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In-class Exercise Week #3: Truss, frame and zero length elements 
 
 
Exercise #1:  
 
What is the magnitude and direction of the force 𝑃 at point a required to displace that point 𝑎 
vertically downward 5mm without any horizontal displacement? Assume that 𝐸	 =
	200	𝐺𝑃𝑎; the rotational stiffness 𝑘! = 1000 "#$$

%&'
; the translational stiffness 𝑘( =

50𝑘𝑁/𝑚𝑚. 

 
Figure 1. Schematic representation of the planar frame when subjected to the force 𝑃 
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Solution: 
The procedure described in Exercise 2 may be used to solve the problem, considering the 
following updates: 
 

1. 2d elastic beam elements are used instead of truss elements 
2. The stiffness of each spring element should be added to the global stiffness matrix 

according to the appropriate global degree of freedom corresponding to the spring. 
 
The following figure shows the global degrees of freedom of the problem: 

 
The structure stiffness matrix considering only the two beam-column elements is as follows: 

 

𝑲structure = 10! ⋅

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0.1785 −0.0362 −0.0006 −0.0354 −0.0354 −0.0003 −0.1431 0.0716 −0.0003
−0.0362 0.0711 −0.0003 −0.0354 −0.0354 0.0003 0.0716 −0.0358 −0.0006
−0.0006 −0.0003 2.9952 0.0003 −0.0003 0.4243 0.0003 0.0006 1.0733
−0.0354 −0.0354 0.0003 0.0354 0.0354 0.0003 0 0 0
−0.0354 −0.0354 −0.0003 0.0354 0.0354 −0.0003 0 0 0
−0.0003 0.0003 0.4243 0.0003 −0.0003 0.8485 0 0 0
−0.1431 0.0716 0.0003 0 0 0 0.1431 −0.0716 0.0003
0.0716 −0.0358 0.0006 0 0 0 −0.0716 0.0358 0.0006
−0.0003 −0.0006 1.0733 0 0 0 0.0003 0.0006 2.1466 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
Where the units used are [mm] and [N] 
NOTE: That the matrix is symmetric 

 
The stiffness of each spring is then incorporated into the structure stiffness matrix at the 
appropriate global degrees of freedom:  

- The stiffness of the vertical spring is added to the structure stiffness matrix at the 
stiffness index (2,2)  

- The stiffness of the rotational springs is added to the structure stiffness matrix at the 
stiffness indices (6,6) and (9,9) 

 
The structure stiffness matrix is therefore given as follows: 
 
𝑲structure
= 10!

⋅

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0.1785 −0.0362 −0.0006 −0.0354 −0.0354 −0.0003 −0.1431 0.0716 −0.0003
−0.0362 0.0711 + 𝑘" −0.0003 −0.0354 −0.0354 0.0003 0.0716 −0.0358 −0.0006
−0.0006 −0.0003 2.9952 0.0003 −0.0003 0.4243 0.0003 0.0006 1.0733
−0.0354 −0.0354 0.0003 0.0354 0.0354 0.0003 0 0 0
−0.0354 −0.0354 −0.0003 0.0354 0.0354 −0.0003 0 0 0
−0.0003 0.0003 0.4243 0.0003 −0.0003 0.8485 + 𝑘# 0 0 0
−0.1431 0.0716 0.0003 0 0 0 0.1431 −0.0716 0.0003
0.0716 −0.0358 0.0006 0 0 0 −0.0716 0.0358 0.0006
−0.0003 −0.0006 1.0733 0 0 0 0.0003 0.0006 2.14660 + 𝑘#⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
The structure displacement vector in the global reference system 𝐯 is given by 
 

!

" #

$

%
&

'

(
)

*

+
,



CIVIL 449: Truss, Frame and Zero-length elements  Prof. Dr. Dimitrios G. Lignos, EPFL 3 

𝐯 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

0
−5
0
0
0
0
0
0
0 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

The force components 𝐹) and 𝐹* are obtained by solving the global force-displacement 
relation given by 

𝐅 = 𝐤structure ⋅ 𝐯 
 
The components 𝐹) and 𝐹* correspond to 𝐅(1) and 𝐅(2), respectively. 
 
The following components are obtained after solving the system:  
 
𝐹) = 181.0	𝑘𝑁 and 𝐹* = −605.7	𝑘𝑁.  
 
The force is therefore oriented at angle 𝛼 = −73.4°. 
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Exercise #2:  
 
Using the quartic polynomial, 𝑣 = 𝑎+ + 𝑎,𝑥 + 𝑎-𝑥, + 𝑎.𝑥- + 𝑎/𝑥., construct the shape 
function for the illustrated flexural element. 

 
Figure 2. Flexural element 
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Solution 
 
The rotation 𝜃0 is obtained from the displacement 𝑣 using 

𝑑𝑣
𝑑𝑥

= 𝜃0 = 𝑎, + 2𝑎-𝑥 + 3𝑎.𝑥, + 4𝑎/𝑥-	 (1.1) 

 
Evaluating the function 𝑣(𝑥) at nodes 1, 2 and 3 gives 
 

⎩
⎨

⎧
𝑣+ = 𝑣(𝑥 = 0) = 𝑎+

𝑣, = 𝑣(𝑥 = 𝐿) = 𝑎+ + 𝑎,𝐿 + 𝑎-𝐿, + 𝑎.𝐿- + 𝑎/𝐿.

𝑣- = 𝑣 L𝑥 =
𝐿
2M = 𝑎+ + 𝑎,

𝐿
2 + 𝑎-

𝐿,

4 + 𝑎.
𝐿-

8 + 𝑎/
𝐿.

16

		 (1.2) 

 
Similarly, evaluating the function 𝜃0(𝑥) at nodes 1and 2 gives 
 

N
𝜃0,+ = 𝜃0(𝑥 = 0) = 𝑎,

𝜃0,, = 𝜃0(𝑥 = 𝐿) = 𝑎, + 2𝑎-𝐿 + 3𝑎.𝐿, + 4𝑎/𝐿-
	 (1.3) 

 
Using Equations (1.2) and (1.3), the following system of equations should be solved in order 
to determine the remaining unknows 𝑎-, 𝑎. and 𝑎/ 
 

⎩
⎪
⎨

⎪
⎧ 𝑣, = 𝑣+ + 𝜃0,+𝐿 + 𝑎-𝐿, + 𝑎.𝐿- + 𝑎/𝐿.

𝑣- = 𝑣+ + 𝜃0,+
𝐿
2
+ 𝑎-

𝐿,

4
+ 𝑎.

𝐿-

8
+ 𝑎/

𝐿.

16
𝜃0,, = 𝜃0,+ + 2𝑎-𝐿 + 3𝑎.𝐿, + 4𝑎/𝐿-

	 (1.4) 

 
Solving this system of equations for 𝑎-, 𝑎. and 𝑎/ gives  
 

⎩
⎪
⎨

⎪
⎧𝑎- =

1
𝐿,
P−11𝑣+ − 5𝑣, + 16𝑣- − 4𝐿𝜃0,+ + 𝐿𝜃0,,Q

𝑎. =
1
𝐿-
P18𝑣+ + 14𝑣, − 32𝑣- + 5𝐿𝜃0,+ − 3𝐿𝜃0,,Q

𝑎/ =
1
𝐿.
P−8𝑣+ − 8𝑣, + 16𝑣- − 2𝐿𝜃0,+ + 2𝐿𝜃0,,Q

	 (1.5) 

 
Finally, the shape function 𝑣 is given by 

𝑣 = 𝑁+𝑣+ + 𝑁,𝑣, + 𝑁-𝑣- + 𝑁.𝜃0,+ + 𝑁/𝜃0,,	 (1.6) 
With 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ 𝑁+ = 1 − 11 R

𝑥
𝐿S

,
+ 18 R

𝑥
𝐿S

-
− 8R

𝑥
𝐿S

.

𝑁, = −5R
𝑥
𝐿S

,
+ 14R

𝑥
𝐿S

-
− 8 R

𝑥
𝐿S

.

𝑁- = 16 R
𝑥
𝐿S

,
− 32 R

𝑥
𝐿S

-
+ 16 R

𝑥
𝐿S

.

𝑁. = 𝑥 − 4𝐿 R
𝑥
𝐿S

,
+ 5𝐿 R

𝑥
𝐿S

-
− 2𝐿 R

𝑥
𝐿S

.

𝑁/ = 𝐿 R
𝑥
𝐿S

,
− 3𝐿 R

𝑥
𝐿S

-
+ 2𝐿 R

𝑥
𝐿S

.

(1.7) 
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Exercise #3:  
 
Formulate the stiffness matrix for a four-node torsional beam-column element (Young’s 
modulus, 𝐸 and shear modulus, 𝐺), using for the rotational displacement 𝜃) the following 
shape function, 
 

 
Where, 

 
 

 
Figure 2. Beam-column under torsion 

 
It can be proven that the stiffness matrix of a uniform beam-column element of length 𝐿 
under uniform torsion is as follows: 
 

[𝑘] = V{𝑁2}𝐺⌊𝑁′⌋𝐽𝑑𝑥
3

4

 

 
Where 𝐽 is the torsional constant of the cross section 
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Solution: 
First, the vector 𝑁′ is computed 
 

𝑁2 =

⎝

⎜⎜
⎛𝑁+′
𝑁,2

𝑁-2

𝑁.′⎠

⎟⎟
⎞
=

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛2𝑥
𝐿, −

11
6𝐿 −

𝑥,
2𝐿-

3
𝐿 −

5𝑥
𝐿, +

3𝑥,
2𝐿-

4𝑥
𝐿, −

3
2𝐿 −

3𝑥,
2𝐿-

1
3𝐿 −

𝑥
𝐿, +

𝑥,
2𝐿-⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

(2.1) 

 
Using the hint, each component of the stiffness matrix K is computed using 
 

𝐾56 = 𝐺𝐽V 𝑁52 ⋅ 𝑁62𝑑𝑥
-3

4
	 (2.2) 

 
From this equation, it is evident that the matrix 𝐾 is symmetric (i.e., 𝐾56 = 𝐾65). 
Computing a few components of 𝐾 gives 
 

𝐾++ = 𝐺𝐽V 𝑁+2 ⋅ 𝑁+2𝑑𝑥
-3

4
	

= 𝐺𝐽	 V
121
36𝐿, 	−

22𝑥
3𝐿- 	+

35𝑥,

6𝐿. 	−
2𝑥-

𝐿/ 	+
𝑥.

4𝐿7
-3

4
𝑑𝑥		

= 𝐺𝐽 _
121𝑥
36𝐿, 	−

11𝑥,

3𝐿- 	+
35𝑥-

18𝐿. 	−
2𝑥.

4𝐿/ 	+
𝑥/

20𝐿7`
4

-3

	

=
37
30𝐿 

And 

𝐾-. = 𝐺𝐽V 𝑁-2 ⋅ 𝑁.2𝑑𝑥
-3

4
	

= 𝐺𝐽	 V
17𝑥
6𝐿- 	−

1
2𝐿, 	−

21𝑥,

4𝐿. 	+
7𝑥-

2𝐿/ 	−
3𝑥.

4𝐿7
-3

4
𝑑𝑥		

= 𝐺𝐽 _
17𝑥,

3𝐿- 	−
𝑥
2𝐿, 	−

21𝑥-

12𝐿. 	+
7𝑥.

8𝐿/ 	−
3𝑥/

20𝐿7`
4

-3

	

= −
63
40𝐿 

Repeating the same operation for all indices 𝑖 and 𝑗 yields the following stiffness matrix 
 

𝐾 =
𝐺𝐽
12𝐿 c

14.8 ⬚ (𝑆𝑦𝑚) ⬚
−18.9 43.2 ⬚ ⬚
5.4 −29.7 43.2 ⬚
−1.3 5.4 −18.9 14.8

h 

 


