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=PFL  Objectives of today’s lecture

= To introduce:

« How to apply constraints in finite element models
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ePFL  Motivation

The figure below shows an elastic beam-column element with two rotational
springs at the element ends
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= As seen in Week#3, nodes a and b have the same coordinates (same for nodes
c and d)

= The left and right springs act between degrees of freedom 3 and 6 (left spring)
and 9 and 12 (right spring)

= Additional constraints must be defined between degrees of freedom 1,2,4 and 5
(left spring) and 7,8,10 and 11 (right spring) to ensure that the springs remain at
zero length
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EPFL  Additional constraints

= The following constraints are added to the model:

V=V v7 =V
Left spring:{v; _ v‘; and right spring:{v; = vig

Where v, denotes the displacement at the global degree of freedom k
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EPFL  Constraints enforcement — Transformation approach (1)

= Constraint equations that couple degrees of freedom in v can be written in the

form
C-v=Q
Where € and Q contain constants.

= Consider the common case Q = 0, the constraint equation is partitioned so that

€ C] [ZZ] =0

Where v, and v, are the dofs to be retained and dofs to be condensed out,
respectively

= Because there are as many dofs v, as there are independent equations of
constraint, matrix C. is square and nonsingular
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EPFL  Constraints enforcement — Transformation approach (2)

= Solving for v, yields
v, = C,.v, Where C,. = —C;'C,

= This equation is combined with the identity v, = v,.
129 I
[vcl = Tv, where T = [CTJ

= The transformation F = T"F’' and K = TTK'T can be applied to the structural
equation F' = K'v'
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EPFL  Constraints enforcement — Transformation approach (3)

= Similarly to the condensation procedure presented in Week#2, the structural
equations F' = K'v' can be partitioned as

[ K ch“ ]=[£Z]

= The condensed system is
[KTT + KT‘CCT'C + C’TI:CKCT + C’I'I:CKCCCTC]vT' — [FT' + CZCFC]

= After this equation is solved for v,., the displacement corresponding to the
condensed out degrees of freedom v, can be computed using v, = C,.v,
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EPFL  Example: Beam element with two end springs (1)

= Consider the following structure consisting of a single 2D elastic beam-column
element with two inelastic rotational spring at its ends
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= Applying the transformation method, write the global structural equation
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tPFL  Example: Beam element with two end springs (2)
= As previously discussed, the following constraints are imposed:

vy = V7=V
Left spring:{v; _ U‘; and right Spring:{v; = vi(l)

= The condensed degrees of freedom are selected as vy, v,, v15 and vq4

= The constrained equation are given by
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EPFL  Example: Beam element with two end springs (3)
= And

Crc = _Cglcr -
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* The transformation matrix is given by

r=|c|=
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EPFL  Example: Beam element with two end springs (4)

= The force-displacement relations are given by
« For the left spring (spring stiffness kS1 = alEle/L):

al= 5 Tl

« For the right spring (spring stiffness k 2 = a,EIl,/L):
V9
F12] [ ks> ksZ le]

- RESSLab Iterative Techniques for Nonlinear Analysis - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL

1



EPFL  Example: Beam element with two end springs (5)

 For the elastic beam-column element

A 0 —A 0 0
12 a, +a, 12 a, +a, 6 2
(Fél-\ L aa, L aa, L aq v,
s 0 16<1+2) 14( ) 0 16(1+2> 2al s
JF| _E T\t T g, ¢ Cer\" T g, e Vs
F(~L|-4 0 A 0 0 vy
Fg 0 112<1+a1+a2) I (1+ ) 0 112(1+a1+a2) 16(1+2) e
\Fy/ He 2 a,a, Hel a, e 12 a,a, Hel a, /| Vo
0 I6<1+2> 2al 0 16(1+2) I4<1+3>
i L a, e L a, e a,/) |
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EPFL  Example: Beam element with two end springs (6)

= The complete system is given by:
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0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 kg 0 0 —kyq 0 0 0 0 0 0

F AE AE

F1 0 0 0 A 0 0 T 0 0 0 0 0

Fi 0 0 0 0 akl, 12 (1 a1+a2> akl, 9(1 3) 0 _aEIe 12 (1 a1+a2) akl, 9(1_'_1) 0 0 0

F, L [L? a,a; L L a, L [L? a,a; L L a,

Fs 0 0 —k 0 akle é(1 i) akle 4 (1 + i) +k _9EL 9(1 3) 2 akle 00 0

Fe | _ st L L a, a, st L L a, L

] F, r = AE AE

Fy 0 0 0 T 0 0 A 0 0 0 0 0

Fy akl, 12 a, +a, akl, 6 2 akl, 12 a, +a, akl, 6 2

Fio 00 0 0 - L2(1+ alaz) L L<1+a_2) 0 L L_2(1 alaz) L L_(HZ) 00 0

Fiq akl, 6 2 akl, akl, 6 2 akl, 3

F12 0 0 0 0 7 Z(l + a) 2 I 0 — 7 E<1 a) 4 <1 + a) + ksz 0 0 —ksz
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 —ks, 0 0 kg
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Example: Beam element with two end springs (7)

= The reduced system is given by

= Which gives
r k
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tPFL  Constraints enforcement — Direct approach (1)

= Another approach to directly enforce constraint which impose equal degrees of
freedom of the form v,, = v,, (Where v,, is to be condensed out), consists in
assigning the same number to both degree of freedom number at both nodes.

= The external force acting on degrees of freedom m must be transferred to the
degree of freedom n

= |tis important to note that this approach is only applicable to impose equal
degrees of freedom constraints of the form v,, = v,
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cPFL  Constraints enforcement — Direct approach (2)

= For example, consider the previous example:

........................................................ ’
a d
= As previously discussed, the following constraints are imposed:
Left spring:{ .+ _ * and right v7 = Yo
eft spring:,, — ,,, an right spring: Vg = V14

= The condensed degrees of freedom are selected as vy, v,, v15 and vq4
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EPFL  Constraints enforcement — Direct approach (3)

= The degrees of freedom are transformed as follows:

= With these degrees of freedom, the force-displacement relations are given by
« For the left spring (spring stiffness kg1 = alEle/L):

o R R [

* For the right spring (spring stiffness k 2 = azEle/L):
779
F12] [ ko ksz 7712]
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tPFL  Constraints enforcement — Direct approach (4)

 For the elastic beam-column element:

A 0 0 —A 0 0
0 112(1+a1+a2) 16(1+2> 0 112<1+a1+a2> 16(1+2)
a JR— J— —_— —_— —_— J— —_—
(Fél-\ € L2 aa, Ae L a, Ue L2 aa, Ae L aq
s 0 16(1+2) 14<1+3) 0 16(1+2> 2al
<F6>_E He a, e a, HeT a, e
F (= L|-a 0 0 A 0 0
Fg 0 112(1+a1+a2) 16(1+2) 0 112(1+a1+a2) 16(1+2)
\Fy/ He 2 a,a, Hel a, e 12 a,a, Hel a,
6 2 6 2 3
0 al, z(1 + Z> 2al, 0 —al, Z(1 + Z) al,4 (1 + a_1> |
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EPFL  Constraints enforcement — Direct approach (5)

= Assembling the global force-deformation relation directly gives

M kgq 0 0 —kgy 0 0 0 0 7
0 AE 0 0 AaE 0 0 0
L L
akl, 12 a,+a akl, 6 2 afEl, 12 a; +a akEl, 6 2
R B { B (P B (F I
F4 + F1 L L2 alaz L L az L L2 a1a2 L L Cl1
akl, 6 2 aEl 3 akEl, 6 2 aEl
Fs+bal |k, o e—(1 —) *"4(1+—)+k51 0 - e—(1 —) pRn 0
Fg _ L L a, L a, L L a, L
F, + Fio| AE AE
Fg+F 0 T 0 0 T 0 0 0
F aFEl, 12 a,+a akl, 6 2 akl, 12 a, +a akl, 6 2
F9 0 0 _ e—(l 1 2) . e_(l _) 0 e—(l 1 2) _ e_(1+_) 0
L Fpp L L? a,a, L L a, L L? a,a, L L a;
aEl, 6 2 aEl, akl, 6 2 aEl, 3
0 -(1 —) 2 0 - -(1 —) 4(1+—) thyy —kg
L L aq L L L aq L aq
L 0 0 0 0 0 0 —ks2 ksa |

= Which corresponds to the system obtained with the constraint transformation

approach
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