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Phasors and complex numbers

e Phasor : simple way to represent sinusoidal voltages
and currents. This method has been proposed by C.P.
Steinmetz and is based on Euler's relation.

Charles Proteus Steinmetz (1865-1923),
American electrical engineer of German )
origin. He developed the symbolic « | /

method for AC calculations. ﬂ i



Complex numbers: definition

* We call complex number z any expression of the form

z=a+]b
where = V=1 j2 = —]

AU6561842D0 | %

Carl Friedrich Gauss (1777-1855), astronomer,
mathematician and German physicist. He
introduced the complex calculus in 1801.
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Notions of complex algebra

* Equality of two complex numbers
zZy=ay+]bp  zp=ax+jh

Z1=2p) & a1 =ap etb1=b2

e Complex conjugate of z=a+ jb

zZ¥=a—-1b

z+z*¥=2a



Notions of complex algebra

e Addition and substraction
z1+zp =(ay+ap)+ (b +by)

z1—zp =(a1—ap)+j(b —by)

* Multiplication

z1-zp=(ay-ap —by-by) + (b -ay +a)-by)

z-7%=a’ +b°



Notions of complex algebra
* Division

z] _ap-ap+b-by +jb1-a2—a1-b2
22 a%+b22 a%+b22

 Complex Conjugate of Elementary Operations

2 2
(Zl + Zz)>x< =Z]1 +2»

X X
(21 —22)*=21 -2

k E S
(z1-22)* =21 - 23

kK X
(z1/z9)*=21/29



Complex Numbers: Geometric
Representation

z=a+]b

 We call a the real part, and b the imaginary part of the
complex number z.

a=Re(z)  b=Im(z)

* Representation in the complex plane:

Imaginary
axis A

b=rsin0

» Real axis
a=rcos0



Complex Numbers: Geometric

Representation
Imaginary
axis A
b=rsin0 z
0 » Real axis
a=rcos0
p = ‘Z‘ — a2 4 b2 : complex number modulus

0 = arg(z) = arctan— :argument of the complex number
a



Complex numbers: Other properties

7123| = |z1|-|z2]

zZ1+ 22‘ < Zl‘ + ‘22‘
21 - 22| 2|z1| |2

Distance between two complex numbers:

2y —z1| = \/(az —a))? +(by —by)?



Complex numbers: Euler’s Formula

ejezcos€)+jsin6
- 1 . I
cos@=5(e]9+e /9
— .
sin@=—(e/? —e=/Y)
- 2j

HO m
Leonhard Euler (1707-1783), i
Swiss mathematician died in St.

Petersburg.
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Complex numbers: Euler’s Formula

z=az+jb=rej9 =rcos0O+ jrsin0

Imaginary
axis A

b=rsin0

» Real axis

a=rcos0

Particular case: Jj= ejn/Z



Complex numbers: Derivation from the

argument
Z = ]/‘eje ejﬂ'/Zeje ;ej(9+ﬂ/2)
d | N
@ _ rj]9 _ o) (0+7/2)
do A
Im
dz
do ,
/2
4——-\

» Re




Complex numbers: Integration with the
argument

z=re/V
[2d0 = [re/Od0 = pj1e/O = e/ (O-1/2)

A
Im Z

» Re

—1t/2

[ zd©



Complex Numbers: Powers and Roots

Power : Z=Cl+jb=7‘€je
N :rnejnG

Roots: W=<l/; =pe]w
p="r
\|J:Q+K27t



Complex representation of a
sinusoidal quantity

Reminder: Euler's formula
e/ = cosO+ jsin®

Let a sinusoidal function

x(t) = J2x cos(wt + 0)

=) ()= Re{\EXef ("’”9)}

X = J2Xe/(@+9) . complex instantaneous value



Complex representation of a
sinusoidal quantity

wt ‘Im ‘Im{rexp[j(wt+a)]}=rsin(wt-l- a)

rexpli(wt +o)] o« __

r 4
__a/XLr_> Re {rexp[j(wt+ a)]} = rcos(wt+ a)
\,

COos

Animation
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The Phasor

x(t) =2 X cos(t + 0) <) x =~2Xe! (wr+0)

X = V2Xe/(@1F0) =[5 xe Ve

In a linear electrical circuit with sinusoidal sources, all currents and
voltages have the same pulsation w. The term exp(jwt) is therefore
common to all quantities (currents and tensions) of the circuit. Any
size can be characterized only by its amplitude (rms value) X and its
phase O.

- The phasor associated with x(t): X = Xeje



The Phasor

x(t) =2 X cos(t + 0) <) x =~2Xe! (wr+0)
x =22

Phasor does not depend on

In a linear el . ents and
voltages hav time herefore
common to _ —______lcuit. Any

Size can be characterlzed onIy by its amplltude (rms vaIue) X and its
phase 6.

- The phasor associated with x(t): X = )(e]9



Phasor diagram

u(t) = \/EUcos(a)t +0) ﬁ U = Uej“
i(t) = Jar cos(wf +p) <mmmm) = Je/P
|

Im

qﬁ;_ﬁ\

1 = I'exp(iB)

U= Uexp(ja)

I \Re

Scale: 1ecm=10V
lem&1A




Basic operations on phasors

e Addition

u=U,+U,

Im

A

U= \/U12 +U% +2U1U5 cos(o] —oy)

Uisinay +Un sma
oL = arctan 1 1 2 2

Ujpcosog +Uy cosay

» Re




Basic operations on

e Substraction

phasors

U= \/U12 +U% —2U U5 cos(og —oy)

oL = arctan

U1 sinoq —U2 SiIlOLZ

Upcosoy —Us cosay

» Re




Basic operations on phasors
* Multiplication
X=Xe/*  y=veP

Z=XY=Xe/eP = 70/®

with Z=XY and ¢=0o+f



Basic operations on phasors

e Quotient

JO& :
Z-2 -2 _ 70
- YeJB
, X
with =— and @O=0-—
Y



Derivation of a sinusoidal quantity

x(t) = \/EX cos(wf+0)  Sinusoidal quantity

X = Xejeej@t Complex instantaneous value
X:Xeje Phasor
L . . dx
Derivation with respect to time: y=—
dt
dx ,
yZT—Xe]ejcoe]wt = jox <mm) Y= joX
—_ t -

Equivalent to a multiplication by jw !



Derivation of a sinusoidal quantity

d
J/:?)_C:Xe]e]we]mt jox <= Y= 0oX
— t -
Generalization :
d" x
z=—==(jo)"x <= 7Z=(jo)"X



Integration of a sinusoidal quantity

Integration with respect to time: ¥ = | x(¢)d!t

y = [ xdt =leJeeJmtdt :.—efeejwt =—X
- JO Jo
= y-_y

J

Equivalent to a division by jw !



Derivation and integration of a
sinusoidal quantity

 The use of a complex representation of
sinusoidal quantities makes it possible to
replace the derivation and integration
operations by multiplication or division by jw.

* Thus an integro-differential equation is
transformed into an algebraic equation |



Geometric interpretation
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Geometric interpretation
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Impedance and admittance

e The complex impedance of a bipole in a
sinusoidal circuit :

vy
I

72
1

- The complex admittance of a bipole in a
sinusoidal circuit :

yol
- u

L_1
U Z



Impedance and admittance

o
/ Ie/P
z=2 p=0a—P
1

Z expressed in ohm

JP
- U pe/@
y=L  g=a-p
U

Y expressed in siemens



Impedance and admittance

Z=7e/® =R+ jX

R: resistance R =7ZcC0SQ 7 = \/R2 + X2
X:reactance X =Zsin@ ¢ = arctan(X / R)

Y=Y /® =G+ jB

G: conductance G =Y cosQ Y=\/G2 + B?
B:susceptance B =-¥Ysin@ ¢ = arctan(—-B/G)




Impedance and admittance

o . JB .
g: Ue :Ze]q) Y: l — Ie - :Ye_J(P
T U v
A Im
Z=R+jX
X:G_I_jB » Re




i(t) R

Application to the resistance —;-

Instantaneous values Phasors
u(t) = J2U cos(owt + a) U = Ue/*
i(¢)= V21 cos(wf +3) ] = 70/P

u(t) = Rit) U=RI

=) |(Zp=R, Zp=R, ¢p=0




i(t) L
O—.—rWYY\——O

Application to inductance ;

u(t)

Instantaneous values Phasors
u(t) = J2u cos(w? + o) U= Ue/™
(1) = J21 cos(wt +[3) [ = Ie/B

di
u(t)=L— U=joLl
(2) » U= joLl

mm) Z; =joL, Z;=oL, ¢p=m/2
RLZO, XLZCDL




-

Application to capacitance =

Instantaneous values Phasors
u(t) = J2u cos(w? + ) U= Ue’/®
i(t) = J21 cos(wt +[3) [ = Ie/B
du
(1) =C— [ = joCU
(¢) » [=joCU
me)| Z~=1/joC, Zc=1/oC, ¢c=-n/2

Rc =0, Xc=-1oC



Example

Evaluate rms value, frequency and period of total current i(t)

Analytically determine the current in each element and that
provided by the source

Draw each of these currents

u(t)=170cos(157.1t + ©/ 6)

R=170Q ¢
C =46.8uF
L=0722H




Example

Evaluate rms value, frequency and period of total current i(t)

Analytically determine the current in each element and that
provid

Draw € .
Calculation on the board!

But this time using phasors!

ER f iL
u(t) =170cos(157.1t + / 6) <> R C L

R=170Q ¢
C =46.8uF
L=0722H




