Achitectures

auto-encoders

GANS
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Fundamental in the early day of deep learning for pre-training
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—> Encoder E—» Decoder -—*
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representation

Learn representation without labels

Fundamental in the early day of deep learning for pre-training



Denoising auto-encoder

decoded imgs = denoiser cnn.predict(x test noisy)

n =10 # how many digits we will display
plt.figure(figsize=(20, 4))
for i in range(n):

# display original

ax = plt.subplot(2, n, i + 1)

plt.imshow(x test noisy[i].reshape(28, 28))

plt.gray()
ax.get xaxis().set visible(False)
ax.get yaxis().set visible(False)

# display reconstruction
ax = plt.subplot(2, n, 1 + 1 + n)
plt.imshow(decoded imgs[i].reshape(28, 28))

plt.gray()

ax.get xaxis().set visible(False)

ax.get yaxis().set visible(False)
plt.show()
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GANSs

Generative Adversarial Networks

D-dimensional
noise vector

N\

Discriminator Network - Loss

‘ Generator Network

The loss function is measuring how good the discriminator
can distinguish between real and generated images!

Hgn mg'x V(D’ G) = ]E:z:fvpd_,u(a:)[log D(:B)] + IEzfvp,(z)[log(l o D(G(Z)))]
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Generating models &

sampling 0

A tale of diffusion, flow, and stochastic interpolants




Density Estimation and Sampling

« Sampling: Given a probability measure u € 9°(£2) , generate a sample X ~ .

The ability to sample is
fundamental in statistical
physics, quantum
mechanics, high energy
physics etc ....
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Density Estimation and Sampling

« Sampling: Given a probability measure u € 9°(£2) , generate a sample X ~ .

- Density Estimation: Given data {x;}'_,from the unknown probability measure u € 5(£2)
calculate an estimate /i of u (possibly up to a normalizing constant).
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Generative modeling: combine density estimation and sampling

* (i) Density Estimation of 4 (Given data {x,}))

(i) Then Sampling from /i to generate new data x_....
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Generative modeling: combine density estimation and sampling

* (i) Density Estimation of 4 (Given data {x,}))

(i) Then Sampling from /i to generate new data x_....

......

(NVIDIA group, ICLR 2018) (Song et al, 2021)



Generative modeling: combine density estimation and sampling

* (i) Density Estimation of 4 (Given data {x,}))

(i) Then Sampling from /i to generate new data x_....

!a You

‘g o OK, use this this image as inspitration to draw a dog playing guitar

OK, use this this image as inspitration to draw a dog playing guitar

@ ChatGPT




Generative modeling: combine density estimation and sampling

* (i) Density Estimation of 4 (Given data {x,}))

(i) Then Sampling from /i to generate new data x_....

Many methods over the years:

- Kernel density estimation

- Boltzmann machines

- Variational auto-encoder

- Generative aqversarial networks (GANS)
- Energy-based models

- Normalizing flows

- Diffusion models

- Stochastic localisation



GOAL: Construct an ODE or a SDE

X,
dt

=b(X,,7) +o(X, )W,

such that: if X;—; ~ Himple = SIMple base measure, then X,_, ~ H,poe= target measure.

Well-suited formalism for sampling.

- draw a sample from the simple base measure; Stochastic Interpolants:
- propagate it through the S/ODE; A Unitying Framework for Flows and Diffusions

- get a sample from the target
Michael S. Albergo*!, Nicholas M. Boffi*?, and Eric Vanden-Eijnden?

'Center for Cosmology and Particle Physics, New York University
2Courant Institute of Mathematical Sciences, New York University

Well-suited formalism for density estimation:
- learn the function b(X, , t) and/or 6(X,, t) such that we can “fit” a target distribution to the data



A short introduction to stochastic interpolants

[Albergo, Boffi, Vanden-Eijnden 23]




One-sided linear interpolant process

=0 X(1) = a(t)xy + p()z f=1

a0 =p)=1; a(l)=p0) = 0;
Vi€ [0,1]: a() 2 0, &) < 0, (1) 2 0, A1) > 0

Can show: At any ¢t € [0,1], density p(X(#)) solves the transport equation

[ )

dp+V-(bp)=0

. J

b(x,7) = E[0x(7) | x(?) = x| = E[a(r)x, + bz | x(?) = x].

[Albergo, Boffi, Vanden-Eijnden '23]



One-sided linear interpolant process

X(1) = a()xy + p(1)z

p(X, 1) = [dXOdZP(XO)P(Z)é(X — X(1))

p(x, 1) = Ey_[8(x — X(1))]

0,p(X, 1) = —

2l X(D0'(X = X(1)) ]

b(x,7) = E[0x(¢?) | x(?) = X]

| dx,dzP(x,)P(z)X(1)5(x — X(1))
| dxodzP(x)P(z)5(x — X(1))

p(x, DX, 1) = Ey (DX — X(1))]

b(x, 1) =

V(px,)b(x, 1) = E, IX(1)o'(x —x(?))]

Can show: At any t € [0,1], density p(X(?)) solves the transport equation

b(x,

r
.

0p+V - (bp) =0

) = E[0x(r) | x(?) = X] =

~[a(f)xg + ﬂ(t)z | x(7) = X].

[Albergo, Boffi, Vanden-Eijnden '23]



One-sided linear interpolant process

=0 X(1) = a(t)xy + p()z f=1

a0 =p)=1; a(l)=p0) = 0;
Vi€ [0,1]: a() 2 0, &) < 0, (1) 2 0, A1) > 0

Can show: At any ¢t € [0,1], density p(X(#)) solves the transport equation

[ )

dp+V-(bp)=0

. J

b(x,7) = E[0x(7) | x(?) = x| = E[a(r)x, + bz | x(?) = x].

[Albergo, Boffi, Vanden-Eijnden '23]



Backward ODE: Sampling through denoising

t=0 t=1
/ \
X b(X,,r), X
— [ = 7
f° ) l‘:l
. dt Y,
1. Mechanical analogy: Each “particles” at position Xt move with velocity b(X,, 1)
0
2. The current is given by J = p(X,, H)b(X,, 7). Conservation of mass imposes V - J = % or equivalently d,p + V - (bp) = 0
[

3. This is the same equation as before! Hence, in law, we have at all times X, = a(1)X, + /(¢)Z

4. In particular, X, is distributed as P,



Backward ODE: Sampling through denoising

t =1

—N 0 [
A{ \

" =b(X,,H), X_, =

dt

How to compute b(X,, 7) ? b(x, 1) = E[0x(?) | x(7) = x] = E[a(r)xy + bz | x(t) = X] .
You are given X, so the only b(X. 1) = p(t) %+ { a B a(t) [_ X \X]ﬂ
problem is to estimate [ [XO\XJ A (I p(1) o




Gaussian denoising

Unknown signal _ Optimal denoising

' X(?) p)
X _
0 Qa, =%t 0 a(?)

b(X,t) =—X, +
F D)= A0

PO (s - P00 Y W
A1) N




Gaussian denoising

Unknown signal _ Optimal denoising

X(7) p(2) S
XO q ” =XO+%Z qxo—?

b(X,.1) = @Xt + | a@) Aiats) ‘
p() OB
|
P(Ro | X(1) = PX(1) | X)Py(Xo) q X, =E [X,| X0
P(X(t)) 0 X, ]

X(1) = a(t)X,, + f()Z, find the MMSE estimator X , = E [X |X(?)|



Solving the backward ODE in a nutshell

X _ PO X, + (o'z(t) — ﬁ(t)a(t)) - [XO | x(1) = Xt]

dt @)

1) Discretisation (Backward Euler’s method):

X, = (1 — 5ﬁ (t))xt — 0 (d(r) ! (t)“(t)) = (x| x(0) =X

p(t) p(t)

2) Posterior average estimation: It is just a Gaussian denoising problem!

Given x(¢) = a(t)x, + p(t)z, find the MMSE estimator X, = E [X | X(t)]

a(1) a()® S|

Tilting field Target measure




Solving the backward ODE in a nutshell

X _ PO X, + (o'z(t) — ﬁ(t)a(t)) - [XO | x(1) = Xt]

dt @)

1) Discretisation (Backward Euler’s method):

X, = (1 — 5ﬁ (t))xt — 0 (d(r) ! (t)“(t)) = (x| x(0) =X

p(t) p(t)

2) Posterior average estimation: It is just a Gaussian denoising problem!

Given x(¢) = a(t)x, + p(t)z, find the MMSE estimator X, = E [X | X(t)]

2
P(X ‘ X(t) — Xt) X CXP ( %(Xta X> o 2aﬁ((?)2 HXHZ

Target measure Tilting field




Solving the backward ODE in a nutshell

Algorithm 1 Flow-based sampling algorithm

Input: Denoiser, parameters 0, a(t), B(t)
X = Z ~ N (0,Tx), Nesups = |1/6]
for | = O 1 quppq 1 dO
t=1-15; a=a(t); B=75(t);y=a/f
Computetxo — E [xo| X
(assuming a channel X, = aXo + 8Z)

Update the field X, 5 via Xt_é_(l —5&> —5(0’5(1‘) 4 Um(t)) i
t p@) p@) ‘
end for : S S A

Return oo




The crux of the problem: computing the denoiser

a(t) a(t)?

<Xt9 X> o
p(t)? 2/(1)*

|
Px|x(t) = X)) = 705) exp (

1




Learning from from data: many options

b(X, t) is the unique minimiser of
1

R[b] = I diEy, [E(xt, £)? — 2% b(x,, t)]
0

Learn the velocity field:

Represent b(X, 1) as a neural net, and .
minimise instead the empirical loss over FEMP[p] = J dt— Z lb(x(l) £)? — 2X§l)b(xgl), t)]

the training sample

n(X,, a, f) is the unique minimiser of
1

Klipl = J dity ; [H”I(Xp ) — XO”%]

Learn the optimal denoiser:

0
Represent n(X,, a, /) as a neural net, and A 1 & 2
minimise instead the empirical loss over RPUnpl = | dt— Z —7 [”’7(Xp 1) — X()HZ]
the training sample o .-

Careful : do not just memorise the dataset! The choice of NN yield an implicit regularisation



O,

But what about “score” “"SDE"” "diffusion” etc etc?



The score




Backward ODE: Sampling through denoising

How to compute b(X,, 7) ?

/ \

.

dt

= b(X;,1),

X_=12

J

p(t)

b= P0x . (-<>

B(a(?)

p(t)

)

- [XO ‘ Xt]

A trivial function of the optimal denoiser

= [Xo | Xt] — ﬂa,ﬁ(Xt)



Alternative view point with the score (via Tweedie’s formula)

P(X) = IdXOP (X, [ Xp)P(X) * VP(X,) = jdXo VP(X,| Xy P(X()

>

I1X; — aXpll3
2ﬁt2

VP(X,) = — il deo(xt — aXy)PX,| X0)P(X,)

P(X,| Xy = 7

(zﬂ-ﬁZ)d/Z €

1 a
Vlog P(X) = — _2Xt T _; =[ X0 1 X
p pi

at_[XO‘Xt] — Xt'l'ﬁtleOg P(X,)




Choose your camp: Denoiser vs Score !

B(t) | B()a(t)
b(X,1) = 22X 4 - X, X
R =0 (“@ A1) ) Xol X,

2

_ o0 () g AW
(X, = X, + (a()ﬁ(t) — o ) I Viog P(X,

Interesting interpretation as a force: if P(X,) e~ 7™ then VlogP(X)=—=VXZ =F

(With additional diffusion noise, leads to Langevin-type sampling)



Choose your camp: Denoiser vs Score !

rThm: The score s(t, x) = Vlog p(t, x) of the PDF of x(¢) is given for all € (0,1) by
. s(t,x) = — y {(DE[z| x(?) = x] Stein’s identity
b(XP t) — &X ( ) 'B (t)a(t) — [XO ‘ Xt] In addition, it is the unique minimizer of
p(2) p(2) !
L) = J E [l.’s‘(t, x())|* + 27" 0)z - 8, x(t))] dt
0
o
(1) a(?) - p’
b(X,, 1) = —=X, + | —p()" - p()P(t)* | — Vlog P(X,)
a(?) a(?) a(?)

Interesting interpretation as a force: if P(X,) e~ 7™ then VlogP(X))=—-—VHZ =F



Learning from from data: many options

Learn the velocity field:

Learn the optimal denoiser:

Learn the optimal score:

b(X, 1) is th
1

e unigue minimiser of

R(b] = [ dt
0

nx,a,p)is
1

Rlnpl = [ dt
0

Y 2 [E(xt, 0% — 2% h(x, t)]

the unique minimiser of

=X, 7 [Hn(xﬂ 1) — X()H%]

S(x,) is the unique minimiser of

1

R[S] = [ dt =X, 7 lﬁ(xt, £)? — 2Zt§(xt, t)]

0



Diffusion, Noise, and SDE



More general stochastic interpolant process, and SDE

X(1) = a(t)Xo + ﬁ(t)Xl + y(2)&
a(0) = A1) =1 a(l) = p0) =y(0) =y(1) =0

a0 =pD)=1; a(l)=p0)=0;
Vi € [0,1]: a(t) > 0, (r) < 0, f(1) > 0, (1) = 0

X,

el b(X,,1) +o(X, )W,



More general stochastic interpolant process, and SDE

X, = cos(%m)xo + sin(%mf)x1

V'V .

x=4/1- Y () cos(%nt)xo +4/1 - Y (0 sin(%m)xl + y(0)z,

Slide credit: Eric Vanden-eijden

y() =+/26(1 = 1)

YN

AR

x, = cos*(xn)(11 1, (DX + 11 (D)) + sin*(a)z

P1
Choice of stochastic interpolant

fixes the connecting PDF p(t)

Ald

AdA

PO
t =0.00 t =0.25
ODE and SDE sample

the same p(t) in different ways

ODE gives one-to-one map;
SDE samples p more broadly

from any x, ~ py

t =0.50

t =0.75

t =1.00

encoding-decoding: «(t) = sin*(7t)

1.00 0.00 0.25 0.50 0.75 1.00

1.00 0.00 0.25 0.50 0.75

time time




Flow vs Diffusion vs Stochastic localization

Flow-Based sampling§ /Diffusion-based sampling J Stochastic localisation sampling |

SDE

\ /
N — ————
[Rezende and Shakir Mohamed ’15; Dinh, [Sohl-Dickstein, Weiss, Maheswaranathan, [Eldan ’13; Chen and Eldan ’22;
Sohl-Dickstein, and Bengio *16; Chen, Ganguli *15; Ho, Jain, and Abbeel "20; Song, El Alaoui, Montanari, Sellke
Rubanova, Bettencourt, and Duvenaud ’18; Ermon *19; Song, Sohl-Dickstein, Kingma, ’22: Montanari Wu "03....]
Albergo and Vanden-Eijnden ’23; Lipman, Kumar, Ermon, and Poole "19 ...]

Chen, Ben-Hamu, Nickel, and Le ’23; ...]

All leads to the | Cl(l‘)2
same denoising P(X|X(?) = Xt) = — <Xt9 X> — W

problem
Tilting field Target measure




In practice
Successive deno

ising
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Generating images by
Ilterative denoising
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Generation d’image par
“Nettoyage successif”




