
ChE-403 Problem Set 1.3 
Week 3 

 
Problem 1 
 
A) Can you derive/calculate E(t) for a CSTR? 
 
B) Can you use E(t) to calculate 𝑡̅ ? 
 

 
 
Hint: you measure E(t) by injecting a tracer and measuring the output concentration. Can 
you calculate what C(t) is for a CSTR if you inject a known number of moles of a tracer 
(Nt

0) at t = 0 
 
You will also need the following integral identity:  ∫ 𝑥 exp(−𝑥) 𝑑𝑥,

- = 1 
 
Solution: 
a)  @ 𝑡 = 0 the tracer is perfectly mixed/diluted: 𝐶(𝑡 = 0) = 23

45
= 𝐶- 

 
After injection the mass balance on the tracer is:  
 

Acc. = In – Out +Source 

			
𝑑𝑁
𝑑𝑡 = 	0 −	𝑁̇ 		+ 	0 

 

𝑉 = 𝑐𝑠𝑡				𝑉̇ = 𝑐𝑠𝑡 
 

	𝑉=
𝑑𝐶
𝑑𝑡 = 	−	𝑉̇𝐶 →

𝑑𝐶
𝐶 = −

𝑑𝑡
𝜏  

 

ln B
𝐶
𝐶-
C = −

𝑡
𝜏 	→ 	𝐶 = 𝐶- exp B−

𝑡
𝜏C 

 

𝐸(𝑡) =
𝐶(𝑡)

∫ 𝐶(𝑡E)𝑑𝑡′,
-

=
𝐶- 	exp G−

𝑡
𝜏H

𝐶-		𝜏	(− exp(−∞) + exp(−0))
=
exp G− 𝑡𝜏H

𝜏  

  

P, T, V, Ci = Cst 

Perfect mixing 

Ni 

Ni
0 

. 

. 



b)  𝑡̅ = ∫ 𝑡E𝐸(𝑡′)𝑑𝑡′,
-  

 

𝑡̅ =
1
𝜏
J 𝑡E exp B−

𝑡
𝜏C 𝑑𝑡′

,

-
 

 
To make our identity appear, let’s do a variable change from 𝑡E → 𝑡E/𝜏 
 

𝑡̅ =
1
𝜏
J 𝜏L	(𝑡E/𝜏) exp M−

𝑡′
𝜏N 𝑑(𝑡

E/𝜏)
,

-
=
𝜏L

𝜏
J 	(𝑡E/𝜏) exp M−

𝑡′
𝜏N 𝑑(𝑡

E/𝜏)
,

-

= 𝜏J 	𝑥 exp(−𝑥)𝑑(𝑥)
,

-
= 𝜏 

Which is what we expect… 
 
  



Problem 2 
The equation for an axially dispersed PFR is: 
 

𝜕𝐶P
𝜕𝜃 +

𝜕𝐶P
𝜕𝑍 =

1
𝑃𝑒U

𝜕L𝐶P
𝜕𝑍L  

 

For a simple PFR (𝑃𝑒U → ∞), the equation becomes: 
𝜕𝐶P
𝜕𝜃 +

𝜕𝐶P
𝜕𝑍 = 0 

 

Can you use Laplace transforms to solve this equation and calculate E(t) for a simple 
dirac (as the input): 
𝛿(𝑡) = ∞	@	𝑡 = 0	𝑎𝑛𝑑	𝛿(𝑡) = 0	𝑓𝑜𝑟	𝑡 ≠ 0	 
 
Reminder: To use Laplace transforms to solve partial differential equations, you should: 

1. Transform the equation to Laplace coordinates à this removes time as a variable 
and results in an ODE (which you know how to solve) 

2. Solve the resulting ODE 
3. Do the revers Laplace transform to get the final result 

 
Useful Laplace transforms (from Wikipedia): 
 
Useful properties: 

 
 
Useful transformations: 

 



Solution: 
𝜕𝐶P
𝜕𝜃 +

𝜕𝐶P
𝜕𝑍 = 0 

 

Let’s apply the Laplace transform: 

ℒ → 𝑆𝐶̅ − 𝐶̅(𝑍, 𝜃 = 0) +
𝑑𝐶̅
𝑑𝑍 = 0 

 

𝐶̅(𝑍, 𝜃 = 0) = 0 

𝑑𝐶̅
𝑑𝑍 = −𝑆𝐶̅ 

𝑑𝐶̅
𝐶̅
= −𝑆𝑑𝑍 

𝐶̅ = 𝑐𝑠𝑡 exp(−𝑆𝑍) 
 

We apply the boundary condition: 
 

𝐶̅(𝑍 = 0) = ℒ[𝐶(𝑍 = 0, 𝑡)] = ℒ[𝛿(𝑡)] = 1 

@𝑍 = 0,			𝐶̅ = 𝑐𝑠𝑡 = 1 

𝐶̅ = exp(−𝑆𝑍) 

ℒcd → 𝐶 = 𝛿(𝜃 − 𝑍) 
 

Since:  

𝜃 =
𝑡
𝑡̅ =

𝑡𝑢
𝐿  

 

𝑍 =
𝑧
𝐿 

Divide by L/u to get 𝑡 − 𝑧/𝑢 

𝐶 = 𝛿(𝑡 − 𝑧/𝑢) with z/u = time spent in the reactor… In other words, it’s a dirac delayed 

by the time spent in the reactor. That’s what we expect: 

  
t0 t 

C 

z / u

PFR 



Problem 3 
A) Can you find E(t) for the following system? A tracer injection (or dirac, dA(t)) was 
injected at t=0 into the following system that contains two CSTRs with equal volume. 
The initial flowrate is 𝑉̇ and is split into two after the first CSTR and then mixed back 
together after the second CSTR. 
	

 
 

B) How does it compare to E(t) for a single CSTR of volume 2V? 
 
 
Solution: 
 
A balance on CSTR 1 yields the following concentration of the tracer as a function of 
time: 

𝐶(𝑡) = 	
𝑛
𝑉̇

𝑒𝑥𝑝 G− 𝑡𝜏H
𝜏  

Next, write a balance on CSTR 2: 

𝑉
𝑑𝐶
𝑜𝑢𝑡
𝑑𝑡 = 0.5𝑉̇𝐶 − 0.5𝑉̇𝐶

𝑜𝑢𝑡
 

 
Substitute the equation describing 𝐶(𝑡): 

𝑑𝐶
𝑜𝑢𝑡
𝑑𝑡 +

0.5
𝜏 𝐶

𝑜𝑢𝑡
=

0.5

𝜏 2 𝑉̇
exp	(−

𝑡
𝜏) 

Solve this first order differential equation (with the initial condition Cout (0) = 0): 

𝐶
𝑜𝑢𝑡

=
𝑛
𝑉̇𝜏
exp B−

0.5𝑡
𝜏 C −

𝑛
𝑉̇𝜏
exp B−

𝑡
𝜏C 

 
Write a mass balance at the point where they mix (in = out): 
 
0.5𝑉̇C+0.5𝑉̇Cout = 𝑉̇CA 
Therefore, 
CA = 0.5C +0.5Cout 

CSTR 
Vol. = V 

CSTR 
Vol. = V 

V 
. 

δΑ(t) V 
. 

0.5 V 
. 

0.5 V 
. 



After substituting equations for C(t) and Cout(t), we have: 

𝐶l = 	
𝑛
2𝑉̇𝜏

exp	(−
0.5
𝜏 ) 

The RTD, E(t), can be found from the following equation: 

𝐸(𝑡) =
𝐶
𝐴

∫ 𝐶
𝐴
𝑑𝑡,

-

 

Therefore, 

𝐸(𝑡) =
exp	(− 0.5𝑡𝜏 )

2𝜏  
For a single CSTR with a volume equal to 2V, define 
V’=2V 

𝜏E =
2𝑉
𝑉̇
= 2𝜏 

Therefore, we would have: 
 

𝐶(𝑡) = 	
𝑛
𝑉̇

𝑒𝑥𝑝 G− 𝑡
𝜏′H

𝜏′ =
𝑛
𝑉̇

𝑒𝑥𝑝 G− 𝑡
2𝜏H

2𝜏  

 
 
The concentration of a tracer (CA) for a single CSTR with V’=2V is the same as the first 
system. Therefore, the RTD is also the same. 
 
 
 


