noise

Y Gme 2%n1
Ry =2 — | = 1 , 36
nt (Gm1 + Vn2 G,2n1 ) G (1 +7n) (36)
where a
N = 22 22 (37)
Yn1 G

represents the contribution to the input-referred thermal noise of the current mirror relative to the differential pair.

R¢(f) is the part corresponding to the 1/f noise

2
Pn Gm2 Pp 2pn

R.:(f) =2 — = 1 , 38
nt (f) [W1L1f+<Gm1> Wszfl W1L1f( +11) (38)

where ,

Gme ) P WiLy

_ rp 39
yll ( G ) pn Wols (39)

represents the contribution to the input-referred flicker noise of the current mirror relative to the differential pair.

In the same way a noise excess factor v, has been defined for a single transistor, a thermal noise excess factor can
also be defined for the complete OTA as

G
Ginoutthermal) _ o (4 4 ) (40)
Gm

where G, = G is the OTA differential transconductance. The total input-referred thermal noise resistance then
writes

Vota = Gm - Bpt =

Yota
Ry = . 41
nt Gm1 ( )
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The minimum value of the OTA noise excess factor is equal to that of the differential pair only, namely ota min = 2Vn1.
In order to limit the contribution of the current mirror to a minimum, 7, should be made much smaller than one. This
can be achieved by setting the transconductance ratio G2/ Gm < 1. This can be done by biasing M ,-My, in weak
inversion and Mo,-M,,, in strong inversion, respectively. Replacing Gpa/ G results in

_ Y2 2mUr  8mp Ur

_ Jre L < (42)
Ym Va2 — Vrop 3 Ve — Vrgp

Nth

where v, = n/2 and v = n2/3. The OTA thermal noise excess factor is therefore minimized by setting the
transconductance ratio Gz < Gm1, Which is realized by choosing an overdrive voltage Viga — Vrgp 0f Maa-Msp much
larger than 8n,/3Ur = 4Ur where it has been assumed that n, = 1.5.

The 1/f noise corner frequency fx is defined as the frequency at which the 1/f noise becomes equal to the thermal
noise
Rnt(fk) = Rnt. (43)

It is given by

1 2pn Gm 2pn Gm pn 1+1
(1+nq) = (1 +ng) = —

~ Ru : (44)
Rnt W1 L1 Yota W1 L‘I Yni VV1L1 1+ Nth

k
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