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Objectives of today’s lecture

To introduce:
§ Fiber-based beam-column elements
§ Fiber discretization of cross sections
§ Constitutive models for fiber-based elements
§ Computation of input strains
§ Section analysis
§ Type of element formulations
• Displacement-based beam-column elements
• Force-based beam-column elements

§ Integration methods for member forces and member stiffness

This week’s material
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Frame element formulations

Source: NIST GSR 10-917-5
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Limitations of concentrated plasticity models
§ Typically, axial-flexural interaction (coupling) is neglected

• Important for columns: axial load demands fluctuate during seismic events
§ Rate effects are typically neglected
§ Spread of plasticity is not captured

§ Input model parameters for zero-length elements rely on datasets
• Sensitive to loading history especially at large inelastic deformations

(incipient collapse)
• Damage predictions at the local level (if strains are of interest) may be

grossly inaccurate

§ Softening (deterioration) is a challenge for combined actions (axial load and
flexure) for RC and steel members

§ Member instabilities (lateral torsional buckling) cannot be explicitly captured
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Fiber-based beam-column elements
§ Material nonlinearity can take place at any section through stress-strain constitutive
laws

§ The element behavior is derived by weighted integration of “selected” section
responses

§ Either the element deformations or the element forces are the model unknowns
§ The constitutive behavior of the cross section is derived by discretization of the cross
section into fibers

§ Plane sections remain plane (strains are linearly distributed over the cross section)
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Fiber-based beam-column elements (2)

Integration 
section

(Source: NIST 2017) 

2-dimensional element

3-dimensional element

Source Heredia, de Castro e Sousa and Lignos (2024)

fiber
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Fiber-based beam-column elements: basic workflow

Integration 
section

fiber

𝑀! 𝑥 , 𝜑!(𝑥)

𝑁 𝑥 , 𝜀(𝑥)𝑁 𝑥 , 𝜀(𝑥)𝑁 𝑥 , 𝜀(𝑥)

𝑀! 𝑥 , 𝜑!(𝑥) 𝑀! 𝑥 , 𝜑!(𝑥)

Element level Section level

Material level (constitutive formulation)
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Fiber section discretization
§ A cross section is meshed into smaller blocks called fibers.
§ The strain of each fiber is determined by the section deformation vector 𝐝!(𝑥)

and its coordinates (𝑦"#$%& , 𝑧"#$%&).
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State determination of fiber section
§ The section deformations at the corresponding integration point of an element,

𝐝! 𝑥 = 𝜀 𝑥 𝜑" 𝑥 #

§ A section is meshed into smaller blocks called fibers.

§ The strain of each fiber is determined by section deformation vector 𝐝!(𝑥) and its
coordinates (𝑦$%&'( , 𝑧$%&'() along the section.

§ The strain of the k-th fiber in a cross section,
𝜀!.#$%&' = 𝜀 𝑥 + 𝜑( 𝑥 𝑦!.#$%&' = 1, 𝑦!.#$%&' ) 𝜀 𝑥

𝜑( 𝑥

𝜀!.#$%&' = 𝜀 𝑥 + 𝜑( 𝑥 𝑦!.#$%&' + 𝜑) 𝑥 𝑧!.#$%&' = 1, 𝑦!.#$%&', 𝑧!.#$%&' )
𝜀 𝑥
𝜑( 𝑥
𝜑) 𝑥

(2-d element)

(3-d element)
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State determination of fiber section (2)

§ Start by computing the strain of all fibers in the cross-section:

𝜀()*+,- = 𝜀 𝑥 + 𝜑. 𝑥 𝑦-
Fiber section External forces Strain

𝜀()*+,/ = 𝜀 𝑥 + 𝜑. 𝑥 𝑦/𝜀()*+,0 = 𝜀 𝑥 + 𝜑. 𝑥 𝑦0𝜀()*+,1 = 𝜀 𝑥 + 𝜑. 𝑥 𝑦1
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State determination of fiber section (3)

§ Based on the material constitutive formulation and the fiber strain, the tangent modulus
𝐸).$%&'( and stress, 𝜎).$%&'( of the k-th fiber can be determined.

§ 𝐸).$%&'( and 𝜎).$%&'( are used to compute the section stiffness and forces.
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Material constitutive formulations

§ They follow the basic material response we know from mechanics of materials

§ “Usually” implies that we often use artifacts to mimic damaging phenomena (e.g.,
softening) through the material constitutive formulation

§ We will focus on steel and concrete materials in this course

§ We will be concerned with material response at room temperature (i.e., 21oC)

§ We will mostly discuss uniaxial material response though a multiaxial stress state
is common
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Material constitutive formulations
-Structural steel

Source: Hartloper, Ozden, de Castro e Sousa, Lignos (2023)
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Basic mechanical behavior of structural steel

Source: Suzuki and Lignos (2018)
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Modeling structural steel under monotonic loading
-Bilinear material model

Source: Heredia and Lignos (2023)
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Modeling structural steel under monotonic loading

§ In OpenSees, a simple bilinear material is known as Steel01
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Behavior of structural steel under cyclic loading

Yield plateau

Cyclic 
hardening

Bauschinge
r effect

Initial decrease 
in yield stress
(2𝜎",$ < 2𝜎",%)

Cyclic straining 
applied

Material testing Resulting stress-strain response

Specimen
2𝜎",%

2𝜎",$

Source: Hartloper, de Castro e Sousa and Lignos (2020)
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Modeling structural steel under cyclic loading
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Cyclic straining 
applied

Specimen

§ Steel01 neglects cyclic hardening (combined kinematic/isotropic component)
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Modeling structural steel under cyclic loading

Cyclic straining 
applied

Specimen

§ Updated Voce and Chaboche (UVC)

-0.1 -0.05 0

-500

0

500

Source: Hartloper, de Castro e Sousa and Lignos (2020)



20RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Classic metal plasticity: Voce-Chaboche model

σ1

σ2σ3 σ2

n

Yield surface 
in 𝜋-plane

𝜎" = 𝜎",% +𝑄& 1 − exp −𝑏 𝜀'(
)

Isotropic hardening (Voce, 1947)

𝑓:= 𝝈′ − 𝜶′ − ⁄2 3𝜎" ≤ 0

von Mises yield criterion

Associated flow rule
𝜺̇) = 𝜆 𝒏

𝜶 =C
*

𝜶* ,

Kinematic hardening 
(Chaboche et al., 1979)

𝜶̇* =
2
3𝐶* ̇𝜀'(

) 𝒏− 𝛾*𝜶* ̇𝜀'(
)

Does not account for 
discontinuous yielding!

α

Source: Hartloper, de Castro e Sousa and Lignos (2020)



21RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Limitations of Voce-Chaboche model

Source: Hartloper, de Castro e Sousa and Lignos (2020)

Underestimate
s yield stress by 

10-30 %!
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Proposed constitutive model for structural steels
-Updated Voce and Chaboche (UVC)

Source: Hartloper, de Castro e Sousa and Lignos (2020)

𝜎) = 𝜎),, + 𝑄- 1 − exp −𝑏 𝜀&.
/ − 𝐷- 1 − exp −𝑎 𝜀&.

/Proposed isotropic hardening rule:
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Updated Voce and Chaboche model
-Comparisons with experimental data

Source: Hartloper, de Castro e Sousa and Lignos (2020)
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Comparisons with other constitutive formulations
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Input parameter model calibrations for mild steels
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Input parameter model calibrations for mild steels

Source: El Jisr and Lignos (2021)

Mild structural steels

Reinforcing rebars B500B (same values for other diameters hold true)

ID 
! 

[GPa] 

"!,# 

[MPa] 

#$ 

[MPa] 
$ 

%$ 

[MPa] 
& '% [MPa] (% '% 

[MPa] 
(% 

M8 171.13 505.82 123.62 42.87 173.02 146.40 24454.62 142.18 1492.05 2.36 

M12 171.08 518.75 240.28 90.24 273.26 131.35 21826.43 126.18 1188.21 0.012 

 

ID 
! 

[GPa] 

"!,# 

[MPa] 

#$ 

[MPa] 
$ 

%$ 

[MPa] 
& '% [MPa] (% '% 

[MPa] 
(% 

M8 171.13 505.82 123.62 42.87 173.02 146.40 24454.62 142.18 1492.05 2.36 

M12 171.08 518.75 240.28 90.24 273.26 131.35 21826.43 126.18 1188.21 0.012 

 

Source: Hartloper, de Castro e Sousa and Lignos (2021)

Measured value



27RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Mechanical properties of cementitious materials

Source: MTS
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Mechanical properties of cementitious materials (2)



29RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Mechanical properties of cementitious materials
-Concrete under uniaxial compression

𝑓+,

𝜀+

𝐸!

𝐸!

𝑓-.,

𝜀.

Source: El Jisr and Lignos (2021)
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Modeling concrete under uniaxial monotonic loading
-Kent Scott Park uniaxial material model

0

0

𝑓+,

𝜀+𝜀.

𝑓-.,

§ Concrete01 in OpenSees



31RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Modeling concrete under uniaxial cyclic loading
-Kent Scott Park uniaxial material model

§ Concrete01 in OpenSees 0

0

Unloading-reloading
modulus
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Modeling reinforced concrete structural elements
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Modeling reinforced concrete structural elements

Source Mander (1988)
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Modeling reinforced concrete structural elements
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§ Concrete01 in OpenSees
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Modeling reinforced concrete structural elements
-Input model parameter identification

𝜀+

Source Mander (1988)



36RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Modeling reinforced concrete structural elements
-Input model parameter identification

𝜀( = 𝜀) 1 + 5
𝜎(
𝑓)*
− 1

§ Compressive strain at crushing of confined concrete:

§ Compressive stress at crushing of confined concrete:

𝜎( = 𝑓)* −1.254 + 2.254 1 + 7.94
𝑓+*

𝑓)*
− 2

𝑓+*

𝑓)*

Source Mander (1988)
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Modeling reinforced concrete structural elements
-Input model parameter identification

§ Effective lateral confinement stress for the concrete in x and y loading direction:

𝑓/0, = 𝑘'
𝐴!0
𝑠𝑑1

𝑓23 = 𝑘'𝜌!0𝑓23

Source Mander (1988)

§ 𝑓23: yield strength of transverse reinforcement

§ 𝜌!0 𝜌!2: ratio of the volume of transverse confining
steel in the x and y direction, respectively, to the
volume of confined concrete core

𝜌!, =
𝐴!,
𝑠𝑑)

𝑓/2, = 𝑘'
𝐴!2
𝑠𝑏1

𝑓23 = 𝑘'𝜌!2𝑓23

𝜌!- =
𝐴!-
𝑠𝑏)



38RESSLab
Resilient Steel Structures Laboratory

Displacement-based Beam-Column Elements– Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Modeling reinforced concrete structural elements
-Input model parameter identification

§ The confinement effective coefficient:

𝑘' =
𝐴'
𝐴11

=
𝑏1𝑑1 − ∑%456 𝑤%, 7

6 1 − 𝑠,
2𝑏1

1 − 𝑠,
2𝑑1

1 − 𝜌11

§ 𝑛: number of longitudinal rebars
§ 𝐴8: area of effectively confined concrete core
§ 𝐴11: area of the concrete within the centerlines of the perimeter hoop
§ 𝜌11 ∶ ratio of area of longitudinal reinforcement to area of core of cross section

Source Mander (1988)
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Modeling reinforced concrete structural elements
-Input model parameter identification

Source Mander (1988)

§ Similar expressions hold true for circular cross sections
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Modeling reinforced concrete structural elements

Unconfined
concrete

Steel rebarConfined
concrete

§ Your fiber discretization shall be such that a fiber can line up with steel rebar to assign
the proper material constitutive law accordingly
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Rebar and cross-sectional steel plate buckling

§ Geometric nonlinearities cannot be modelled explicitly within frame beam-column elements

Source: Giamundo et al. (2014) Source: Heredia, de Castro e Sousa and Lignos (2023)
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Rebar and cross-sectional steel plate buckling
§ Implicit modelling by “hacking” the stress-strain constitutive formulation
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Source: Suzuki and Lignos (2021)

Uniaxial monotonic response
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Rebar and cross-sectional steel plate buckling
§ Implicit modelling by “hacking” the stress-strain constitutive formulation

Source: Suzuki and Lignos (2021)
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Well-known problems in constitutive laws with softening

Mesh dependent
Mesh dependent

Source: Heredia, de Castro e Sousa and Lignos (2023)
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Well-known problems in constitutive laws with softening

§ In the post-peak regime (softening), the solution is mesh-dependent

§ Strain localization

§ Loss of objectivity

§ Convergence instabilities of the numerical solution algorithms
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Some techniques to alleviate loss of objectivity

§ Regularization (see Dr. Savvas Saloustros)

§ Nonlocal mechanics / damage theory (Bazant and Zdenek 1987)


